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Abstract

It is shown that pointwise convergence of a sequence (An)n∈N of copulas to
a copula A is equivalent (1) to the convergence of the corresponding endo-
graphs, and (2) to the convergence of the corresponding upper (or lower)
α-levels for all but at most countably many α in [0, 1] (all with respect to the
Hausdorff metric). Examples are given that show that the countably many
exceptions in (2) can not be omitted. It is furthermore shown that the main
results also hold on the bigger class of quasi-copulas.
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1. Introduction1

Since the family C of all two-dimensional copulas is equicontinuous (see2

[9]) and [0, 1]2 is compact pointwise convergence of a sequence (An)n∈N in3

C to a copula A implies uniform convergence, i.e. limn→∞ d∞(An, A) = 0.4

Furthermore, using Ascoli-Arzelà theorem (see [10]), the metric space (C, d∞)5

is easily seen to be compact. Considering the so-called endograph6

end(A) :=
{
(x, y, t) ∈ [0, 1]3 : A(x, y) ≤ t

}
(1)

of a copula A allows to embed C in the metric space (K([0, 1]3), δH) of all non-7

empty compact subsets of [0, 1]3 endowed with the Hausdorff metric δH . It8
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is not difficult to show that the uniform metric and the Hausdorff metric are9

equivalent on C. Closely related to the endograph of a copula A is the family10

of its upper and lower level sets, ([A]α)α∈[0,1] and ([A]α)α∈[0,1] respectively,11

which are defined as12

[A]α =
{
(x, y) ∈ [0, 1]2 : A(x, y) ≥ α

}
(2)

13

[A]α =
{
(x, y) ∈ [0, 1]2 : A(x, y) ≤ α

}
(3)

for every α ∈ [0, 1]. Having in mind that all these level sets are elements14

of the metric space (K([0, 1]2), δH) the question naturally arises, if pointwise15

convergence of a sequence (An)n∈N of copulas to a copula A implies conver-16

gence of the corresponding upper and lower level sets. We will answer this17

question and prove that pointwise convergence of (An)n∈N to A is equivalent18

to each of the following conditions:19

(A) There exists a set Λ ⊆ [0, 1] of Lebesgue measure 0 such that for all20

α ∈ Λc the equality limn→∞ δH([An]α, [A]α) = 0 holds.21

(B) There exists a set Γ ⊆ [0, 1] of Lebesgue measure 0 such that for all22

α ∈ Γc the equality limn→∞ δH([An]
α, [A]α) = 0 holds.23

Furthermore, in the case of pointwise convergence of (An)n∈N to A, it will be24

shown that the sets Λ,Γ mentioned in (A) and (B) are subsets of the family25

of discontinuities of the function ΦA : [0, 1] → K([0, 1]2), defined by ΦA(α) =26

[A]α, and that the sets Λ,Γ can really be countably infinite. For related, but27

not directly applicable results (level sets of copulas are not necessarily convex)28

on upper semicontinuous, [0,1]-valued functions with convex alpha levels see29

[12]. Since the topology generated by the Hausdorff metric is independent30

of the concrete chosen metrization of the underlying space (A) and (B) also31

hold with respect to the myopic and the Fell-topology (see [6] and Section 2).32

When proving the results only the properties of quasi-copulas Q (see [9]) are33

used - consequently all results (except point three in Theorem 6) also hold34

for quasi-copulas.35

2. Notation and preliminaries36

Throughout the whole paper ∥ · ∥2 denotes the Euclidean norm on Rd,

B(A, r) := {y ∈ Rd : ∃x ∈ A such that ∥x− y∥2 < r}
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the open r-neighbourhood ofA, andB(A, r) the topological closure ofB(A, r)37

(r > 0). In case of A = {z} we will write B(z, r) for the open ball of38

radius r around z. K([0, 1]d) denotes the family of all non-empty closed39

subsets of [0, 1]d, Kpc([0, 1]
3) the family of all elements in K([0, 1]d) that40

are pathwise connected (d ≥ 2). The Hausdorff metric on K([0, 1]d) is de-41

noted by δH - since no confusion will arise the symbol δH will be used for42

every dimension d. As mentioned in the introduction, the topology gener-43

ated by the Hausdorff metric is independent of the concrete chosen metriza-44

tion of the underlying space (see [6]) - we will use the metric ρ2 induced45

by ∥ · ∥2 in the definition of δH for d = 2 and the metric ρ3, defined by46

ρ3((x1, y1, t1), (x2, y2, t2)) := max{ρ2((x1, y1), (x2, y2)), |t2 − t1|}, in the defi-47

nition of δH for d = 3.48

It is well-known that (K([0, 1]d), δH) is a compact metric space (see [1]) and49

it is not difficult to see that in Kpc([0, 1]
d) convergence w.r.t. δH coincides50

with the Painlevé-Kuratowski-(PK for short) convergence of closed sets (see51

Proposition 12 in [12]): A sequence (En)n∈N of subsets of an arbitrary metric52

space (X, ρ) is said to be convergent in the PK-sense if the topological limit53

inferior tlim infn→∞En and the topological limit superior tlim supn→∞En co-54

incide, whereby55

tlim inf
n→∞

En := {x ∈ X : ∃(xn)n∈N with ∀nxn ∈ En and lim
n→∞

xn = x}
(4)

tlim sup
n→∞

En := {x ∈ X : ∃(xnk
)k∈N with ∀k xnk

∈ Enk
and lim

k→∞
xn = x}

and (nk)k∈N denotes a strictly increasing sequence in N. One additional pro-56

perty of the Hausdorff metric δH on a compact metric space (X, ρ) that we57

will use later is that58

lim
n→∞

δH

(
En,

∞∪
n=1

En

)
= 0 (5)

holds for very increasing sequence (En)n∈N of non-empty compact subsets of59

X (E denoting the topological closure of E). For more details on δH and60

PK-convergence see [6], [1], [11].61

C will denote the family of all two-dimensional copulas, Q the family of all62

two-dimensional quasi-copulas (see [9], [7], [3]). For every copula A ∈ C63

the corresponding doubly stochastic measure will be denoted by µA, the64

family of all these µA by PC. Endowing C with the uniform distance d∞ (i.e.65

d∞(A,B) := max(x,y)∈[0,1]2 |A(x, y)−B(x, y)|) yields a compact metric space66
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(C, d∞). Since copulas are continuous it follows that uniform convergence of a67

sequence (An)n∈N of copulas to a copula A is equivalent to weak convergence68

of (µAn)n∈N to µA ∈ PC (see [2]).69

Obviously the endograph end(A) of a copula A, defined according to (1), is70

an element of Kpc([0, 1]
3) (in fact, end(A) is even star-shaped). Therefore71

one can also consider the so-called endograph metric Dend on C, defined by72

Dend(A,B) := δH(end(A), end(B)) (6)

for all A,B ∈ C. We will see that Dend and d∞ are equivalent metrics.73

Given A ∈ C we may define the upper and lower level function ΦA,ΨA :74

[0, 1] → Kpc([0, 1]
2) by75

ΦA(α) := [A]α and ΨA(α) := [A]α (7)

for every α ∈ [0, 1]. The fact that ΦA and ΨA really map to Kpc([0, 1]
2) is a76

direct consequence of monotonicity and continuity of A ∈ C. Furthermore it77

is straightforward to show that ΦA is strictly decreasing and left-continuous78

whereas ΨA is strictly increasing and right-continuous. Before proving the79

results mentioned in the Introduction we will take a look to continuity pro-80

perties of ΦA and ΨA in the next section.81

3. Properties of the upper and lower level function of a copula82

As first step in proving that ΦA and ΨA have at most countably many83

discontinuities (w.r.t. δH) we will show that the discontinuities of ΦA and84

ΨA in (0, 1) coincide.85

Lemma 1. For every A ∈ C the level functions ΦA and ΨA have the same86

discontinuities in (0, 1).87

Proof. It follows directly from (5) that ΦA has a discontinuity in α0 ∈ (0, 1)88

if and only if [A]α0 ̸=
∪
α>α0

[A]α holds, and that ΨA has a discontinuity in89

α0 ∈ (0, 1) if and only if [A]α0 ̸=
∪
α<α0

[A]α is fulfilled.90

Suppose now that α0 ∈ (0, 1) is a point of discontinuity of ΦA and set B :=91 ∪
α>α0

[A]α. Then there exists a point (x, y) ∈ [0, 1)2 with A(x, y) = α0 and92

min
{
ρ2
(
(x, y), (z, w)

)
: (z, w) ∈ B

}
= r > 0. Compactness of B therefore93

implies the existence of ∆ > 0 such that the square S = [x, x+∆]× [y, y+∆]94

fulfills S ∩ B = ∅ and S ⊆ (0, 1)2. Hence, by monotonicity of A ∈ C,95
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A(z, w) = α0 holds for all (z, w) ∈ S, so S ⊆ A−1({α0}). On the other hand,96

if there exits a square S ⊆ (0, 1)2 ∩A−1({α0}) with non-empty interior then97

we have [A]α0 ̸=
∪
α>α0

[A]α, so α0 is a discontinuity point of ΦA.98

Following the same line of argumentation it can be shown that ΨA has a99

discontinuity in α0 ∈ (0, 1) if and only if there exits a square S ⊆ (0, 1)2 ∩100

A−1({α0}) with non-empty interior. �101

Based on Lemma 1 it suffices to analyze the discontinuities of ΦA, which can102

be done by using the so-called radius-vector function RA of the upper level103

sets of A (see [6]). RA is defined as104

RA(α, φ) := max
{
t ≥ 0 : (1, 1) + t(cos(φ), sin(φ)) ∈ [A]α

}
(8)

for every α ∈ [0, 1] and φ ∈ [π, 3π/2]. Based on RA we set105

(xα(φ), yα(φ)) = (1, 1) +RA(α, φ)(cos(φ), sin(φ)) (9)

for every α ∈ [0, 1] and φ ∈ [π, 3π/2]. Using monotonicity it is straight-106

forward to see that A
(
(xα(φ), yα(φ))

)
= α holds for all α ∈ [0, 1] and107

φ ∈ [π, 3π/2]. Some further properties of RA are collected in the follow-108

ing lemma.109

Lemma 2. For every A ∈ C the radius-vector function RA has the following110

properties:111

(a) For every fixed α ∈ [0, 1] the function φ 7→ RA(α, φ) is continuous.112

(b) For every fixed φ ∈ [π, 3π/2] the function α 7→ RA(α, φ) is left-continuous113

and strictly decreasing.114

(c) The function φ 7→ xα(φ) is monotonically non-decreasing and continu-115

ous, φ 7→ yα(φ) is monotonically non-increasing and continuous.116

(d) For every compact subinterval I ⊂ (π, 3π/2) there exists a constant L117

such that all functions φ 7→ RA(α, φ) are Lipschitz continuous with118

common Lipschitz constant L on I.119

(e) If (αn)n∈N is monotonically decreasing with limit α ∈ [0, 1) and RA(αn, φ)120

converges to RA(α, φ) for every φ then limn→∞ δH([A]αn , [A]α) = 0121

holds.122

Proof. Since RA(α, φ) = ρ2
(
(xα(φ), yα(φ)), (1, 1)

)
holds (a) is a direct con-

sequence of (c).
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The fact that α 7→ RA(α, φ) is monotonically non-increasing is obvious. Fur-
thermore RA(α, φ) = RA(β, φ) for α ≤ β implies

α = A
(
(xα(φ), yα(φ)

)
= A

(
(xβ(φ), yβ(φ)

)
= β,

showing that α 7→ RA(α, φ) is strictly decreasing. If (αn)n∈N is monotonically
increasing to α ∈ (0, 1] then t := limn→∞RA(αn, φ) ≥ RA(α, φ) holds. Set
tn := RA(αn, φ) for every n ∈ N. Because of limn→∞ δH(Aαn , Aα) = 0 using
(4) it follows that

(1, 1)+t(cos(φ), sin(φ)) = lim
n→∞

(1, 1)+tn(cos(φ), sin(φ)) ∈ tlim inf
n→∞

Aαn = Aα,

so t ≤ RA(α, φ). This completes the proof of point (b).123

Suppose that φ < ψ and that φ, ψ ∈ [π, 3π/2]. Using the fact that as124

copula A is coordinate-wise monotonic (see [9]) it is straightforward to see125

that xα(φ) < xα(ψ), yα(ψ) < yα(φ) cannot hold - we would find a rec-126

tangle with non-empty interior having (xα(φ), yα(φ)) as upper right corner127

on which A only assumes the value α, which contradicts the construction128

of (xα(φ), yα(φ)). Analogously xα(φ) > xα(ψ), yα(ψ) > yα(φ) cannot hold.129

Consequently xα(φ) ≥ xα(ψ), yα(ψ) ≤ yα(φ) follows, which proves the stated130

monotonicity properties.131

To show continuity we can proceed as follows: Suppose that φ < ψ and that132

φ, ψ ∈ (π, 3π/2) holds. Using some trigonometry one gets133

|xα(φ)− xα(ψ)| ≤ | tan(3π/2− ψ)− tan(3π/2− φ)|
(10)

|yα(φ)− yα(ψ)| ≤ | cot(3π/2− ψ)− cot(3π/2− φ)|

which shows Lipschitz continuity on every compact subinterval I ⊂ (π, 3π/2).
If (φn)n∈N is a monotonically decreasing sequence in (π, 3π/2] with limit π
then clearly limn→∞ yα(φn) = 1, so

lim
n→∞

A
(
(xα(φn), yα(φn)

)
= A

(
lim
n→∞

xα(φn), 1
)
= α,

and therefore limn→∞ xα(φn) = α follows. Right continuity at φ = 3π/2 can134

be shown in the same way. Assertion (d) is a direct consequence of (10).135

Finally, (e) follows from the fact that136

δH([A]αn , [A]α) ≤ max
{
|RA(αn, φ)−RA(α, φ)| : φ ∈ [π, 3π/2]

}
(11)

in combination with Dini’s theorem on the monotone convergence of conti-137

nuous functions on a compact metric space (see [5]). �138
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Remark 1. Again with some trigonometry one can show that for every φ ∈139

(π, 3π/2) and α, β ∈ [0, 1] the following inequality holds:140

|RA(α, φ)−RA(β, φ)| ≤ max

{
δH([A]α, [A]β)

sin(3π/2− φ)
,
δH([A]α, [A]β)

cos(3π/2− φ)

}
(12)

Using (12) and Dini’s theorem it is easy to see that for every monotonically
decreasing sequence (αn)n∈N with limit α ∈ [0, 1) limn→∞ δH([A]αn , [A]α) = 0
implies

lim
n→∞

max
{
|RA(αn, φ)−RA(α, φ)| : φ ∈ [π, 3π/2]

}
= 0

Since this result will not be needed in the sequel the proof is omitted.141

Theorem 3. For every A ∈ C the upper level function ΦA has at most coun-142

tably many discontinuities. The same holds for the lower level function ΨA.143

Proof. For every φ ∈ [π, 3π/2] let Dφ denote set of all discontinuities of
the function fφ : α 7→ RA(α, φ). Since fφ is decreasing and bounded Dφ is
at most countably infinite. Set D :=

∪
φ∈[π,3π/2]∩QDφ, then D is as countable

union of countable sets itself at most countably infinite. We will show that
for arbitrary ψ ∈ (π, 3π/2) every discontinuity of fψ is contained in D.
Suppose that ψ ∈ (π, 3π/2) and let α0 ∈ Dψ, then a := fψ(α0)−fψ(α0+) > 0.
Choose r > 0 sufficiently small so that I := [ψ − r, ψ + r] ⊆ (π, 3π/2).
Property four in Lemma 2 implies the existence of a constant L > 0 such
that for every α ∈ [0, 1] the function φ 7→ RA(α, φ) is Lipschitz continuous
on I with Lipschitz constant L. Consequently there exists δ ∈ (0, r) such
that

sup
φ∈[ψ−δ,ψ+δ]

|RA(α, φ)−RA(α, ψ)| ≤
a

3

holds for every α ∈ [0, 1]. Hence, choosing φ ∈ [ψ − δ, ψ + δ] ∩ Q it follows144

that both |fφ(α0)−fψ(α0)| ≤ a/3 and |fφ(α0+)−fψ(α0+)| ≤ a/3 is fulfilled.145

Consequently fφ(α0)− fφ(α0+) ≥ a/3 and α0 ∈ D.146

For every α0 ∈ Dc we have continuity of every function fφ, φ ∈ [π, 3π/2)],147

in α0. Applying property five of Lemma 2 and using left-continuity of ΦA148

therefore shows that every α0 ∈ Dc is also a continuity point of ΦA. �149

The next example shows the existence of a copula A⋆ ∈ C for which the150

function ΦA⋆ has infinitely many discontinuities.151
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Example 1. We will use the construction of copulas with fractal support152

described in [4] which is based on special Iterated Function Systems (IFS for153

short) coming from so-called transformation matrices. Defining T as154

T =

 0 1/3 0
0 0 1/3
1/3 0 0


corresponds to the IFS {T1, T2, T3}, whereby the contractions Ti, i = 1, 2, 3,
are defined by

T1(x, y) =
1

3
(x, y) , T2(x, y) =

1

3
(x, y) +

(1
3
,
2

3

)
, T3(x, y) =

1

3
(x, y) +

(2
3
,
1

3

)
for all (x, y) ∈ [0, 1]2 (see [1]). The IFS {T1, T2, T3} induces an operator155

V : P([0, 1]2) 7→ P([0, 1]2), defined by156

V (µ) :=
1

3

3∑
i=1

µTi , (13)

whereby P([0, 1]2) denotes the family of all probability measures on the
Lebesgue sigma field of [0, 1]2 and µT is the measure induced by the transfor-
mation T . Let ρ denote a metrization (for instance the Hutchinson metric, see
[1]) of the weak convergence on P([0, 1]2). Then (P([0, 1]2), ρ) is a compact
metric space and it can be shown that V is a contraction, so by the Banach
fixed point theorem there exists exactly one invariant measure µ⋆ that is glob-
ally attractive, i.e. for every µ ∈ P([0, 1]2) we have limn→∞ ρ(V n(µ), µ⋆) = 0
(again see [1]). It is easy to verify that V (µA) ∈ PC holds for every A ∈ C (see
[4]), so the operator V maps copulas to copulas, and that PC is a closed subset
of (P([0, 1]2), ρ). Consequently there exists an unique V -invariant measure
µA⋆ that is globally attractive. Figure 1 shows the (support of the) mass
distribution of V (µΠ) and V

2(µΠ), whereby Π denotes the product copula.

It follows directly from the construction that µA⋆ is a singular measure and
that

µA⋆

([
1

3n
,
2

3n

]2)
= 0 for every n ≥ 1.

Consequently (see the proof of Lemma 1) αn := A⋆(3−n, 3−n) = 3−n is a157

discontinuity point of the upper level function ΦA⋆ for every n ≥ 1.158
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Figure 1: (Support of) V (µΠ) and V 2(µΠ)

Remark 2. The IFS-construction of copulas can also be used to show that
there exists no constant L such that

|RA(α, φ)−RA(β, φ)| ≤ L δH([A]α, [A]β)

holds simultaneously for all φ ∈ [π, 3π/2] and α, β ∈ [0, 1] (see inequality159

(12)). One can, for instance, proceed as follows: Start with the transforma-160

tion matrix161

Tk =


0 1/k 0 . . . 0
0 0 1/k . . . 0
...

...
...

. . .
...

0 0 0 . . . 1/k
1/k 0 0 . . . 0

 ,

consider the corresponding IFS {T1, T2, . . . , Tk} and define the operator Vk :162

P([0, 1]2) 7→ P([0, 1]2) (mapping PC into itself) as163

Vk(µ) :=
1

k

k∑
i=1

µTi . (14)

Denote by M the minimum-copula and consider the copula Ak such that
µAk

= Vk(µM), define αk := 1/k + 1/k3, βk := 1/k + 1/k2, (xk, yk) :=

9



(1/k + 1/k3/2, (k − 1)/k + 1/k3/2), and verify that

δH
(
[Ak]αk

, [Ak]βk
)
=

√
2(
√
k − 1)

k2

as well as ∣∣RAk
(αk, φk)−RA(βk, φk)

∣∣ ≥ 1

k

holds for k ≥ 4. Thereby φk denotes the angle in the interval [π, 3π/2] such164

that tan(φk + π) =
√
k−1√

k(k−1)
holds. Figure 2 denotes the support of Vk(µΠ).165
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Figure 2: (Support of) Vk(µΠ) and (xk, yk) for k = 4 and k = 10

Remark 3. Given A ∈ C the Kendall distribution function KA : [0, 1] →
[0, 1] of A is defined by (see [8], [9])

KA(t) := µA
(
[A]t)

for every t ∈ [0, 1]. Since KA is also defined in terms of (upper) level sets the166

question may arise whether all discontinuity points of ΦA are also discontinu-167

ity points of KA and/or vice versa. Using, for instance, again radius-vector168

functions it is not difficult to show that KA is continuous for absolutely con-169

tinuous copulas. Since level functions of absolutely continuous copulas may170
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have discontinuities (e.g. V (µΠ) with V as in Example 1) this implies that171

a discontinuity point of ΦA is not necessarily a discontinuity point of KA, so172

the first part of the conjecture is wrong. The second part is wrong too. Con-173

sider, for instance, the copula A = 1/2 (W+B), wherebyW denotes the lower174

Fréchet-Hoeffding bound (see [9]) and B denotes the copula corresponding to175

the uniform distribution on [0, 1/2]2∪[1/2, 1]2. Then µA
(
A−1({1/2})

)
= 1/4,176

so t0 = 1/2 is a discontinuity point of KA. Nevertheless ΦA is continuous at177

t0.178

4. Main results179

Lemma 4. Suppose that (An)n∈N is a sequence of copulas that converges
pointwise to A ∈ C. If α ∈ (0, 1) is a continuity point of ΦA, then

lim
n→∞

δH
(
[An]α, [A]α

)
= lim

n→∞
δH
(
[An]

α, [A]α
)
= 0

holds.180

Proof. Let ε > 0. Then there exists δ ∈ (0, ε) such that δH([A]α, [A]β) ≤ ε181

whenever |α − β| ≤ δ. Since pointwise convergence of (An)n∈N to A implies182

uniform convergence there exists an index n0 ∈ N with d∞(An, A) ≤ δ for183

every n ≥ n0. If (x, y) ∈ [A]α then we can find (z, w) ∈ [A]α+δ fulfilling184

ρ2((x, y), (z, w)) ≤ ε. Consequently An(z, w) ≥ α and (z, w) ∈ [An]α holds185

for all n ≥ n0. Since (x, y) ∈ [A]α was arbitrary [A]α ⊆ B([An]α, ε) is fulfilled186

for every n ≥ n0. On the other hand, if (x, y) ∈ [An]α and n ≥ n0 then187

A(x, y) ≥ α − δ and (x, y) ∈ [A]α−δ follows. We can find (z, w) ∈ [A]α188

such that ρ2((x, y), (z, w)) ≤ ε holds. Since (x, y) ∈ [An]α was arbitrary189

we get [An]α ⊂ B([A]α, ε). Altogether this shows that δH([An]α, [A]α) ≤ ε190

holds for every n ≥ n0. Convergence of the lower α-level sets can be proved191

analogously. �192

In the following example copulas A,A1, A2 . . . are constructed such that193

δH([An]α, [A]α) ̸→ 0 holds for infinitely many α ∈ (0, 1) although at the194

same time limn→∞ d∞(An, A) = 0.195

Example 2. Let A⋆ be the invariant copula from Example 1 and defineW as
the lower Fréchet-Hoeffding bound (see [9]), i.e. W (x, y) := max {x+ y − 1, 0}
for all (x, y) ∈ [0, 1]2. Set An := (1 − 1/n)A⋆ + 1/nW , then obviously
An(x, y) converges monotonically to A(x, y) for every (x, y) ∈ [0, 1]2. For
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every k ∈ N we get [A⋆]3−k = [3−k, 1]2. On the other hand, setting (xk, yk) :=
(2−13−k+1, 2−13−k+1) yields (xk, yk) ∈ [A⋆]3−k and

An(xk, yk) =
n− 1

n
A⋆(xk, yk) =

n− 1

n

1

3k
<

1

3k

for all n ∈ N. Therefore, using monotonicity,

δH
(
[An]3−k , [A⋆]3−k

)
≥ 1

3k−1

(1
2
− 1

3

)
=

1

3k−1

(1
6

)
holds for every n, which shows that δH([An]3−k , [A]3−k) ̸→ 0.196

Lemma 5. Suppose that A,A1, A2, . . . are copulas and that one of the fol-197

lowing two conditions are fulfilled:198

(A) There exists a set Λ ⊆ [0, 1] of Lebesgue measure 0 such that for all199

α ∈ Λc the equality limn→∞ δH([An]α, [A]α) = 0 holds.200

(B) There exists a set Γ ⊆ [0, 1] of Lebesgue measure 0 such that for all201

α ∈ Γc the equality limn→∞ δH([An]
α, [A]α) = 0 holds.202

Then limn→∞ d∞(An, A) = 0 follows.203

Proof. Suppose that (A) holds. Fix (x, y) ∈ [0, 1]2 and set α = A(x, y). If
α > 0 and k ∈ N then there exists β ∈ (α − 1/k, α] ∩ Λc since Λc is dense
in [0, 1]. Using (x, y) ∈ [A]α ⊆ [A]β, limn→∞ δH([An]β, [A]β) = 0, and (4)
therefore shows the existence of a sequence ((xn, yn))n∈N converging to (x, y)
and fulfilling (xn, yn) ∈ [An]β for every n ∈ N. Lipschitz continuity (see [9])
implies

An(x, y) ≥ An(xn, yn)−
√
2 ρ2
(
(xn, yn), (x, y)

)
≥ β −

√
2ρ2
(
(xn, yn), (x, y)

)
from which lim infn→∞An(x, y) ≥ β follows. Since k was arbitrary we get204

lim infn→∞An(x, y) ≥ α. In case of α = 0 this inequality is clearly valid.205

Assume that there exists r > 0 such that An(x, y) ≥ α+r holds for infinitely206

many n ∈ N. For every β ∈ (α, α + r) ∩ Λc we get (x, y) ∈ [An]β infinitely207

often, hence (x, y) ∈ tlim supn→∞[An]β = [A]β follows, which contradicts208

A(x, y) = α. Consequently lim supn→∞An(x, y) ≤ α, and limn→∞An(x, y) =209

α holds. If (B) holds pointwise convergence can be proved analogously. �210

Altogether we get the following theorem:211
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Theorem 6. Suppose that A,A1, A2, . . . are copulas. Then the following212

conditions are equivalent:213

(a) limn→∞
∣∣An(x, y)− A(x, y)

∣∣ = 0 for every (x, y) ∈ [0, 1]2.214

(b) limn→∞ d∞(An, A) = 0.215

(c) The sequence (µAn)n∈N converges weakly to µA.216

(d) limn→∞Dend(An, A) = 0.217

(e) There exists a set Λ ⊆ [0, 1] of Lebesgue measure 0 such that for all218

α ∈ Λc the equality limn→∞ δH([An]α, [A]α) = 0 holds.219

(f) There exists a set Γ ⊆ [0, 1] of Lebesgue measure 0 such that for all220

α ∈ Γc the equality limn→∞ δH([An]
α, [A]α) = 0 holds.221

Proof. Since the complement of every subset of [0, 1] with Lebesgue mea-222

sure zero is dense in [0, 1] the only equivalence left to prove is (d). It suffices223

to show that the following inequality holds for all A,B ∈ C:224

Dend(A,B) ≤ d∞(A,B) ≤ (1 +
√
2)Dend(A,B) (15)

Since for (x, y, t) ∈ end(A) there exists (x, y, s) ∈ end(B) such that |t− s| ≤225

|A(x, y)−B(x, y)| ≤ d∞(A,B), the first part of (15) is obvious.226

To prove the second part fix (x, y) ∈ [0, 1]2 and set ∆ := Dend(A,B). Assume227

that A(x, y) ≥ B(x, y). Then, because of (x, y, A(x, y)) ∈ end(A), there228

exists (z, w, s) ∈ end(B) such that ρ2((x, y)(z, w)), |A(x, y)− s| ≤ ∆. Using229

Lipschitz continuity |B(x, y) − B(z, w)| ≤
√
2ρ2((x, y)(z, w)) ≤

√
2∆, and230

therefore B(x, y) ≥ B(z, w) −
√
2∆ ≥ A(x, y) − (1 +

√
2)∆ follows. This231

shows that in this case 0 ≤ A(x, y)−B(x, y) ≤ (1+
√
2)∆ holds, from which232

the second part of (15) follows. �233

Remark 4. Since the only properties of copulas that were used throughout234

the paper are Lipschitz-continuity, coordinate-wise monotonicity and fulfill-235

ment of the boundary conditions all assertions and results formulated before236

for the class C (except point three in Theorem 6) also hold for the bigger237

class of quasi copulas Q.238

5. Conclusion and future work239

Some conditions equivalent to the pointwise convergence of (quasi-) co-240

pulas have been proved. In particular, it was shown that pointwise con-241

vergence of copulas is equivalent to the convergence of almost all upper (or242
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lower) level sets and to the convergence of the corresponding endographs. As243

next steps it seems reasonable to study further properties of the radius-vector244

function of (quasi-) copulas (which was mainly used as a vehicle to show that245

the level-functions cannot have more than countably many discontinuities)246

and to extend the stated results to the family of all d-dimensional (quasi-)247

copulas for d ≥ 3.248
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