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Abstract

We consider the family CΠd´1

d of all d-dimensional copulas whose pd ´ 1q-
dimensional marginals are all equal to the pd´1q-dimensional product copula
Πd´1 and tackle the natural question, ‘how far away’ from the d-dimensional

product copula Πd elements in CΠd´1

d can be. We provide definitive answers
for both, the uniform metric d8 as well as the stronger, conditioning-based

metric D1. The established results clearly indicate that the family CΠd´1

d is
larger than one might expect.
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1. Introduction

In the paper by Nelsen and Úbeda-Flores (2012), entitled ‘How close are
pairwise and mutual independence?’ the authors derived sharp pointwise
bounds for the family of all three-dimensional copulas with uniform bivariate
marginals and provided an asymptotic result for the general d-dimensional
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setting with d ě 3. Moving from bivariate uniform to pd ´ 1q-dimensional

uniform marginals, we here consider d ě 3 and study the class CΠd´1

d of
all d-dimensional copulas whose pd ´ 1q-dimensional marginals all coincide
with the pd ´ 1q-dimensional product copula Πd´1. The intuitive conjecture,
formulated in Nelsen and Úbeda-Flores (2012), saying that pairwise indepen-
dence should restrict variability/flexibility as well as the maximum possible
distance to mutual (total) independence modelled by Πd, naturally applies

even more for the family CΠd´1

d . As our results show, however, CΠd´1

d is much
larger and versatile than one might expect – regardless of whether we con-
sider the standard uniform metric d8 or the stronger metric D1 (originally
introduced in Trutschnig (2011) in the bivariate setting and generalized in
Griessenberger et al. (2022) to the multivariate case to quantify the extent
of dependence of a random variable Y on a random vector X). As our main
results we will prove that

sup
!

d8pA,Πdq : A P CΠd´1

d

)

“ 1
2d

as well as
sup

!

D1pA,Πdq : A P CΠd´1

d

)

“ 1
3

holds for every d ě 3 and provide examples showing that both suprema are
attained.

The remainder of this note is organized as follows: Section 2 gathers
notation and preliminaries, Section 3 presents and proves the main results.
Several examples and figures illustrate the underlying ideas.

2. Notation and Preliminaries

Throughout the paper bold symbols will denote vectors. For every
fixed index/coordinate i0 P rds :“ t1, . . . , du and every x P Rd we will
write x´i0 “ px1, . . . , xi0´1, xi0`1, . . . , xdq. Moreover, for every vector j “

pj1, . . . , jlq of at most l ď d ´ 1 pairwise distinct indices in rds we will de-
note by πj : r0, 1sd Ñ r0, 1sl the projection onto the coordinates in j, i.e.,
πjpx1, . . . , xdq “ pxj1 , . . . , xjlq. To simplify notation we will also write π1:l for
the projection onto the first l coordinates as well as π´j0 for the projection
onto the coordinates p1, . . . , j0 ´ 1, j0 ` 1, . . . , dq.

As already mentioned before, Cd will denote the class of all d-dimensional
copulas for d ě 2, and Πd the d-dimensional product copula. We will
write PCd for the class of all d-stochastic measures (i.e., probability mea-
sures for which the corresponding distribution function restricted to r0, 1sd
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is a d-dimensional copula). For every A P Cd the corresponding d-stochastic
measure will be denoted by µA P PCd ; moreover, λd “ µΠd

will denote
the d-dimensional Lebesgue measure on r0, 1sd. For a random vector X “

pX1, . . . , Xdq on a probability space pΩ,A,Pq and A P Cd we will writeX „ A
if, and only if, A is the restriction of the distribution function of X to r0, 1sd

(or, equivalently, if the distribution PX of X coincides with µA). Notice that
for X “ pX1, . . . , Xdq „ A we have that each Xi is uniformly distributed on
r0, 1s.

For every A P Cd and every vector j “ pj1, . . . , jlq of l ď d ´ 1 distinct
indices in rds we will let Aj denote the marginal copula corresponding to
j, i.e., the copula corresponding to the push-forward µAj “ µ

πj

A of µA via
πj; A

1:l denotes the marginal copula of the first l coordinates and A´j0 the
marginal copula of all coordinates except coordinate j0. For further prop-
erties of copulas and d-stochastic measures we refer the reader to Durante
and Sempi (2016), and Nelsen (2006).

For a topological space T we will denote the Borel σ-algebra on T by
BpT q. We call a map K : Rd´1 ˆ BpRq Ñ r0, 1s a pd ´ 1q-Markov kernel
from Rd´1 to R, if the function x ÞÑ Kpx, Eq is BpRd´1q-BpRq-measurable
for every fixed E P BpRq and the map E ÞÑ Kpx, Eq is a probability
measure on BpRq for every x P Rd´1. Given a random variable Y and a
pd´ 1q-dimensional random vector X on a joint probability space pΩ,A,Pq,
a Markov kernel K is called a regular conditional distribution of Y given X,
if (and only if) for every set E P BpRq the identity

KpXpωq, Eq “ Ep1E ˝ Y |Xqpωq

holds for P-almost every ω P Ω. It is a well-known fact, see Kallenberg
(2021), that for each pair pX, Y q such a regular conditional distribution K
of Y given X exists and that it is unique for PX-almost every x P Rd´1. For
pX, Y q „ A we will let KA : r0, 1sd´1 ˆ Bpr0, 1sq Ñ r0, 1s denote (a version
of) the corresponding conditional distribution of Y given X (i.e., we view
KA directly as a mapping from r0, 1sd´1 ˆBpr0, 1sq to r0, 1s); KA will simply
be referred to as (a version of) the pd ´ 1q-Markov kernel of the copula A.

For every G Ď r0, 1sd and x P r0, 1sd´1 define the x-section Gx of G by
Gx :“ ty P r0, 1s : px, yq P Gu P Bpr0, 1sq. Applying disintegration of µA into
the marginal µA1:d´1 and the pd´1q-Markov kernel KA of A, see Kallenberg
(2021), Section 5, the following identity holds for all G P Bpr0, 1sdq:

µApGq “

ż

Id´1

KApx, Gxq dµA1:d´1pxq. (1)
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We say that a mapping g : r0, 1sd´1 Ñ r0, 1s is µA1:d´1-λ preserving, if g
is Borel measurable and fulfills that the push-forward pµA1:d´1qg of µA1:d´1

via g coincides with λ. In accordance with Griessenberger et al. (2022)
we will call a copula A P Cd completely dependent (on the first pd ´ 1q

coordinates), if there exists some µA1:d´1-λ-preserving transformation g such
that Kpx, F q :“ 1F pgpxqq is a regular conditional distribution of A. For
pX, Y q „ A we have that complete dependence of A is equivalent to the
existence of some µA1:d´1-λ preserving transformation g such that Y “ gpXq

almost surely.

In the sequel we will work with the family CΠd´1

d of all d-dimensional
copulas whose pd ´ 1q-dimensional marginals are all equal to Πd´1. Letting

d8 denote the uniform distance on CΠd´1

d it is straightforward to verify that

pCΠd´1

d , d8q is a convex compact set. Following Griessenberger et al. (2022),
considering the so-called linkage family

Ĉd :“ tA P Cd : A1:d´1 “ Πd´1u Ě CΠd´1

d

and setting

D1pA,Bq “

ż

r0,1s

ż

r0,1sd´1

ˇ

ˇKApx, r0, ysq ´ KBpx, r0, ysq
ˇ

ˇdλd´1pxqdλpyq (2)

defines a metric on Ĉd. The resulting metric space pĈd, D1q is complete and
separable, convergence w.r.t. D1 implies convergence w.r.t. to d8 but not
vice versa. The metric D1 was introduced for quantifying the extent of
directed dependence (again see Griessenberger et al. (2022) and the under-
lying bivariate construction in Trutschnig (2011)) and therefore (contrary
to d8) exhibits the property that D1pA,Πdq is maximal if and only if A is
completely dependent, and the maximum is given by 1

3 . Furthermore, the

diameter of the metric space pĈd, D1q is 1
2 .

If B “
ą

jPrds

rxj , yjs Ď r0, 1sd is a d-dimensional rectangle, its vertices will

be denoted by
verpBq “

ą

jPrds

txj , yju.

For every vertex v P verpBq let mpvq “ |tj P rds : vj “ xju| and define the
sign of vertex v of rectangle B by sgnBpvq “ p´1qmpvq. For every copula
A P Cd we have

µApBq “
ÿ

vPverpBq

sgnBpvqApvq ě 0. (3)
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If A is only a d-dimensional quasi-copula, then we will define µApBq accord-
ing to eq. (3) – in this case µApBq may also be negative and µA does not
necessarily extend to a (signed) measure, see Durante et al. (2016).

3. Main results

Our main objective is to calculate the quantities

∆d8
:“ sup

!

d8pA,Πdq : A P CΠd´1

d

)

, (4)

∆D1 :“ sup
!

D1pA,Πdq : A P CΠd´1

d

)

, (5)

and to show that both suprema are attainable. First we focus on the second
one, and start with a simple lemma which is valid in the much more general
setting of Haar measure on compact groups, see Rudin (1990), and the proof
of which we include for the sake of completeness.

Lemma 3.1. Suppose that X and Y are independent random variables. If
X is uniformly distributed on r0, 1s, then so is the random variable Z given
by

Z :“ X ` Y mod (1).

Proof. For every a P r0, 1q define the shift ra : r0, 1s Ñ r0, 1s by rapxq “

px ` aqmod (1). Then obviously ra preserves the Lebesgue measure λ, i.e.,
the push-forward λra of λ via ra coincides with λ. Let E P Bpr0, 1sq be
arbitrary but fixed. Then using independence of X and Y , Fubini’s theorem,
change of coordinates, and λry “ λ (in this order) yields

PpZ P Eq “

ż

Ω
1EpZqdP “

ż

r0,1sˆR
1EprypxqqdPX,Y px, yq

“

ż

r0,1s

ż

R
1EprypxqqdPY pyqdPXpxq “

ż

R

ż

r0,1s

1EprypxqqdPXpxqdPY pyq

“

ż

R

ż

r0,1s

1EprypxqqdλpxqdPY pyq “

ż

R

ż

r0,1s

1EpvqdλrypvqdPY pyq

“

ż

R
λrypEqdPY pyq “

ż

R
λpEqdPY pyq “ λpEq.

This shows that PZ coincides with λ on r0, 1s and the proof is complete.

Taking into account that the diameter of pĈd, D1q is 1
2 the following

theorem shows that CΠd´1

d Ď Ĉd contains elements that are surprisingly ‘far

away’ from Πd, in fact, as far away as any element of Ĉd can be (with respect
to D1).
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Theorem 3.2. For every d ě 3 we have ∆D1 “ 1
3 and the supremum is

attained.

Proof. Considering the afore-mentioned properties of D1, it suffices to show

that the class CΠd´1

d contains completely dependent copulas, which can be
done as follows. Let X1, . . . , Xd´1 denote independent, uniformly r0, 1s-
distributed random variables and set

Xd :“ pX1 ` X2 ` . . . ` Xd´1q mod (1). (6)

Then, as a direct consequence of Lemma 3.1, Xd is uniformly distributed
on r0, 1s too. Letting A denote the copula of the vector X “ pX1, . . . , Xdq

we obviously have that A P Ĉd and that A is completely dependent. In fact,
the vector X even fulfills that each coordinate Xj is a function of the other
pd ´ 1q coordinates, i.e., a function of X´j . In other words, A is completely
dependent in each direction. To complete the proof it suffices to show that
all pd´1q-dimensional marginals of A coincide with Πd´1, which can be done
as follows. Considering disintegration (w.r.t. the coordinates 2, . . . , d ´ 1)
and again using λra “ λ, for arbitrary E2, E3, . . . , Ed P Bpr0, 1sq we get

PX´1

˜

d
ą

i“2

Ei

¸

“ PX

˜

r0, 1s ˆ

d
ą

i“2

Ei

¸

“

ż

Śd´1
i“2 Ei

P
´

X1 P r0, 1s, rřd´1
i“2 xi mod (1)pX1q P Ed

¯

dλd´2px2:d´1q

“

ż

Śd´1
i“2 Ei

P
´

rřd´1
i“2 xi mod (1)pX1q P Ed

¯

dλd´2px2:d´1q

“

ż

Śd´1
i“2 Ei

λpEdq dλd´2px2:d´1q “

d
ź

i“2

λpEiq “

d
ź

i“2

PXipEiq.

This shows X´1 „ Πd´1. Replacing j “ 1 by any other index j P t2, . . . , d´

1u and proceeding analogously yields X´j „ Πd´1. Since X´d „ Πd´1 by
construction, the proof is complete. The left panel of Figure 1 depicts a
sample of the copula A for the case d “ 3.

Our proof of Theorem 3.2 establishes a slightly stronger result – before
stating it, we fix some notation: Σd denotes the set of all d! permutations

of rds “ t1, . . . , du; for every permutation ε P Σd and A P CΠd´1

d we let Aε

denote the copula obtained from A by permuting the coordinates according
to ε, i.e., Aε is the copula of the vector Xεpiq where X „ A.
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Corollary 3.3. For every d ě 3 we have

sup
!

mintD1pAε,Πdq : ε P Σdu : A P CΠd´1

d

)

“ 1
3

and the supremum is attained.

Figure 1: Left panel: Sample of size n “ 5.000 of the copula A P CΠ2
3 (in dimension d “ 3)

as considered in the proof of Theorem 3.2 in magenta, bivariate marginal samples in gray
(i.e., the three-dimensional magenta points are projected onto the hyperplanes h1 : z “ 0,
h2 : y “ 1, h3 : x “ 0).
Right panel: Sample of the symmetric copula B P CΠ2

3 considered in the second part of
Remark 3.4.

Remark 3.4. Notice that fixing a P p0, 1q, slightly changing the definition
of Xd according to eq. (6) to

Xd :“ pX1 ` X2 ` . . . ` Xd´1 ` aq mod (1),

and proceeding like in the proof of Theorem 3.2 results in another copula

Aa P CΠd´1

d which is completely dependent and which also fulfillsD1pAa,Πdq “
1
3 “ ∆D1 . In other words, we can easily construct uncountably many ele-

ments in CΠd´1

d having D1-distance
1
3 to Πd. Moreover, our construction can

easily be modified in order to obtain symmetric (exchangeable) copulas with
the afore-mentioned maximization property w.r.t. D1. In fact, replacing (6)
by

Xd :“ 1 ´
`

pX1 ` X2 ` . . . ` Xd´1q mod (1)
˘

,
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we obviously have p
řd

i“1Xiq mod (1) “ 0 almost surely and for every j P rds

the identity

Xj “ 1 ´

˜˜

ÿ

i‰j

Xi

¸

mod (1)

¸

holds almost surely. As a direct consequence, the copulaB ofX “ pX1, . . . , Xdq

is exchangeable and fulfills D1pB,Πdq “ 1
3 “ ∆D1 . The right panel of Fig-

ure 1 depicts a sample (plus bivariate marginal samples) of the copula B for
d “ 3.

We now turn our attention to ∆d8
and first derive a pointwise lower

and upper bound for any copula A P CΠd´1

d . Such bounds have already been
considered in Deheuvels (1983), but the bounds derived in Proposition 3.5
are stronger (they are, in fact, best possible). Furthermore, Joe (1997)
considered bounds for d-variate distribution functions with given pd ´ 1q-
variate marginals in the case d “ 3, 4. In case the marginals are uniform,
his formulas simplify to the bounds in Proposition 3.5.

Proposition 3.5. Let d ě 2, A P CΠd´1

d and u P r0, 1sd. Then

Sdpuq ď Apuq ď Tdpuq,

where

Sdpuq “ Πdpuq ´ min
JĎrds

|J | even

!

ź

jPJ

p1 ´ ujq
ź

jPrdszJ

uj

)

, and

Tdpuq “ Πdpuq ` min
JĎrds

|J | odd

!

ź

jPJ

p1 ´ ujq
ź

jPrdszJ

uj

)

.

Moreover, for every u P r0, 1sd there exist copulas A1, A2 P CΠd´1

d such that
A1puq “ Sdpuq and A2puq “ Tdpuq.

Proof. For every subset J Ď rds and every index j P rds we denote by EJ
j

the interval ruj , 1s if j P J and the interval r0, ujs if j P rdszJ . Furthermore,

let BJ be the rectangle BJ “
ą

jPrds

EJ
j and let

verpBJq Ď ∆ :“
ą

jPrds

t0, uj , 1u
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be the set of vertices of BJ . Note that u P verpBJq and sgnBJ
puq “ p´1q|J |.

Since A P CΠd´1

d , we have Apvq “ Πdpvq for every v P verpBJq, except for
v “ u. This yields

0 ď µApBJq “
ÿ

vPverpBJ q

sgnBJ
pvqApvq

“
ÿ

vPverpBJ q

sgnBJ
pvqΠdpvq ´ sgnBJ

puqΠdpuq ` sgnBJ
puqApuq

“ µΠd
pBJq ´ p´1q|J |Πdpuq ` p´1q|J |Apuq

“
ź

jPJ

p1 ´ ujq
ź

jPrdszJ

uj ´ p´1q|J |Πdpuq ` p´1q|J |Apuq.

If |J | is odd, it follows that

Apuq ď Πdpuq `
ź

jPJ

p1 ´ ujq
ź

jPrdszJ

uj ,

if |J | is even, we obtain

Apuq ě Πdpuq ´
ź

jPJ

p1 ´ ujq
ź

jPrdszJ

uj .

Collecting all obtained inequalities, we infer

Apuq ď min
JĎrds

|J | odd

!

Πdpuq `
ź

jPJ

p1 ´ ujq
ź

jPrdszJ

uj

)

“ Tdpuq,

as well as

Apuq ě max
JĎrds

|J | even

!

Πdpuq ´
ź

jPJ

p1 ´ ujq
ź

jPrdszJ

uj

)

“ Sdpuq.

It remains to show that the bounds are attained. Let u P r0, 1sd be arbitrary
but fixed and define a function rA1 : ∆ Ñ r0, 1s by

rA1pvq “

#

Sdpuq; if v “ u,

Πdpvq; otherwise.

For every subset J Ď rds we have
ÿ

vPverpBJ q

sgnBJ
pvq rA1pvq “

ÿ

vPverpBJ q

sgnBJ
pvqΠdpvq ´ sgnBJ

puqpΠdpuq ´ Sdpuqq

“
ź

jPJ

p1 ´ ujq
ź

jPrdszJ

uj ´ p´1q|J |pΠdpuq ´ Sdpuqq.
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If |J | is even, it follows that

ÿ

vPverpBJ q

sgnBJ
pvq rA1pvq “

ź

jPJ

p1 ´ ujq
ź

jPrdszJ

uj ´ Πdpuq ` Sdpuq ě 0

by the definition of Sd. If |J | is odd, we have

ÿ

vPverpBJ q

sgnBJ
pvq rA1pvq “

ź

jPJ

p1 ´ ujq
ź

jPrdszJ

uj ` Πdpuq ´ Sdpuq

ě
ź

jPJ

p1 ´ ujq
ź

jPrdszJ

uj ě 0,

since Sdpuq ď Πdpuq. It follows that rA1 is a subcopula which we can extend
to a copula A1, defined on entire r0, 1sd, via (piecewise) multilinear extension
on each rectangle BJ (see Nelsen (2006) for the definition of subcopulas
and their extensions). Since rA1pvq “ Πdpvq for every v P ∆ lying on the
boundary of r0, 1sd, the pd ´ 1q-dimensional marginals of A1 are equal to

Πd´1, so A1 P CΠd´1

d . Furthermore, A1puq “ Sdpuq by construction. Finally,

defining a function rA2 : ∆ Ñ r0, 1s by

rA2pvq “

#

Tdpuq; if v “ u,

Πdpvq; otherwise,

showing that it is a subcopula similarly as above, and extending it to a

copula A2 P CΠd´1

d , satisfying A2puq “ Tdpuq, completes the proof.

Note that in the case d “ 2 the bounds S2 and T2 are equal to the
Fréchet-Hoeffding bounds W2 and M2. In the case d “ 3 the bounds in
Proposition 3.5 coincide with functions S3 and T3 given in Nelsen and Úbeda-
Flores (2012). Furthermore, being pointwise infima and suprema of copulas,
the functions Sd and Td are quasi-copulas and, for d ě 3, not copulas, as the
following lemma shows. For d “ 3 this was already proved in Nelsen and
Úbeda-Flores (2012).

Lemma 3.6. Let d ě 3 and consider the rectangle B “ r13 ,
2
3 s3 ˆ r0, 13 sd´3

in r0, 1sd. Then
µSd

pBq “ µTd
pBq “ ´ 1

3d´1 ă 0

holds, so both Sd and Td are proper quasi-copulas.
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Proof. Consider

rSdpuq :“ Πdpuq ´ Sdpuq “ min
JĎrds

|J | even

!

ź

jPJ

p1 ´ ujq
ź

jPrdszJ

uj

)

,

rTdpuq :“ Tdpuq ´ Πdpuq “ min
JĎrds

|J | odd

!

ź

jPJ

p1 ´ ujq
ź

jPrdszJ

uj

)

.

and set

u3 :“ p23 ,
2
3 ,

2
3 ,

1
3 , . . . ,

1
3q,

u2 :“ p23 ,
2
3 ,

1
3 ,

1
3 , . . . ,

1
3q,

u1 :“ p23 ,
1
3 ,

1
3 ,

1
3 , . . . ,

1
3q, and

u0 :“ p13 ,
1
3 ,

1
3 ,

1
3 , . . . ,

1
3q

Then all four points u0, . . . ,u3 are vertices of the rectangle B and all other
vertices of B are either obtained by permuting the first three coordinates of
these vertices or contain at least one coordinate equal to 0. We claim that

rSdpu3q “ 2
3d
, rSdpu2q “ 1

3d
, rSdpu1q “ 2

3d
, and rSdpu0q “ 1

3d
.

Indeed, this is straightforward for d “ 3. If d ą 3, the minimum over sets
J Ď rds of even cardinality is always achieved by a set J with J Xt4, ..., du “

H, since including any coordinate from t4, ..., du in J replaces a factor of 1
3

by 2
3 , so strictly increases the product. So, the value of rSd at uk is obtained

by multiplying the value of rS3 at corresponding uk by 1
3d´3 . It follows that

µ
rSd

pBq “ rSdpu3q ´ 3rSdpu2q ` 3rSdpu1q ´ rSdpu0q “ 4
3d
,

since the remaining vertices of B contain a zero coordinate, hence do not
contribute to the signed volume. This implies

µSd
pBq “ µΠd

pBq ´ µ
rSd

pBq “ 1
3d

´ 4
3d

“ ´ 1
3d´1 .

Using similar arguments as above, we obtain

rTdpu3q “ 1
3d
, rTdpu2q “ 2

3d
, rTdpu1q “ 1

3d
, and rTdpu0q “ 2

3d
,

so µ
rTd

pBq “ ´ 4
3d
, and µTd

pBq “ µΠd
pBq ` µ

rTd
pBq “ ´ 1

3d´1 .

Now, we compute the value of ∆d8
for every d.
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Theorem 3.7. For every d ě 2 we have ∆d8
“ 1

2d
and the supremum is

attained.

Proof. For every u P r0, 1sd, using inequality minta1, a2, . . . , amu ď m
a

śm
i“1 ai,

we have

Tdpuq ´ Πdpuq “ min
JĎrds

|J | odd

!

ź

jPJ

p1 ´ ujq
ź

jPrdszJ

uj

)

ď
2d´1

g

f

f

f

e

ź

JĎrds

|J | odd

´

ź

jPJ

p1 ´ ujq
ź

jPrdszJ

uj

¯

.

Note that every j P rds appears in precisely 2d´2 subsets J Ď rds of odd
cardinality (and does not appear in the remaining 2d´2 subsets J Ď rds of
odd cardinality). This implies

Tdpuq ´ Πdpuq ď 2d´1

d

ź

jPrds

p1 ´ ujq2
d´2

ź

jPrds

u2
d´2

j “

d

ź

jPrds

p1 ´ ujquj ď 1
2d
,

since p1 ´ ujquj ď 1
4 for every j. Similarly, for every u P r0, 1sd

Πdpuq ´ Sdpuq “ min
JĎrds

|J | even

!

ź

jPJ

p1 ´ ujq
ź

jPrdszJ

uj

)

ď 1
2d
.

It hence follows that

∆d8
“ sup

!

d8pA,Πdq : A P CΠd´1

d

)

“ sup
!

supt|Apuq ´ Πdpuq| : u P r0, 1sdu : A P CΠd´1

d

)

“ sup
!

sup
␣

|Apuq ´ Πdpuq| : A P CΠd´1

d

(

: u P r0, 1sd
)

“ sup
!

maxtTdpuq ´ Πdpuq,Πdpuq ´ Sdpuqu : u P r0, 1sd
)

ď 1
2d
.

On the other hand, let u0 “ p12 ,
1
2 , . . . ,

1
2q P r0, 1sd, to estimate

∆d8
“ sup

!

maxtTdpuq ´ Πdpuq,Πdpuq ´ Sdpuqu : u P r0, 1sd
)

ě Tdpu0q ´ Πdpu0q “ min
JĎrds

|J | odd

!

ź

jPJ

p1 ´ 1
2q

ź

jPrdszJ

1
2

)

“ min
JĎrds

|J | odd

t 1
2d

u “ 1
2d
.

This shows that the supremum is attained and finishes the proof.
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Figure 2: Steps 1, 3 and 5 in the IFSP-based construction of the completely dependent
copula A P CΠ2

3 fulfilling d8pA,Π3q “ 1
23

“ ∆d8 as well as D1pA,Π3q “ 1
3

“ ∆D1 .

Example 3.8. Although the metrics d8 and D1 are conceptually quite dif-

ferent, there are copulas A P CΠd´1

d fulfilling that they maximize both ∆d8

and ∆D1 . In fact, considering d “ 3 and working with Iterated Function
Systems with Probabilities (IFSP) induced by so-called generalized transfor-
mation matrices, see Dietrich et al. (2026), it is possible to construct a copula
A P CΠ2

3 which is completely dependent and which fulfills Ap12 ,
1
2 ,

1
2q “ 0, im-

plying d8pA,Π3q ě |0´ 1
23

| “ 1
23

“ ∆d8
. Figure 2 depicts the stepwise IFSP

approximation of support/density of this copula A.

Remark 3.9. The conceptual difference of the metrics d8 and D1 shows
itself once again in the fact that ∆d8

“ 1
2d

Ñ 0 for d Ñ 8 whereas ∆D1 “
1
3 for every d ě 3. Intuitively, with growing dimension d, the growing

number of pd ´ 1q-marginal constraints in CΠd´1

d allows for less and less
flexibility in the sense of pointwise deviation from Πd (in fact, the flexibility
reduces exponentially). By contrast, as mentioned in Section 2, D1pA,Πdq

is maximal if and only if A is completely dependent and the maximal value
is given by 1

3 for every d ě 3. Since complete dependence is compatible with

uniform pd ´ 1q-marginals, CΠd´1

d contains completely dependent elements
and the maximum possible D1-distance to Πd does not decay with growing
dimension d.
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