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Abstract

We present Baire category results in the class of bivariate copulas (or,equivalently, dou-
bly stochastic probability measures) endowed with two different metrics under which the
space is complete. Main content of the paper is that, in the sense of Baire categories with
respect to the topology induced by the uniform metric, the family of absolutely continuous
copulas is of first category, whereas the family of purely singular copulas is co-meager and,
hence, of second category. Moreover, several other popular dense sub-classes of copulas are
considered, like shuffles of Min and checkerboard copulas.
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1 Introduction

Starting with the seminal paper by A. Sklar [28] copulas havegathered a lot of interest because
of their relevance to model stochastic dependence and, as such, they constitute a relevant tool
in applied probability and statistics. The interested reader may refer, for instance, to the recent
monographs [5, 8, 13, 14, 15, 20, 23, 27] and reference therein.

The growing interest of copulas has also generated a number of different ways to provide
families of copulas (e.g., shuffles, Bernstein, etc.) that are dense (in a given topology) in the
class of copulas. However, little attention has been devoted to the question whether such families
are big (or small) in a specific sense, i.e. whether they covera sufficiently large spectrum of the
copula space.

For a given metric space, topology offers a natural way of distinguishing small and big sets
through Baire categories (see, e.g. [24]). Roughly speaking,a subset of a metric space(S, d)
is considered to be “small” if it isnowhere dense, i.e. if it is not dense in any non-degenerated
open ballBr(x, d) of radiusr > 0 (equivalently, if its closure has empty interior). A setA ⊆ S
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is calledmeageror of first categoryin (S, d) if it is expressible as a countable union of nowhere
dense sets.A is called ofsecond categoryif it is not meager. Finally,A is calledco-meagerif
Ac = S \ A is meager. Loosely speaking, we will also refer to the elements of a co-meager set
astypicaland to the elements of a meager set asatypical in S.

In statistical theory, as stressed in [25], many asymptoticresults do not hold for all underlying
distributionsP ∈ P, but for allP ∈ P \ D , whereD is a “small” compared toP. In this
context, small set is usually intended in the sense of Baire categories. For instance, in [17] the
authors used Baire category arguments to motivate their interest in developing kernel density
estimators that work in a wider class of densities. Analogously, in [25] (see also [26]) some
bootstrap procedures are shown to work outside a set of first category (in the class of all possible
underlying probability distributions).

A first study of Baire category results for copulas was presented in [18], where it is proved
that the set of copula models that are dynamically consistent (with respect to a specific joint
default model) and satisfy some technical regularity conditions, is a set of the first category in the
Baire sense in a certain space of copulas with finitely many parameters. Recently, category results
for exchangeable copulas and related families (associative, Archimedean) have been investigated
in [6], motivated by an open problem proposed in [1].

Following this general framework, here we concentrate on the study of classes of copulas
characterized by their measure-theoretic properties, namely absolutely continuous and purely
singular copulas.

The main results are the following: the class of absolutely continuous copulas is of first
category, while the class of (purely) singular copulas is ofsecond category in the space(C , d∞)
of all two-dimensional copulas with the uniform metric. Related results are also established for
the strong metricD1 introduced in [29] and special sub-classes of copulas like checkerboard
copulas and shuffles of Min. For the sake of simplicity, all the results will be presented in the
bivariate case. However, they can be also formulated ind–dimension(d ≥ 3) with simple and
obvious modifications.

2 Notation and preliminaries

In the sequelΩ will denote a square of the formΩ := [e, e+ δ]× [f, f + δ] ⊆ [0, 1]2 with δ > 0.
B(Ω) will denote the Borelσ-field in Ω, M (Ω) the family of all finite (positive) measures
on (Ω,B(Ω)), andMm(Ω) the family of allµ ∈ M (Ω) fulfilling µ(Ω) = m, wherebym ∈
(0,∞). For everyµ ∈ M (Ω) the corresponding measure-generating function (see, e.g., [2])
will be denoted byFµ and is defined, for every(x, y) ∈ Ω, by Fµ(x, y) = µ([e, x] × [f, y]).
We will use the symbolsF (Ω) andFm(Ω) for the families of the measure-generating functions
corresponding to elements ofM (Ω) andMm(Ω) respectively. Givenµ ∈ M (Ω) we will write
µ = µs + µa for the Lebesgue decomposition ofµ, whereµa (respectively,µs) is absolutely
continuous with respect to the Lebesgue measureλ2; in particular,kµ will denote the density of
µa. For the sake of simplicity we will also writekF instead ofkµ if F is the measure-generating
function corresponding toµ. For everyL ∈ N andµ ∈ M (Ω) the setBL

µ is formed by all points
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in Ω such that the density ofµa is upper bounded byL and strictly positive, namely

BL
µ := {(x, y) ∈ Ω : 0 < kµ(x, y) ≤ L}. (2.1)

The symbolC will denote the family of all two-dimensional copulas,PC ⊂ M1([0, 1]
2) the fam-

ily of all doubly stochastic measures. It is well-known thatthere is a one-to-one correspondence
betweenC andPC . Moreover,Cabs (respectively,Csing) denotes the subclass of all absolutely
continuous (respectively, singular) copulas, i.e. those copulas whose induced measure is abso-
lutely continuous (respectively, singular) with respect to λ2. Notice thatC equipped with thed∞
metric (respectively,D1 metric by [29]) is complete and, hence, is a Baire space (see, e.g., [29]).

In the sequel we will also work with slightly generalized checkerboard-like constructions
induced by so-called transformation matrices (see [11, 29]): A n × m matrix τ = (τij) ∈
[0, 1]n×m is calledtransformation matrixif no row or column has all entries0 and

∑

i,j τi,j = 1.
We will let T denote the family of all transformation matrices andTn,m the subfamily of all
transformation matrices withn rows andm columns. Givenτ ∈ Tn,m we define the vectors
(aj)

m
j=0, (bi)

n
i=0 of cumulative column and row sums bya0 = b0 = 0 and

aj =
∑

j0≤j

n
∑

i=1

τij, j ∈ {1, . . . ,m}, (2.2)

bi =
∑

i0≤i

m
∑

j=1

τij, i ∈ {1, . . . , n}.

Since both(aj)mj=0 and(bi)ni=0 are strictly increasingRji := [aj−1, aj ] × [bi−1, bi] is a compact
non-empty rectangle for everyj ∈ {1, . . . ,m} andi ∈ {1, . . . , n}. For everyi, j, lettingwji :
[0, 1]2 → Rji denote the affine contraction

wji(x, y) =
(

aj−1 + x(aj − aj−1) , bi−1 + y(bi − bi−1)
)

,

it is straightforward to verify that the operatorVτ , defined by

Vτ (µ) =
m
∑

j=1

n
∑

i=1

τij µ
wji

mapsPC into itself. Hence we can also view it as operator onC . In particular, for every
copulaC ∈ C , we can refer toVτ (C) as theτ -checkerboard ofC, while Vτ (Π), whereΠ is
the independence copula, will simply be calledτ -checkerboard. The family of all checkerboard
copulas will be denoted byCCB (see, e.g., [22]). Note that, for a given checkerboard copula
A ∈ CCB, there is not necessarily a unique transformation matrixτ with Vτ (Π) = A, e.g. for
A = Π both τ 1 = (1) andτ 2 = (1

4
)2×2 fulfill Vτ1(Π) = Vτ2(Π) = Π. In order to be able to

assign each checkerboard copula a unique transformation matrix we will always choose the one
having minimal dimensions. For more information about suchcopulas and their uses, see for
instance [12, 19, 22].

Finally, notice that in caseτ ∈ Tn,n fulfills that nτ ∈ [0, 1]n×n is a doubly stochastic matrix,
then the rectanglesRji defined above are actually squares and the mapswji are similarities. Given
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the comonotonicity copulaM , we will call Vτ (M) theτ -checkminand refer to allτ -checkmins
with n × n-dimensionalτ ascheckmins of ordern. In particular, ifτ ∈ (Q ∩ [0, 1])n×n, the
copulaVτ (M) will be calledrational checkmin of ordern. In other words, if the random pair
(U, V ) is distributed according to a checkmin copula, then the conditional distribution of(U, V )
given(U, V ) ∈ Rji has copulaM . For more details about checkmins, see [22, 32].

3 Category results for absolutely continuous copulas

In the sense of Baire category,Cabs constitutes a “small” set in(C , d∞), as the following result
holds.

Theorem 3.1. Cabs is of first category in(C , d∞).

Proof. For everyA ∈ Cabs andb ∈ N the setGb
A is defined by

Gb
A := {(x, y) ∈ [0, 1]2 : kA(x, y) > b}

)

.

Furthermore, for everyb ∈ N set

C
b
abs :=

{

A ∈ Cabs : µA

(

Gb
A

)

≤ 1/4
}

.

Applying Lebesgue’s theorem on dominated convergence we get limb→∞ µA(G
b
A) = 0 for arbi-

traryA ∈ Cabs. Hence we haveCabs ⊆ ⋃

b∈N C b
abs and it suffices to prove thatC b

abs is nowhere
dense for everyb ∈ N in order to prove the assertion.
To this end, suppose thatB ∈ C is a checkmin copula of orderN . Then the support ofB
consists of at mostN2 line segments of length1

N

√
2. Cover each line segment with a strip of

widthw = 1
4bN

√
2

like sketched in Figure 1. LettingS ⊆ [0, 1]2 denote the union of the resulting

strips we therefore haveλ2(S) ≤ 1
4b

. Finally, let f : [0, 1]2 → [0, 1] be a continuous function
that is one on the support ofB and zero outsideS. It follows directly from the construction that
∫

[0,1]2
fdµB = 1. Considering, however,A ∈ C b

abs we get

∫

[0,1]2
f dµA =

∫

Gb
A

f dµA +

∫

(Gb
A
)c
f dµA

≤ µA(G
b
A) +

∫

(Gb
A)c∩S

f kA dλ2 ≤
1

4
+ bλ2(S) ≤

1

2
,

which, using the fact thatd∞ is a metrization of weak convergence onC , implies thatB 6∈ C b
abs.

The desired result now follows from the fact that the family of all checkmin copulas are dense in
(C , d∞) (see [22]).

Replacingd∞ by the metricD1 introduced in [10, 29] and mimicking the proof of Theorem
3.1 we get the following result.

Corollary 3.1. The familyCabs is of first category in(C , D1).
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Figure 1: Checkmin construction in the proof of Theorem 3.1.

Then, any subset ofCabs is of first category in(C , d∞) (respectively,(C , D1)). For instance,
Bernstein copulas, which form a dense set in(C , d∞) (respectively,(C , D1)), are of first category
in (C , d∞) (respectively,(C , D1)).

Another subclass of absolutely continuous copulas is formed by the familyCCB of all checker-
board copulas, which include the multilinear extensions ofempirical copulas (see [12]). As said,
this family is of first category in(C , d∞) as well as in(C , D1). Here we would like to prove
these results in a different way (without using Theorem 3.1)in order to underline some interest-
ing aspects of this family.

We start with a simple, but useful, lemma, which states that,if a sequence of transformation
matrices converges to a given matrixτ , then the corresponding sequence of checkerboard copulas
converges to the checkerboard copula generated byτ .

Lemma 3.1. Suppose that(τn)n∈N is a sequence inTmt,ms
that converges (coordinate-wise) to

τ ∈ Tmt,ms
. Then we have

lim
n→∞

D1

(

Vτn(Π),Vτ (Π)
)

= 0 = lim
n→∞

d∞
(

Vτn(Π),Vτ (Π)
)

.

Proof. Let Rji, R
n
ji denote the rectangles induced byτ andτn respectively. Obviously,Vτn(Π)

andVτ (Π) are absolutely continuous copulas with densities

kn(x, y) =
ms
∑

j=1

mt
∑

i=1

τnij
λ2(Rji)

1Rn
ji
(x, y) and k(x, y) =

ms
∑

j=1

mt
∑

i=1

τij
λ2(Rji)

1Rji
(x, y)

respectively. Sincelimn→∞ τnij = τij, it follows from the checkerboard construction that we
also havelimn→∞ 1Rn

ji
= 1Rji

λ2–almost everywhere as well aslimn→∞ λ2(R
n
ji) = λ2(Rji).

Thus we getlimn→∞ kn = k λ2–almost everywhere. Considering that the family{k, k1, k2, . . .}
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is uniformly boundedlimn→∞D1

(

Vτn(Π),Vτ (Π)
)

= 0 follows immediately. Finally, since
convergence with respect toD1 metric implies uniform convergence, the proof is complete.

Now, for any arbitraryN ∈ N, let C N
CB denote the family of all checkerboard copulasA

for which there exists a transformation matrixτ with row and column sums greater than or
equal to1/N . Note that for eachB ∈ C N

CB the corresponding (minimal) transformation matrix
τ ∈ [0, 1]mt×ms with Vτ (Π) = B fulfills mt,ms ∈ {1, . . . , N}.

Lemma 3.2. For everyN ∈ N, the setC N
CB is closed in(C , D1) as well as in(C , d∞).

Proof. It suffices to prove thatC N
CB is closed in(C , d∞). To this end, suppose that(Vτn(Π))n∈N

is a sequence inC N
CB that converges uniformly to a copulaA ∈ C . We can find a pair(mt,ms) ∈

{1, . . . , N}2 such that, for infinitely manyn ∈ N, the transformation matrixτn has exactlymt

rows andms columns. Let(nk)k∈N denote a strictly increasing sequence of integers fulfilling
τnk ∈ [0, 1]mt×ms for every k ∈ N. Compactness of[0, 1]mt×ms implies the existence of a
subsequence(nkl)l∈N and of a transformation matrixτ ∈ Tmt,ms

such thatliml→∞ τ
nkl

ij = τij.
Applying Lemma 3.1 yieldsliml→∞ d∞

(

Vτ
nkl (Π),Vτ (Π)

)

, from which we getA = Vτ (Π).

Theorem 3.2. The familyCCB is of first category in(C , d∞) as well as in(C , D1).

Proof. SinceCCB =
⋃

N∈N C N
CB it suffices to prove thatC N

CB is nowhere dense. Letτ be a
transformation matrix with row and column sums greater thanor equal to1/N . Consider an
open ball of the formBr(Vτ (Π), D1) with radiusr > 0 in (C , D1). Then, choosing an arbitrary
check-min copulaA with D1(A,Π) < r (this is guaranteed by [22, Theorem 6]), we get (see
[29])D1(Vτ (Π),Vτ (A)) ≤ D1(Π, A) < r, which impliesVτ (A) ∈ Br(Vτ (Π), D1). SinceVτ (A)
is not absolutely continuous,C N

CB cannot containBr(Vτ (Π), D1), showing thatC N
CB is nowhere

dense. The fact thatC N
CB is nowhere dense in(C , d∞) can be proved analogously.

4 Category results for singular copulas

From Theorem 3.1 and from the compactness of(C , d∞) it follows that the family of all copulas
having a non-degenerated singular component are of second category. Surprisingly, even the
family Csing of all (purely) singular copulas is of second category (in fact even co-meager). We
will prove this result in several steps and start with some notation and two lemmas.

In the sequel,∆ = {(x, x) : x ∈ [0, 1]} will denote the diagonal of[0, 1]2. For every natural
numberN ≥ 2, we set∆1/N := [0, 1/N ]2 ∩ ∆ and, for everym ∈ [1/N3, 1/N ] let A N

m be
defined by

A
N
m =

{

µ ∈ Mm

(

[0, 1/N ]2) :

∫

BN
µ

kµdλ2 ≥
1

N3

}

. (4.1)

The setA N
m is formed by all finite positive measuresµ in [0, 1/N ]2 that have total measure equal

to m and which fulfill thatµa(B
N
µ ) is bounded from below by1/N3, wherebyµa denotes the

absolutely continuous component ofµ.
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Lemma 4.1. Suppose thatN ≥ 2 is a natural number, thatm ∈ [1/N3, 1/N ], and letA N
m be

defined according to Equation (4.1). Furthermore letΥm ∈ Mm([0, 1/N ]2) denote the uniform
distribution on∆1/N . Then no sequence inA N

m converges weakly toΥm.

Proof. Fix an arbitraryµ ∈ A N
m . Considering

1

N3
≤

∫

BN
µ

kµdλ2 ≤ Nλ2(B
N
µ )

we get1/N4 ≤ λ2(B
N
µ ) as well asµs([0, 1/N ]2) +

∫

(BN
µ )c

kµd λ2 ≤ m− 1
N3 . Cover∆1/N with a

strip of widthw = 1
2
√
2N3

, letS denote the resulting subset of[0, 1/N ]2 and choose a continuous
functionf : [0, 1/N ]2 → [0, 1] which is one on∆1/N and zero outsideS. Then, on the one hand,
we have

∫

[0,1/N ]2
fdΥm = m, and on the other hand, usingλ2(S) ≤ 1

2N4 , we get

∫

[0,1/N ]2
fdµ =

∫

[0,1/N ]2
fdµs +

∫

(BN
µ )c∩S

fkµdλ2 +

∫

BN
µ ∩S

fkµdλ2

≤ m− 1

N3
+Nλ2(S) ≤ m− 1

N3
+

1

2N3
= m− 1

2N3
.

Sincef is continuous and[0, 1/N ]2 is compact the result follows immediately.

We will now focus on the family of all elementsµ ∈ A N
m for whichFµ is continuous and use

the fact that for measuresµ on [0, 1/N ]2 with continuousFµ weak convergence is equivalent to
uniform convergence of the respective measure-generatingfunctions. Set

Â
N
m =

{

µ ∈ Mm

(

[0, 1/N ]2) :

∫

BN
µ

kµdλ2 ≥
1

N3
andFµ is continuous

}

(4.2)

and letF̂N
m denote the family of all measure-generating functionsFµ with µ ∈ Â N

m . Obviously,
Υm ∈ Â N

m . In the sequel we will writeUm := FΥm
for everym ∈ [1/N3, 1/N ].

Lemma 4.2. Suppose thatN ≥ 2 is a natural number. Then the following inequality holds:

ϕ(N) := inf
m∈

[

1

N3
, 1

N

]

inf
H∈F̂N

m

d∞(Um, H) > 0. (4.3)

Proof. As consequence of Lemma 4.1 we haveϕm(N) := infH∈F̂N
m
d∞(Um, H) > 0. Suppose

now thatinf
m∈

[

1

N3
, 1

N

] ϕm(N) = 0. Then there exist a sequence(mn)n∈N in [1/N3, 1/N ] and a

sequence(Hmn
)n∈N fulfilling Hmn

∈ F̂N
mn

for everyn ∈ N such that

d∞(Umn
, Hmn

) < 2ϕmn
(N) and lim

n→∞
ϕmn

(N) = 0.

Let (mnj
)j∈N denote a subsequence of(mn)n∈N that converges to somem0 ∈

[

1
N3 ,

1
N

]

. Then
obviously we havelimj→∞ d∞(Umnj

, Um0
) = 0 = limj→∞ d∞(Hmnj

, Um0
). Considering the
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same stripeS and the same functionf as in the proof of Lemma 4.1 and lettingµmnj
denote the

measure corresponding toHmnj
we get

lim
j→∞

∫

[0,1/N ]2
fdµmnj

≤ lim
j→∞

mnj
− 1

2N3
= m0 −

1

2N3
< m0 =

∫

[0,1/N ]2
fdκm0

,

contradictinglimj→∞ d∞(Hmnj
, Um0

) = 0. Hence we must haveinf
m∈

[

1

N3
, 1

N

] ϕm(N) > 0.

In the sequel,C1, C2, . . . will denote an enumeration of all rational checkmin copulas. Ac-
cording to [29] the set of all rational checkerboard copulasis dense in(C , D1), so it is also dense
in (C , d∞). It is straightforward to verify that the same holds for{C1, C2, . . .}.

Theorem 4.1. Suppose thatC1, C2, . . . is an enumeration of all rational checkmin copulas, let
Nt ≥ 2 denote the order ofCt for everyt ∈ N and suppose thatψ is a function mappingN into
(0, 1). For every pair of integers(t, n) set

St,n :=

{

A ∈ C : d∞(A,Ct) <
ψ(Nt)

8 (Nt)n

}

(4.4)

as well asS :=
⋂∞

n=1

⋃∞
t=1 St,n. ThenS is co-meager (and, hence, of second category) in

(C , d∞). Furthermore, if we chooseψ = ϕ with ϕ given by (4.3) thenS only contains singular
copulas.

Proof. Since{C1, C2, C3, . . .} is dense in(C , d∞) the setSn :=
⋃∞

t=1 St,n is open and dense,
so S c

n is nowhere dense. ConsideringS c =
⋃∞

n=1 S c
n it follows that S c is of first category,

which implies thatS is of second category because(C , d∞) is compact.
To prove the second assertion we assume thatA ∈ C is not purely singular and proceed in

three steps:

(S1) If A 6∈ Csing, then
∫

[0,1]2
kA dλ2 > 0. Thus, we can defineLA ∈ N by

LA := min

{

L ∈ N :

∫

BL
A

kA dλ2 ≥
1

L

}

.

For everyN ≥ LA we have
∫

BN
A
kA dλ2 ≥ 1

N
, so there exists at least one squareQ of the

formQ = [ i−1
N
, i
N
]× [ j−1

N
, j
N
] with i, j ∈ {1, . . . , N} fulfilling

∫

BN
A ∩Q

kA dλ2 ≥
1

N3
. (4.5)

(S2) A ∈ St,n impliesNt < LA.
Suppose, on the contrary, thatNt ≥ LA holds. LettingQ = [ i−1

Nt
, i
Nt
] × [ j−1

Nt
, j
Nt
] denote

one square fulfilling inequality (4.5) we obviously havem := µA(Q) ∈ [1/N3
t , 1/Nt].

We can construct a new probability measureµA⋆ as follows: onQc ∩ [0, 1]2 the measure
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µA⋆ coincides withµA but onQ µA⋆ distributes all of its massm = µA(Q) = µA⋆(Q)
uniformly on the diagonal{( i−1+z

Nt
, j−1+z

Nt
) : z ∈ [0, 1]}. The corresponding measure-

generating functionA⋆ : [0, 1]2 → [0, 1] is continuous but not necessarily a copula. For
(x, y) ∈ Q we have the following:

A(x, y) =A
(

x,
j − 1

Nt

)

+ A
(i− 1

Nt

, y
)

− A
(i− 1

Nt

,
j − 1

Nt

)

+ µA

([i− 1

Nt

, x
]

×
[j − 1

Nt

, y
])

A⋆(x, y) =A
(

x,
j − 1

Nt

)

+ A
(i− 1

Nt

, y
)

− A
(i− 1

Nt

,
j − 1

Nt

)

+mNt min
{

x− i− 1

Nt

, y − j − 1

Nt

}

Ct(x, y) =Ct

(

x,
j − 1

Nt

)

+ Ct

(i− 1

Nt

, y
)

− Ct

(i− 1

Nt

,
j − 1

Nt

)

+ µCt
(Q)Nt min

{

x− i− 1

Nt

, y − j − 1

Nt

}

Applying Lemma 4.2 yieldsmax(x,y)∈Q |A(x, y)− A⋆(x, y)| ≥ ϕ(Nt) > 0, and, using the
triangle inequality, we get

max
(x,y)∈Q

|A⋆(x, y)− Ct(x, y) ≤ 3 d∞(A,Ct) + |µCt
(Q)− µA(Q)|

≤ 3
ϕ(Nt)

8(Nt)n
+ 4

ϕ(Nt)

8(Nt)n
= 7

ϕ(Nt)

8(Nt)n
<
ϕ(Nt)

(Nt)n
.

Altogether, again using the triangle inequality, this yields

ϕ(Nt)

8(Nt)n
> max

(x,y)∈Q
|A(x, y)− Ct(x, y)| ≥ ϕ(Nt)− 7

ϕ(Nt)

8(Nt)n
,

implying ϕ(Nt)
(Nt)n

> ϕ(Nt), which cannot hold for anyn. Hence we conclude thatA ∈ St,n

impliesNt < LA.

(S3) SinceA has non-degenerated absolutely continuous component it isimpossible to find a
sequence of checkmin copulas of order smaller thanLA which converges toA uniformly.
Hence we can find an integern0(A) ∈ N such that for everyn ≥ n0(A) and everyCt with
Nt < LA we have

d∞(A,Ct) ≥
1

2n0

≥ 1

2n
>

ϕ(Nt)

8(Nt)n
.

As direct consequence,A ∈ St,n also impliesn < n0(A), from which we directly get the
desired resultA 6∈ S .

This concludes the proof.
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In the proof of Theorem 4.1, it is proved thatS is co–meager (and, hence, of second ca-
tegory) in (C , d∞). Thus, since every superset of a set of second category is itself of second
category, we finally get the following corollary:

Corollary 4.1. Csing is of second category (and co-meager) in(C , d∞).

Remark 4.1. As a consequence of the proof of Theorem 4.1, it also follows that the class of
copulas having non-degenerated absolutely continuous component is of first category in(C , d∞).
In particular, this generalizes Theorem 3.1 about absolutely continuous copulas.

Now, we consider the subclass of singular copulas given by shuffles of Min, which constitutes
another set that is dense in(C , d∞) (see, e.g., [7, 21, 30]). Since(Csing, d∞) is of second category
in itself (see, e.g., [3, Corollary 8.17]), it is not straightforward to check whether shuffles of Min
are of first category in the class of singular copulas.

To this end, letSN denote the family of all shuffles of Min (generated by a partition not
necessarily equidistant) for which the corresponding interval exchange transformationT has at
mostN jumps in(0, 1). The following result holds.

Lemma 4.3. For everyN ∈ N0 the setSN is closed in(C , d∞) as well as in(C , D1).

Proof. Suppose that(An)n∈N is a sequence inSN converging to a copulaA ∈ C with respect
to d∞. Without loss of generality we choose the transformationTn corresponding toAn to be
right-continuous on(0, 1) for everyn. Considering subsequences if necessary, we may further-
more assume that eachTn has exactlyM ∈ {0, . . . , N} jumps in (0, 1). For everyn ∈ N

let an = (a1n, . . . , a
M
n ) denote the strictly increasing vector of jumps ofTn in (0, 1) and set

bn := (Tn(a
1
n), . . . , Tn(a

M
n )). Using compactness of[0, 1]2M we may find a subsequence(nj)j∈N

and vectorsa = (a1, . . . , aM), b such thatlimj→∞ ‖anj
− a‖2 = 0 = limj→∞ ‖bnj

− b‖2. Note
that the vectora is not necessarily strictly increasing and may also contain0 or 1. Nevertheless
a,b induce a piecewise linear mapT : [0, 1] → [0, 1] with slope one on each segment which is
right-continuous on(0, 1). For this map we havelimj→∞ Tnj

= T a.e., soT is alsoλ-preserving
and we getlimj→∞D1(Anj

, CT ) = 0 wherebyCT denote the copula whose mass is concentrated
on the graph ofT . Since convergence in the metricD1 implies convergence in the metricd∞ we
finally getA = CT , which completes the proof.

Since for every shuffle of MinA we can find sequences(An)n∈N of singular copulas whose
mass is not (fully) concentrated on the graph of one transformation for which it holds that
limn→∞D1(An, A) = 0, it follows that SN is nowhere dense in(Csing, d∞). As direct con-
sequence we get the following result:

Theorem 4.2. The familyS of all (not necessarily equidistant) shuffles of Min is of first category
in (Csing, d∞).

Remark 4.2. It is easy to show that the familyS of all shuffles of Min is of first category also
in (Csing, D1). In fact, even the closed setCd of all completely dependent copulas has empty
interior in (Csing, D1), as a straightforward consequence of the results in [29].
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5 Conclusions

We have provided Baire category results for bivariate copulas. The main achievement is that the
class of absolutely continuous copulas is of first category in (C , d∞) and in(C , D1), while the
class of purely singular copulas is co-meager in(C , d∞). It remains an open question whether
Csing is of second category in(C , D1).

To conclude, we would like to discuss briefly a possible analogy of our findings with classical
statements of real analysis. For continuous real–valued functions, in the sense of category, it is
known that a typical continuous functions is nowhere differentiable; in fact, it is exceptional for a
continuous function to have a finite one-sided derivative (see, e.g., [4] where even stronger similar
results are formulated). Analogously, by means of Kolmogorov representation of continuous
functions of several variables, typical continuous functions do not admit partial derivatives (see,
e.g., [16]).

Here, we have shown that it is exceptional for a copula to be absolutely continuous (or even
have an absolutely continuous component), while it is typical that a copula is purely singular.
Notice, however, that the elements of this class cannot be fully characterized in terms of the
properties of the derivatives. In fact, proceeding similarly as in [31] one can prove the exis-
tence of singular copulasA (possibly with full support) such that the family(FA

x )x∈[0,1] of all
corresponding conditional distribution functions satisfying

A(x, y) =

∫

[0,x]

Ft(y)dλ(t)

for all x, y ∈ [0, 1] also has the following properties: (i)x 7→ FA
x (y) is continuous on[0, 1] for

everyy ∈ [0, 1], implying ∂A(x,y)
∂x

= FA
x (y) for all x, y ∈ [0, 1]; (ii) y 7→ FA

x (y) is continuous on
[0, 1] for everyx ∈ [0, 1]; (iii) for every x ∈ [0, 1] we have(FA

x )′ = 0 almost everywhere.
In statistical theory, the obtained result about absolutely continuous copulas suggests that

this assumption is somehow too strong. Novel procedures arecalled for (especially in various
goodness-of-fit tests [9]) to extend their setting to a larger set of copulas.
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[12] C. Genest, J.G. Nešlehov́a, and B. Ŕemillard. On the empirical multilinear copula process for count data.
Bernoulli, 20(3):1344–1371, 2014.
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