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Abstract

It is shown that pointwise convergence of a sequence (A;),en of copulas to
a copula A is equivalent (1) to the convergence of the corresponding endo-
graphs, and (2) to the convergence of the corresponding upper (or lower)
a-levels for all but at most countably many « in [0, 1] (all with respect to the
Hausdorff metric). Examples are given that show that the countably many
exceptions in (2) can not be omitted. It is furthermore shown that the main
results also hold on the bigger class of quasi-copulas.
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1. Introduction

Since the family C of all two-dimensional copulas is equicontinuous (see
9]) and [0,1]? is compact pointwise convergence of a sequence (A, )ney in
C to a copula A implies uniform convergence, i.e. lim, ,o doo(A,, A) = 0.
Furthermore, using Ascoli-Arzela theorem (see [10]), the metric space (C, dw)
is easily seen to be compact. Considering the so-called endograph

end(A) == {(z,y,t) € [0,1]* : A(z,y) <t} (1)

of a copula A allows to embed C in the metric space (K([0, 1]3), d) of all non-
empty compact subsets of [0,1]* endowed with the Hausdorff metric 5. It

Email address:  wolfgang.trutschnig@softcomputing.es (Wolfgang Trutschnig)

Preprint submitted to Fuzzy Sets and Systems June 20, 2011



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

is not difficult to show that the uniform metric and the Hausdorff metric are
equivalent on C. Closely related to the endograph of a copula A is the family
of its upper and lower level sets, ([A]a)acpo,] and ([A]*)aeco] respectively,
which are defined as

[Ale = {(z,y) € [0,1]" : A(2,y) > o} (2)

[A]* = {(z,y) € [0,1]" : A2, y) < o} (3)

for every o € [0,1]. Having in mind that all these level sets are elements
of the metric space (K([0,1]?),dy) the question naturally arises, if pointwise
convergence of a sequence (A, )nen of copulas to a copula A implies conver-
gence of the corresponding upper and lower level sets. We will answer this
question and prove that pointwise convergence of (A, )nen to A is equivalent
to each of the following conditions:

(A) There exists a set A C [0,1] of Lebesgue measure 0 such that for all
a € A° the equality lim, o g ([An]as [A]a) = 0 holds.

(B) There exists a set I' C [0, 1] of Lebesgue measure 0 such that for all
a € I'° the equality lim,, o, 05 ([A,]%, [A]*) = 0 holds.

Furthermore, in the case of pointwise convergence of (A, ),en to A, it will be
shown that the sets A,I" mentioned in (A) and (B) are subsets of the family
of discontinuities of the function ®4 : [0, 1] — K ([0, 1]?), defined by ®4(a) =
[A],, and that the sets A, ' can really be countably infinite. For related, but
not directly applicable results (level sets of copulas are not necessarily convex)
on upper semicontinuous, [0,1]-valued functions with convex alpha levels see
[12]. Since the topology generated by the Hausdorff metric is independent
of the concrete chosen metrization of the underlying space (A) and (B) also
hold with respect to the myopic and the Fell-topology (see [6] and Section 2).
When proving the results only the properties of quasi-copulas Q (see [9]) are
used - consequently all results (except point three in Theorem 6) also hold
for quasi-copulas.

2. Notation and preliminaries

Throughout the whole paper || - ||> denotes the Euclidean norm on R?,

B(A,r) :={y € R?: 3z € A such that ||z —yll, <r}
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the open r-neighbourhood of A, and B(A, ) the topological closure of B(A, r)
(r > 0). In case of A = {z} we will write B(z,r) for the open ball of
radius r around z. K([0,1]%) denotes the family of all non-empty closed
subsets of [0,1]%, K,.([0,1]®) the family of all elements in K([0,1]?) that
are pathwise connected (d > 2). The Hausdorff metric on K([0,1]?) is de-
noted by dg - since no confusion will arise the symbol d5 will be used for
every dimension d. As mentioned in the introduction, the topology gener-
ated by the Hausdorff metric is independent of the concrete chosen metriza-
tion of the underlying space (see [6]) - we will use the metric py induced
by || - ||z in the definition of dy for d = 2 and the metric ps, defined by
p3((z1, Y1, t1), (22,92, t2)) := max{pa((x1,91), (¥2,¥2)), [t — t1|}, in the defi-
nition of dg for d = 3.

It is well-known that (KC([0, 1]¢),d5) is a compact metric space (see [1]) and
it is not difficult to see that in KC,.([0, 1]%) convergence w.r.t. dg coincides
with the Painlevé-Kuratowski-(PK for short) convergence of closed sets (see
Proposition 12 in [12]): A sequence (E,)nen of subsets of an arbitrary metric
space (X, p) is said to be convergent in the PK-sense if the topological limit
inferior liminf,_,,, F, and the topological limit superior limsup,, .. E, co-
incide, whereby

Qiminf E,, := {z € X : I(2p)nen With Vnz,, € E, and lim z, = x}

n—00 n—00 (4)

Nlimsup E,, := {x € X : 3w, )ken with Vkz,, € E,, and klim T, =}
—00

n—oo

and (ng)ren denotes a strictly increasing sequence in N. One additional pro-
perty of the Hausdorff metric 45 on a compact metric space (X, p) that we

will use later is that
lim 6y (E U E) =0 (5)

n=1

holds for very increasing sequence (E,),en of non-empty compact subsets of
X (E denoting the topological closure of E). For more details on dy and
PK-convergence see [6], [1], [11].

C will denote the family of all two-dimensional copulas, Q the family of all
two-dimensional quasi-copulas (see [9], [7], [3]). For every copula A € C
the corresponding doubly stochastic measure will be denoted by pa, the
family of all these pa by Pe. Endowing C with the uniform distance d, (i.e.
dso(A, B) := max(, y)epo)2 |A(z,y) — B(x,y)|) yields a compact metric space



67

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

(C,dw). Since copulas are continuous it follows that uniform convergence of a
sequence (A, )nen of copulas to a copula A is equivalent to weak convergence
of (14, )nen to s € Pe (see [2]).

Obviously the endograph end(A) of a copula A, defined according to (1), is
an element of KC,.([0,1]?) (in fact, end(A) is even star-shaped). Therefore
one can also consider the so-called endograph metric D.,q on C, defined by

Dena(A, B) = d5(end(A), end(B)) (6)

for all A, B € C. We will see that D,,4 and d., are equivalent metrics.
Given A € C we may define the upper and lower level function @4, W, :
[0, 1] = Kpe([0,1]%) by

Dy(a) :=[A]a and Vy(a):=[A]" (7)

for every o € [0,1]. The fact that ®, and ¥, really map to K,.([0, 1]?) is a
direct consequence of monotonicity and continuity of A € C. Furthermore it
is straightforward to show that ® 4 is strictly decreasing and left-continuous
whereas W4 is strictly increasing and right-continuous. Before proving the
results mentioned in the Introduction we will take a look to continuity pro-
perties of ®4 and W, in the next section.

3. Properties of the upper and lower level function of a copula

As first step in proving that &4 and W, have at most countably many
discontinuities (w.r.t. dy) we will show that the discontinuities of ®,4 and
U, in (0,1) coincide.

Lemma 1. For every A € C the level functions ®4 and V4 have the same
discontinuities in (0, 1).

ProoF. It follows directly from (5) that ® 4 has a discontinuity in ag € (0, 1)

if and only if [A]ay # Uasa,[Ala holds, and that W, has a discontinuity in

ag € (0,1) if and only if [A]* # U, [A]* is fulfilled.

Suppose now that ag € (0, 1) is a point of discontinuity of ®4 and set B :=

UasaglAla- Then there exists a point (z,y) € [0,1)* with A(z,y) = ao and
min {p>((z,y), (z,w)) : (z,w) € B} =r > 0. Compactness of B therefore
implies the existence of A > 0 such that the square S = [z, 2+ A] X [y, y+ 4]
fulfills SN B = @ and S C (0,1)2. Hence, by monotonicity of A € C,
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A(z,w) = ap holds for all (z,w) € S,s0 S C A~ ({ap}). On the other hand,
if there exits a square S C (0,1)>N A~} ({ap}) with non-empty interior then
we have [A]a, 7 Uqsag[Alas 50 ap is a discontinuity point of ® 4.

Following the same line of argumentation it can be shown that W, has a
discontinuity in ag € (0,1) if and only if there exits a square S C (0,1)? N
A7 ({ap}) with non-empty interior. B

Based on Lemma 1 it suffices to analyze the discontinuities of ® 4, which can
be done by using the so-called radius-vector function R, of the upper level
sets of A (see [6]). R4 is defined as

Ra(a, @) :==max {t > 0: (1,1) + t(cos(¢),sin(y)) € [A]a} (8)
for every o € [0,1] and ¢ € |7, 37/2]. Based on R4 we set

(Za(9), Yalw)) = (1,1) + Rala, p)(cos(p), sin(yp)) 9)

for every a € [0,1] and ¢ € [m,37/2]. Using monotonicity it is straight-
forward to see that A((za(9),ya(¢))) = « holds for all @ € [0,1] and
@ € [m,37/2]. Some further properties of R4 are collected in the follow-
ing lemma.

Lemma 2. For every A € C the radius-vector function R has the following
properties:

(a) For every fivred o € [0,1] the function p — Ra(a, ) is continuous.

(b) For every fized v € [m,3m/2] the function a — Ra(a, @) is left-continuous
and strictly decreasing.

(c) The function ¢ — x4(p) is monotonically non-decreasing and continu-
ous, ¢ +— Yo () is monotonically non-increasing and continuous.

(d) For every compact subinterval I C (w,3m/2) there exists a constant L
such that all functions ¢ — Ra(a, ) are Lipschiltz continuous with
common Lipschitz constant L on I.

(e) If (an)nen is monotonically decreasing with limit o € [0,1) and Ra(cu,, ¢)
converges to Ra(a, ) for every ¢ then limy, o 0g([Ala,, [A]a) = 0
holds.

PROOF. Since Ra(e, p) = p2((zal¥),ya(¥)), (1,1)) holds (a) is a direct con-
sequence of (c).
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The fact that a — R4(a, ¢) is monotonically non-increasing is obvious. Fur-
thermore R4(a, ) = Ra(5, ) for a <  implies

a = A((za(®), Ya(®)) = A((z5(9), ys(¢)) = B,

showing that o — R4(«, ¢) is strictly decreasing. If (v, )nen is monotonically
increasing to a € (0, 1] then ¢ := lim, oo Ra(n, ) > Ra(a, @) holds. Set
tn = Ra(apn,p) for every n € N. Because of lim,,_,o g (Aa,, Aa) = 0 using
(4) it follows that

(1,1)+t(cos(p),sin(p)) = nll_)IIQlQ(l, 1)+t,(cos(p),sin(p)) € tliggiogf A, = Aq,
so t < Ra(a, ). This completes the proof of point (b).

Suppose that ¢ < 9 and that ¢,¢ € [r,37/2]. Using the fact that as
copula A is coordinate-wise monotonic (see [9]) it is straightforward to see
that z4(¢) < 2a(¥),Ya(¥) < ya(p) cannot hold - we would find a rec-
tangle with non-empty interior having (z,(¢),y(®)) as upper right corner
on which A only assumes the value o, which contradicts the construction
of (za(),Ya()). Analogously za(p) > 2a(¥),Ya(¥)) > yalp) cannot hold.
Consequently z,(p) > 24(1), Yo (?) < ya(p) follows, which proves the stated
monotonicity properties.

To show continuity we can proceed as follows: Suppose that ¢ < 1 and that
v, € (m,31/2) holds. Using some trigonometry one gets

[Za(p) — 2a(¥)] < [tan(37/2 —¢) — tan(37/2 — )| (10)
Yalp) = Ya(¥)] < [cot(3m/2 — 1)) — cot(3m/2 — )|

which shows Lipschitz continuity on every compact subinterval I C (m, 37/2).
If (pn)nen is @ monotonically decreasing sequence in (,37/2] with limit 7
then clearly lim,, o Yo (pn) = 1, so

JLIEOA«xa(SOn)?ya(SDn)) = A(Ji_r)goxa(@n% 1) =qQ,

and therefore lim,,_, z,(¢,) = a follows. Right continuity at ¢ = 37/2 can
be shown in the same way. Assertion (d) is a direct consequence of (10).
Finally, (e) follows from the fact that

0n([Ala,, [Ala) < max {|Ra(an, ) — Rala, @) 1 ¢ € [7,3n/2]} (1)

in combination with Dini’s theorem on the monotone convergence of conti-
nuous functions on a compact metric space (see [5]). W

6
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Remark 1. Again with some trigonometry one can show that for every ¢ €
(m,37/2) and «, § € [0, 1] the following inequality holds:

0 ([Ala, [Alg)  0u([Ala, [A]s)
sin(37/2 — ) 7 cos(3m/2 — @) } (12)

|Ra(c, ) — Ra(B, )] < max{

Using (12) and Dini’s theorem it is easy to see that for every monotonically
decreasing sequence (o, )neny with limit « € [0, 1) limy, 00 0 ([A]a,,, [A]a) =0
implies

lim max {|Ra(an, ¢) — Ra(a, @)| : ¢ € [7,37/2]} =0

n—o0

Since this result will not be needed in the sequel the proof is omitted.

Theorem 3. For every A € C the upper level function ® o has at most coun-
tably many discontinuities. The same holds for the lower level function V4.

PROOF. For every ¢ € [m,3m/2] let D, denote set of all discontinuities of
the function f, : @ — Ra(a, ). Since f, is decreasing and bounded D, is
at most countably infinite. Set D := (U, ¢ 3,900 Dy then D is as countable
union of countable sets itself at most countably infinite. We will show that
for arbitrary ¢ € (m,37/2) every discontinuity of f, is contained in D.
Suppose that ¢ € (m,37/2) and let g € Dy, then a := fy,(ag)— fy(ap+) > 0.
Choose r > 0 sufficiently small so that I := [¢p — r,¢ + 7] C (7, 37/2).
Property four in Lemma 2 implies the existence of a constant L > 0 such
that for every a € [0, 1] the function ¢ — Ra(«, ¢) is Lipschitz continuous
on I with Lipschitz constant L. Consequently there exists 6 € (0,7) such
that
sup |Ra(a, @) — Ra(o, ¥)| <

pE[p—0,3+9]
holds for every a € [0,1]. Hence, choosing ¢ € [¢p — 0,19 + 0] N Q it follows
that both |f,(c) — fy ()| < a/3 and | f,(cp+) — fyu(ao+)| < a/3 is fulfilled.
Consequently f,(ao) — fo(c+) > a/3 and o € D.
For every ag € D° we have continuity of every function f,, ¢ € [r,37/2)],
in ap. Applying property five of Lemma 2 and using left-continuity of ® 4
therefore shows that every ay € D¢ is also a continuity point of ®,. B

wl e

The next example shows the existence of a copula A* € C for which the
function ® 4« has infinitely many discontinuities.

7



12 Example 1. We will use the construction of copulas with fractal support
s described in [4] which is based on special Iterated Function Systems (IFS for
15« short) coming from so-called transformation matrices. Defining T as

1

o1

0 1/3 0
T=( o o0 1/3
1/3 0 0

corresponds to the IFS {7}, T5, T3}, whereby the contractions T;,i = 1,2, 3,
are defined by

1 1 2 1 21

g([l?,y) + <§a g) ) T3<ZL’,y) = g(xay) + <§7 §>
s for all (z,y) € [0,1)* (see [1]). The IFS {T3, Ty, T3} induces an operator
sV P([0,1]%) — P([0,1]?), defined by

Ty(e,y) = 5(09), Tole,y) =

V(n) = % >t (13)

whereby P([0,1]?) denotes the family of all probability measures on the
Lebesgue sigma field of [0, 1]? and u” is the measure induced by the transfor-
mation 7'. Let p denote a metrization (for instance the Hutchinson metric, see
[1]) of the weak convergence on P([0,1]*). Then (P([0,1]?),p) is a compact
metric space and it can be shown that V' is a contraction, so by the Banach
fixed point theorem there exists exactly one invariant measure p* that is glob-
ally attractive, i.e. for every u € P([0,1]?) we have lim,, o p(V" (1), u*) =0
(again see [1]). It is easy to verify that V' (u4) € Pe holds for every A € C (see
[4]), so the operator V maps copulas to copulas, and that P¢ is a closed subset
of (P([0,1]?),p). Consequently there exists an unique V-invariant measure
fa+ that is globally attractive. Figure 1 shows the (support of the) mass
distribution of V() and V2(ur), whereby IT denotes the product copula.

It follows directly from the construction that p« is a singular measure and
that )
L 2 0 f >1
A =, = = or every n .
HA 3n’ 3n yn=
157 Consequently (see the proof of Lemma 1) o, = A*(37,37™") = 3" is a

18 discontinuity point of the upper level function ® 4« for every n > 1.

8
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Figure 1: (Support of) V(um) and V2(um)

Remark 2. The IFS-construction of copulas can also be used to show that
there exists no constant L such that

[Ra(er, ) = Ra(B,9)| < Léu([Ala, [Alp)

holds simultaneously for all ¢ € [7,37/2] and «, 8 € [0,1] (see inequality
(12)). One can, for instance, proceed as follows: Start with the transforma-
tion matrix

0 1/k 0 ... 0

0 0 1/k ... 0
Ty=| : + & -~ |,

0 0 0 .. 1/k

1/k 0 0 ... 0

consider the corresponding IFS {71, T5, ..., Ty} and define the operator Vj :
P([0,1]?) — P([0,1]?) (mapping P¢ into itself) as

>_n (14)

Denote by M the minimum-copula and consider the copula A; such that
pa, = Vi(par), define ap := 1/k + 1/k*, Bx == 1/k + 1/k*, (wg,yx) =

T =

Vi(p) =

9



164

166

167

168

169

170

(1/k +1/k32 (k — 1) /k 4+ 1/k%?), and verify that

V2(Vk — 1)

5H([Ak']04k7 [Ak]ﬁk) - k2

as well as

el

|Ra, (s, 0%) — Ra(Be, )| >

holds for £ > 4. Thereby ¢ denotes the angle in the interval [m, 37 /2] such

that tan(gg +7) = \/\E/(Elcill) holds. Figure 2 denotes the support of Vi ().

1 1 '__’/4
/ 9110

8/10
3/4

7/110

6/10
2/4 5/10

4/10

3/10
1/4

2/10

1/10

0 1/4 2/4 3/4 1 0 110 2/10 3/10 4/10 510 6/10 7/10 810 9/10 1

Figure 2: (Support of) Vi (um) and (zg,yx) for k =4 and k =10

Remark 3. Given A € C the Kendall distribution function K, : [0,1] —
[0,1] of A is defined by (see [8], [9])

Ka(t) := pa([A]")

for every t € [0, 1]. Since K4 is also defined in terms of (upper) level sets the
question may arise whether all discontinuity points of ® 4 are also discontinu-
ity points of K4 and/or vice versa. Using, for instance, again radius-vector
functions it is not difficult to show that K 4 is continuous for absolutely con-
tinuous copulas. Since level functions of absolutely continuous copulas may

10
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have discontinuities (e.g. V(ur) with V' as in Example 1) this implies that
a discontinuity point of ® 4 is not necessarily a discontinuity point of K4, so
the first part of the conjecture is wrong. The second part is wrong too. Con-
sider, for instance, the copula A = 1/2 (W+ B), whereby W denotes the lower
Fréchet-Hoeffding bound (see [9]) and B denotes the copula corresponding to
the uniform distribution on [0, 1/2]U[1/2,1]%. Then pa (A7 ({1/2})) = 1/4,
so tp = 1/2 is a discontinuity point of K 4. Nevertheless ® 4 is continuous at
to.

4. Main results

Lemma 4. Suppose that (A,)nen is a sequence of copulas that converges
pointwise to A € C. If a € (0,1) is a continuity point of ® 4, then
lim 6H([An]a, [A]a) = lim 5H([An]a, [A]a) =0

n—oo n—oo

holds.

PROOF. Let € > 0. Then there exists d € (0,¢) such that dy([A]a, [A]g) < e
whenever |a — 5| < §. Since pointwise convergence of (A, ),en to A implies
uniform convergence there exists an index ng € N with d(A4,, A) < § for
every n > ng. If (x,y) € [A], then we can find (z,w) € [A],4s fulfilling
p2((z,y), (2,w)) < e. Consequently A,(z,w) > a and (2,w) € [A,] holds
for all n > ng. Since (r,y) € [A], was arbitrary [A], € B([A,]a,€) is fulfilled
for every n > my. On the other hand, if (x,y) € [An}a and n > ng then
Alxz,y) > a — 9§ and (z,y) € [A]a—s follows. We can find (z,w) € [4],
such that po((z,y),(z,w)) < € holds. Since (z,y) € [A,]o. was arbitrary
we get [An]a € B([A]a, ). Altogether this shows that 0y ([A,]a, [Ala) < €
holds for every n > ny. Convergence of the lower a-level sets can be proved
analogously. W

In the following example copulas A, Ay, As... are constructed such that
O ([An]as [Ala) # 0 holds for infinitely many a € (0,1) although at the
same time lim,, o, doo(A,, A) = 0.

Example 2. Let A* be the invariant copula from Example 1 and define W as
the lower Fréchet-Hoeffding bound (see [9]), i.e. W(z,y) := max{zx +y — 1,0}
for all (x,y) € [0,1]*>. Set A, := (1 — 1/n)A* + 1/nW, then obviously
A, (z,y) converges monotonically to A(z,y) for every (z,y) € [0,1]?. For

11
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every k € N we get [A*]5« = [37%,1]%. On the other hand, setting (zy, yx) :=
27137+ 271370 vields (g, yx) € [A*]5-» and
n—1 n—11 1

A” = <

An(xk:) yk) -

for all n € N. Therefore, using monotonicity;,

1,1 1 1 /1
— * — > _ - — = = —| —
u ([Anlyo,[A%5+) = 7 (5 - 3) = 55 (5)
holds for every n, which shows that 0y ([A,]3-#, [A]s-+) # 0.

Lemma 5. Suppose that A, A1, Ao, ... are copulas and that one of the fol-
lowing two conditions are fulfilled:

(A) There exists a set A C [0,1] of Lebesque measure 0 such that for all
a € A the equality limy, o0 0 ([Anla, [A]a) = 0 holds.

(B) There ezists a set I' C [0,1] of Lebesque measure 0 such that for all
a € T the equality lim,, o 0p([A,]%, [A]*) = 0 holds.

Then lim,, o0 doo (An, A) = 0 follows.

PROOF. Suppose that (A) holds. Fix (z,y) € [0,1]* and set o = A(x,y). If
a > 0 and k € N then there exists 8 € (o — 1/k, o] N A° since A° is dense
in [0,1]. Using (z,y) € [Ala C [A]p, lim, oo 0m([An]s, [A]g) = 0, and (4)
therefore shows the existence of a sequence ((z,, ¥n))nen converging to (x,y)
and fulfilling (x,,,y,) € [An]s for every n € N. Lipschitz continuity (see [9])
implies

An(@,) =A@ yn) = V2 p2 (T, yn), (2, 9)) = B = V202 (%0, ), (2,9))

from which liminf, ,. A,(z,y) > § follows. Since k was arbitrary we get
liminf, . An(z,y) > a. In case of a = 0 this inequality is clearly valid.
Assume that there exists r > 0 such that A,(z,y) > a+r holds for infinitely
many n € N. For every 5 € (o, + 1) N A® we get (z,y) € [A,]p infinitely
often, hence (x,y) € flimsup,_,.[An]sg = [A4]s follows, which contradicts
A(z,y) = a. Consequently limsup,, ,. A,(z,y) < «, and lim,,_,, A,(z,y) =
a holds. If (B) holds pointwise convergence can be proved analogously. B

Altogether we get the following theorem:
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Theorem 6. Suppose that A, Ay, As, ... are copulas. Then the following
conditions are equivalent:

(a) lim, o0 |An(z,y) — Az, y)| =0 for every (z,y) € [0,1]%

(b) limy, 00 doo(An, A) = 0.

(c) The sequence (pa, )nen converges weakly to jia.

(d) limy, o0 Dena(An, A) = 0.

(e) There exists a set A C [0,1] of Lebesque measure 0 such that for all
a € A the equality limy, o 0 ([Anla, [A]a) = 0 holds.

(f) There exists a set I' C [0,1] of Lebesque measure 0 such that for all
a € I the equality lim,, o 0 ([A,]%, [A]*) = 0 holds.

PROOF. Since the complement of every subset of [0, 1] with Lebesgue mea-
sure zero is dense in [0, 1] the only equivalence left to prove is (d). It suffices
to show that the following inequality holds for all A, B € C:

Dena(A, B) < doo(A, B) < (14 V2)Dena(A, B) (15)

Since for (z,y,t) € end(A) there exists (x,y,s) € end(B) such that |t — s| <
|A(z,y) — B(z,y)| < dw(A, B), the first part of (15) is obvious.

To prove the second part fix (x,y) € [0, 1] and set A := D¢,q(A, B). Assume
that A(x,y) > B(x,y). Then, because of (z,y, A(x,y)) € end(A), there
exists (z,w, s) € end(B) such that ps((z,y)(z,w)),|A(z,y) — s| < A. Using
Lipschitz continuity |B(z,y) — B(z,w)| < v2p2((z,y)(z,w)) < V2A, and
therefore B(x,y) > B(z,w) — v2A > A(z,y) — (1 + v/2)A follows. This
shows that in this case 0 < A(z,y) — B(z,y) < (1++/2)A holds, from which
the second part of (15) follows. W

Remark 4. Since the only properties of copulas that were used throughout
the paper are Lipschitz-continuity, coordinate-wise monotonicity and fulfill-
ment of the boundary conditions all assertions and results formulated before
for the class C (except point three in Theorem 6) also hold for the bigger
class of quasi copulas Q.

5. Conclusion and future work

Some conditions equivalent to the pointwise convergence of (quasi-) co-
pulas have been proved. In particular, it was shown that pointwise con-
vergence of copulas is equivalent to the convergence of almost all upper (or
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lower) level sets and to the convergence of the corresponding endographs. As
next steps it seems reasonable to study further properties of the radius-vector
function of (quasi-) copulas (which was mainly used as a vehicle to show that
the level-functions cannot have more than countably many discontinuities)
and to extend the stated results to the family of all d-dimensional (quasi-)
copulas for d > 3.
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