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Abstract

Using special Iterated Function systems (IFS) Fredricks et al. (2005) con-
structed two-dimensional copulas with fractal supports and showed that for
every s € (1,2) there exists a copula A whose support has Hausdorff dimen-
sion s. In the current paper we present a stronger version and prove that
the same result holds for the subclass of idempotent copulas. Additionally
we show that every doubly stochastic idempotent matrix N (neither hav-
ing minimum nor maximum rank) induces a family of idempotent copulas
such that, firstly, the corresponding Markov kernels transform according to
N and, secondly, the set of Hausdorff dimensions of the supports of elements
of the family covers (1,2). Furthermore we generalize the IF'S approach to
arbitrary dimensions d > 2 and show that for every s € (1,d) we can find a
d-dimensional copula whose support has Hausdorff dimension s.
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1. Introduction

In [15] Fredricks et al. showed how the theory of Iterated Function Sys-
tems (IFS) can be used to construct two-dimensional copulas with fractal
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support. Their approach has turned out to be useful not only in the context
of counterexamples (see [2] and [28]) but, for instance, also in the construc-
tion of mutually singular copulas A, B having the same fractal set as support
(see [7]). For copulas with fractal support expressed in terms of measure-
preserving transformations see [6]. In the current paper the IFS construction
of copulas will be generalized to arbitrary dimensions d > 2 and the d-
dimensional version of the main result in [15] will be shown, i.e. that for
every fixed dimension d > 2 and every s € (1,d) we can find a d-dimensional
copula whose support has Hausdorff dimension s. Using well known results
from the theory of IFSs together with the fact that the Hutchison metric h is
a metrization of weak convergence of probability measures on any compact
metric space (X, p) allows to skip some of the steps mentioned in [15] and
directly deduce the above mentioned results.

More importantly, afterwards the IF'S construction will be used to construct
two-dimensional copulas with fractal support which are, at the same time,
idempotent with respect to the so-called star product of copulas. Since its
introduction by Darsow et el. in 1992 (see [4]) the star product has been
studied in various papers. In 1996 Olsen et al. showed that the space (C, %)
of (two-dimensional) copulas with the star product as binary operation and
the space (M, o) of Markov operators with the composition as binary oper-
ation are isomorphic (see [21] and Section 2) and that every copula A € C
can be written in the form A = B! x C' whereby B,C are so-called com-
pletely dependent (or, equivalently, left invertible) copulas (see [21]) and B*
denotes the transpose of B. Using the above mentioned isomorphism Sempi
(see [24]) showed in 2002 that there is a one-to-one correspondence between
the class of idempotent copulas C” (i.e. copulas with A x A = A) and the
subclass of M consisting of conditional expectations. In 2010 Darsow et al.
(see [5]) answered the question posed in [4] whether idempotent copulas are
necessarily symmetric and gave a complete characterization of C?.

In the present paper it will be shown that the main result in [15] also holds
if one only considers the class of idempotent copulas, i.e. that for every
s € (1,2) there exists an idempotent A € C*? such that the Hausdorff dimen-
sion of the support of A is s. To do so the fact that the IFS construction
also converges w.r.t. to the metric D; introduced in [27] (which is a metriza-
tion of the strong operator topology on M) together with the fact that the
star product is (jointly) continuous w.r.t. D; will be used. Additionally
the just mentioned main result will be generalized and it will be shown that
every doubly stochastic idempotent matrix N (having neither minimum nor
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maximum rank) induces a family of idempotent copulas (A, ),cr, (whose cor-
responding Markov kernels transform according to V) such that the set of
Hausdorff dimensions of the supports of A, is (1,2).

The rest of the paper is organized as follows: Section 2 gathers some pre-
liminaries and notations that will be used throughout the paper. Section 3
contains the d-dimensional IFS construction of copulas with fractal support
and an example of a three-dimensional copula whose support is a Menger-
sponge-like set. The just mentioned results on idempotent copulas with frac-
tal support, together with two concrete examples, are the main content of
Section 4.

2. Notation and preliminaries

As already mentioned before C will denote the family of all two-dimensional

copulas, C4 will denote the class of all d-dimensional copulas for d > 3, 1I the
product copula (in every dimension). For properties of copulas see [10], [20],
[25]. For every metric space (2, p) K(£2) denotes the family of all non-empty
compact subsets of 2, §y the Hausdorff metric on K(Q2) (see, for instance,
[19]), and B(Q2) the Borel o-field. P(2) denotes the family of all probability
measures on (£, B(2)) and, in case of Q = [0,1]%, d > 2, Pc(£2) the class of
all probability measure for which the corresponding distribution function is
a copula (i.e. probability measures for which all one-dimensional marginals
coincide with the Lebesgue measure A on [0,1].) For very A € Cy, pua will
denote the corresponding element in P ([0,1]¢). Ay = up will denote the
d-dimensional Lebesgue measure on [0, 1]¢.
A Markov kernel from R to B(R) is a mapping K : R x B(R) — [0, 1] such
that x — K(z, B) is measurable for every fixed B € B(R) and B — K(x, B)
is a probability measure for every fixed x € R. Suppose that XY are real-
valued random variables on a probability space (2,4, P), then a Markov
kernel K : R x B(R) — [0, 1] is called regular conditional distribution of Y
given X if for every B € B(R)

K(X(w), B) = E(1p 0 Y|X)(w) (1)

holds P-a.s. It is well known that for each pair (X,Y) of real-valued random
variables a regular conditional distribution K(-,-) of Y given X exists, that
K(-,-) is unique P¥X-a.s. (i.e. unique for P¥-almost all z € R) and that
K (-,-) only depends on PX*®Y . Hence, given A € C we will denote (a version
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of) the regular conditional distribution of Y given X by Ka(-,-) and refer
to Ka(-,-) simply as regular conditional distribution of A or as the Markov
kernel of A. Note that for every A € C, its conditional regular distribution
Ka(-,-), and every Borel set G € B([0,1]?) we have

K, G.) dA(x) = na(G), (2)

[0,1]

so in particular

Ky(z, F)d\x) = A(F) (3)

[0,1]

for every F' € B([0,1]). On the other hand, every Markov kernel K :
0,1] x B([0, 1]) — [0, 1] fulfilling (3) induces a unique element p € Pe([0, 1]%)
via (2). For more details and properties of conditional expectation, regular
conditional distributions, and disintegration see [16] and [17].
A linear operator T on L'([0, 1], B([0,1]), \) is called Markov operator (see
[4] and [21]) if it fulfills the following three properties:

1. T is positive, i.e. T(f) > 0 whenever f > 0

2. T(1py) = 1[0 1]

3 Joy(THx = Jou f(@)dA()
As mentioned in the introduction M will denote the class of all Markov
operators on L'([0,1]) := L([0,1], B([0,1]), A). Tt is straightforward to see
that the operator norm of T is one, i.e. [|T| :=sup{||Tf|l1: [|f]1 <1} =1

holds. According to [4] and [21] there is a one-to-one correspondence between

C and M - in fact, the mappings ® : C - M and ¥ : M — C, defined by
d
YA = @ah)e) = g [ Astr0rOa,
! (4)
UT)(wy) = Ar(eg) = [ (Tla,)ONE)
[0,]

for every f € L'([0,1]) and (z,y) € [0, 1]? (A2 denoting the partial derivative
w.r.t. y), fulfill Wo® = ide and ® oV = idy,. Note that in case of f := 1y
we have (Taljoy))(x) = A1(z,y) A-a.s. According to [27] the first equality in
(4) can be simplified to

(Taf)(z) =E(f o Y[X = 1) = fWKa(z,dy)  Mas. (5)

[0,1]
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Expressing copulas in terms of their corresponding regular conditional dis-
tributions the metric D; on C can be defined as follows:

Di(A,B) = /[ . /[ JEate 04]) — Kt DDA ) 6)

It can be shown that (C, D;) is a complete metric space and that, given co-
pulas A, A, As ... and their corresponding Markov operators Ty, Ta,, T4, - . -,
the following two conditions are equivalent:

(a) lim, 0o D1(A,, A) =0
(b) limy, o0 ||Ta, f — Taf|l1 = 0 for every f € L'(]0,1]),

i.e. Dy is a metrization of the strong operator topology on M (see [27]).
Given A, B € C the star product A+ B € C is defined by (see [4], [9])

(A B)(z,y) = /[ [ Adl 0B L)) (7)

and fulfills
TA*B :CI)A*B :(I)(A)OCI)(B) ITAOTB, (8)

so the mapping ® in (4) actually is an isomorphism (see [21]). A € C is
called idempotent if Ax A = A, the family of all idempotent copulas will be
denoted by C?.

Finally we recall the definition of an Iterated Function System (IFS) and
some main results about IFSs (for more details see [1] and [11]). Suppose for
the following that (€, p) is a compact metric space. A mapping w : Q — Q is
called contraction if there exists a constant L < 1 such that p(w(z),w(y)) <
Lp(z,y) holds for all z,y € Q. A family (w;)j_; of n > 2 contractions on
Q) is called [terated Function System (IFS for short) and will be denoted
by {Q, (w;)j;}. An IFS together with a vector (p;)j~; € [0,1]" fulfilling
Yoy m = 1is called Iterated Function System with probabilities (IFSP for
short). We will denote IFSPs by {€, (w,)]-;, (), }. Every IFSP induces
the so-called Hutchinson operator H : IC(2) — KC(§2), defined by

nz)= |J w2 (9)
i<n:p; >0
It can be shown (see [1]) that A is a contraction on the compact metric

space (KC(£2),9y), so Banach’s Fixed Point theorem implies the existence of

5
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a unique, globally attractive fixed point Z* of H, i.e. for every R € K(£2) we
have
lim 0y (H"(R),Z*) = 0.

n—oo

On the other hand every IFSP also induces an operator V : P(Q2) — P(),
defined by

V()= pin (10)

The so-called Hutchison metric h (sometimes also called Kantorovich or
Wasserstein metric) on P(€2) is defined by

B, v) = Sup{/gfdu—/gfdvr feLm(Q,R)}, (11)

whereby Lip;(X,R) is the class of all non-expanding functions f : Q@ — R,
i.e. functions fulfilling |f(z) — f(y)| < p(z,y) for all x,y € Q. It is not
difficult to show that V is a contraction on (P(2), k), that h is a metrization
of the topology of weak convergence on P(2) and that (P(2), h) is a compact
metric space (see [1], [8], [26]). Consequently, again by Banach’s Fixed Point
theorem, it follows that there is a unique, globally attractive fixed point
w € P(Q) of V, i.e. for every v € P(£2) we have

lim A(V*(v), u*) = 0.

n—oo

Furthermore Z* is the support of p* (again see [1]).

3. Copulas with fractal support for arbitrary dimension d > 2

Before generalizing the IFS construction given in [15] to arbitrary dimen-
sion d > 2 we start with a small lemma that will be helpful afterwards:

Lemma 1. P¢([0,1]9) is closed in the metric space (P([0,1]%),h) for every
d>2.

Proof: Since [0,1]? is compact, h is a metrization of the topology of weak
convergence on P([0,1]¢). If (i1,)nen is a sequence in Pe([0,1]?) that con-
verges to pu € P([0,1]%) w.r.t. h, then u, — p weakly, so (see [3]) the corre-
sponding distribution functions (A, ),en converge to the distribution function
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A, of v at every continuity point x of A,. Since the family (A, )nen is uni-
formly bounded and equicontinuous the theorem of Ascoli-Arzela (see [22])
implies the existence of a subsequence (A, )ren that converges uniformly to
a (continuous) distribution functions A. Weak limits are unique so A = 4,
and p € Pe([0,1]%) follows. B

Definition 2 ([15]). A n x m- matrix M = (t;;)i=1..n, j=1..m is called trans-
formation matriz if it fulfills the following four conditions: (i) max(n,m) > 2,
(ii), all entries are non-negative, (iii) »_, . ¢;; = 1, and (iv) no row or column
has all entries 0.

In other words, a transformation matrix is a probability distribution 7 on
(Z,2%) with T = I, x I,, I, = {1,...,n} and I, = {1,...,m}, such that
7({i} x Iy) > 0 for every i € I} and 7(I; x {j}) > 0 for every j € Is.
Therefore it seems natural to extend the definition to arbitrary dimensions
as follows: Fix d > 2, mq,...,my € N and set

Ty := %L, I;, whereby I; = {1,...,m;} for every i € {1,...,d}. (12)

We will denote elements in Z; in the form i = (iy,...,44), and, for every
probability distribution 7 on (Zy, 2%¢) write 7(i) := 7({i}) for the point mass
in i. The following generalizes Definition 2:

Definition 3. Suppose that d > 2, that m,,...,mq € N, max; m; > 2, and
let Z; be defined according to (12). A probability distribution 7 on (Z4, 2%¢)
is called generalized transformation matriz if for every j € {1,...,d}

> ri)>0

iGId: ij:k

holds for every k € I;. The class of all generalized transformation matrices
for fixed d > 2 will be denoted by 7.

Every 7 € 7T; induces a partition of [0,1]? in the following way: For each
j€{l,...,d} define af := 0,
i€Zy: i;<k

and E] = [a]_,,a]] for every for every k € I;. Then Urer, E] =10,1] and

Eil N E,zQ is empty or consists of exactly one point whenever k; # ky. Setting

7
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R; = >< Ej for every i € Z, therefore yields a family of compact rectangles
(Ri)iez, Whose union is [0, 1]? and which additionally fulfills that R;, N R;,
empty or a set of \j-measure zero whenever i; # is.

To complete the construction of the IFSP induced by 7 € 7; define affine
contractions wj : [0,1]¢ — R; by

aél’l (a; — az21 )

a; ai —a; _,)x

wi(xq, ..., xq) = 2_1 + (@, s )

agld—l (azdd - agd—l) Td
Since the j-th coordinate of w;(x1,. .., zq) only depends on 7; and z; we will
also denote'lt by wi , ie. wi :[0,1] = B}, w; (x;) = aj,_y + (a], — gj_l)xj

It follows directly from the ‘construction that

(10,1]", (wi)iez, 7(iex, ) (13)

is an IFSP. The only thing left to show before directly applying the results
about IFSPs is that the operator V, maps Pc([0,1]%) into Pe([0, 1]9).

Lemma 4. Suppose that 7 € Ty, then V,(Pe([0,1]?)) C Pe([0, 1]%).
Proof: Fix p € Pe([0,1]%). We only need to show that V, () has uniform
one-dimensional marginals, which can be done as follows: For every F €
B([0,1]) consider the rectangle R := x%_ G}, with G; = F and G}, = [0, 1]
for every k # 7, then

plwi H(R)) = A((w]))7H(F)) = A" (F),

and therefore

Vad(r) = S =3 Y s

i€Zy k=1 i€ly: ’L]—k‘
m; ' '

= QNP )T Z NHE) (@] = )
k=1 icZg:ij=Fk

— A(F).

This completes the proof. B

As a consequence we will also write V,(A) for every A € C4. Applying
the results on IFSPs mentioned in the introduction yields the following;:

8
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Theorem 5. Suppose that T € Ty, consider the corresponding IFSP (13),
and let the Hutchinson operator H and the operator V. be defined according
to (9) and (10) respectively. Then there exists a unique compact set Z* €
K([0,1]9) (called attractor) and a copula A* € Cy such that the support of A*
is Z*, and such that for every Z € K([0,1]) and A € Cy

lim 64 (H"(Z2),2*) =0 and lim h(VI(A), A*) =0

n—oo n—o0

holds.

Remark 6. Analogously to the two-dimensional case in [15] it is straight-
forward to see that the attractor Z* has A\z-measure zero if and only if there
is at least one i € Z; such that 7(i) = 0. Hence the limit copula A* € C; is
singular (w.r.t. the Lebesgue measure \;) if and only if 7(i) = 0 for at least
oneie€l,.

Figure 1: Support of V1(II) and V2(II), T according to Example 1.
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Example 1. Using the IFS approach we can easily construct a three-dimen-
sional copula whose support is a Menger-sponge-like set: For every j €
{1,2,3} set I, := {1,2,3} and define 7 € T3 by

. % if at most one coordinate of i is 2
(i) =

0 otherwise.

Then we get af = a? = a} = 2/5 and a} = a3 = a3 = 3/5, hence the

corresponding IF'S consists of 27 contractions (only some being similarities),
20 of which have positive probability 7(i) > 0. Obviously the support of the
corresponding limit copula A* is a Menger-sponge-like set. The support of
V,(IT) and V2(II) is depicted in Figure 1.

Having Theorem 5 we can easily prove the following generalization of Theo-
rem 1 in [15]:

Theorem 7. For every d > 2 and every s € (1,d) there exists a copula
A € Cyq whose support has Hausdorff dimension s.

Proof: Set I; = {1,2,3} for every j € {1,...,d} and define 7. € T, for
r € (0,1/2) by

A ifie{1,3)
ni)={ 1-2r ifi=(2,2,...,2) (14)

0 otherwise.

Then the IFSP induced by 7, consists of similarities having contraction factor
r or 1 — 2r and Morgan’s open set condition (see [1]) obviously is fulfilled.
Hence, using Theorem 5 and [1], the Hausdorff dimension s, of support of
the limit copula A7 is the unique solution of the equality

2% 4 (1 —2r)% = 1. (15)

in (1,d). Set f(r,s) := 29* + (1 — 2r)*. Using monotonicity arguments
(analogous to [15]) it is straightforward to see that for each s € (1,d) there
exists a unique r € (0,1/2) such that f(r,s) =1 holds. On the other hand,
for any fixed r € (0,1/2) the partial derivative % is negative, so, using
the fact that f(r,1) > 1 and f(r,d) < 1, it follows that there exists a unique
sy € (1,d) with f(r,s,) = 1. This completes the proof. B

10
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4. Idempotent copulas with fractal support

We will start with two useful small lemmas and then construct a first
idempotent copula whose support has Hausdorff dimension log(5)/log(3).

Lemma 8. The family C'P of idempotent copulas is closed in (C, D).

Proof: First of all is easy to show that the star product is (jointly) continu-
ous w.r.t. Di: Suppose that A, Ay, Ay, ... and B, By, Bs, ... are copulas with
lim,, 00 D1(A,, A) = lim,, oo D1(B,,, B) = 0. Then for every f € L*([0,1]),
using the triangle inequality and the fact that Markov operators have oper-
ator norm 1, we get

| T4, oTg, f —TaoTsflli < |1, f—Tafli+ T, oTsf —TaoTsf|1,

hence ||T4, o T, f —TaoTrf|l1 — 0 and lim,, o D1(A,, * B,, Ax B) = 0.
Consequently, if (A, ),en is a sequence in C*? converging to A € C w.r.t. D,
then (A, )nen converges both to A and to A% A, s0 A= Ax A and A € C.
|

Lemma 9. Suppose that A, B € C and let K 4, Kp denote regular conditional
distributions of A and B. Then the Markov kernel K4 o Kg, defined by

(Kpo Kp)(x, F) := Kp(y, F)Ka(z, dy) (16)
[0,1]
is a reqular conditional distribution of A x B.

Proof: It is well known that the right hand side of (16) is a Markov kernel
(see [16], [17]). Suppose now that f(x) = > " a;1p,(x) is a non-negative
simple function with (E;)?_; being a measurable partition of [0, 1], then

Ka(w, dy) dA\z) = L5,(y) Kale, dy) d\
/[0’1] [0,1]f(y) Az, dy) dX\(z) /[()’1]/[()71};@ 15 (y) Ka(x, dy) d\(z)
- [ ekt By i)
[071] =1

= ZaiA(Ei):/ fd.
i=1 [0,1]

11
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Since the class of simple functions is dense in L'([0, 1], B([0, 1]), \) we get
| [ ety Py Kawdg)dia) = [ Kale,F)dre) = AF)
[0,1] J[0,1] [0,1]

which shows that K4 o Kp fulfills (3). Finally, if £ € B([0, 1]), then, using
(4) and (5), for A-almost every x € [0, 1] it follows that

Kap(w, E) = (Tao Tp)(1p)(x) = Ta(Kp(-, E))(2)

= KB(ya E)KA(x7dy)7
[0,1]

which completes the proof. B

Remark 10. Lemma 9 implies that the Markov kernel of A * B is just the
standard composition of the Markov kernels of A and B. Hence, in terms
of conditional distributions, the star product can be seen as natural gene-
ralization of the multiplication of stochastic matrices in the discrete Markov
chain setting and studying the star product means studying the composition
of Markov kernels K : [0,1] x B([0,1]) — [0, 1] fulfilling (3) and vice versa.

Example 2. Consider the transformation matrix M = (t;;)},_, € T; defined
by

M = (17)

o= O ol
Owim O
= O oI

The densities of the first four iterates of the corresponding operator V,, ap-
plied to the product copula II are depicted in Figure 2.

According to [27] there exists a unique copula A* such that for every star-
ting copula B € C we have lim,,_,o, D;(V}; B, A*) = 0. Furthermore (see [15])
the support of A* has Hausdorff dimension In(5)/1In(3). It remains to prove
that A* is also idempotent which can be done in three steps:

Step 1: We explicitly show how, for a given copula B € C, the kernel
Ky,,p can directly be calculated from Kp. For every i € {1,2,3} define
functions h; : R — R by h;(z) := 3z — (i — 1) and extend the definition
of the kernel Kp to whole [0,1] x B(R) by setting Kp(z, E) = 0 whenever

12
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Figure 2: Image plot of the (natural) logarithm of the density of Vi, (II) for n € {1, 2, 3,4},
M according to (17) in Example 2.

w0 EN[0,1] =0. Fix E € B([0,1]) then we get

L K ((@), (B)) + 3 Kn (), he(E)) if o € [0,3]
KVMB(.I’, E) = KB(}ZQ(J?),]ZQ(E)) if x c ( ,%)
LKp(hs(2), hi(E)) + 3 Kp(hs(z), hs(E))  if z € [3,1]

WIN Wl

)
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which implies

KVMB(h (JI),E) % 0 % KB<J},h1<E>)
Kyyp(hy'(x),E) | =0 1 0 Kp(z, ho(E)) (18)
KVMB(h (SL’),E) % 0 % KB(x,h;z,(E))

for every x € [0,1]. Consequently, since the family of simple functions is
dense in L'(]0,1]), it follows that for every f € L'([0,1]), every i € {1,2,3}
and every x € [0, 1] the following transformation formula holds:

£(2) Ky (hy 'z, d2) /[ ”anf ) Kp(e.dz)  (19)

[0,1]

Step 2: We show that for every B € C? the copula Vy/(B) is idempotent
again: Equalities (18) and (19) together with the idempotence of N and B €
C? imply that for every i € {1,2,3}, every z € [0,1] and every E € B([0,1])
we have

KVAIB*VAIB(hgl(:C)7 E) = 0. KVMB(Zv E)KVAIB<h;1<x)7 dZ)
0,1]

= / ZTL'L]KVIMB Y(2), E) Kp(x,dz)
0.1] 4

(
/[01](m1’m2’m3>N KBgz,hg(E)) Kg(z,dz)

Nip / Zn”KB (E)) Kp(x, d2)
[0.1]

Bec ZninB('rv hj(E)) = KVAdB(hgl(x)7 E)

j=1

which shows that VB € C™.

Step 3: Since we have lim,, ,,, D1(V};B, A*) = 0 for every B € C we can
choose B = II € C” to construct a sequence (Vi,II),ecn of elements in C*
that converges to A*. Consequently, according to Lemma 8, A* has to be
idempotent too.
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266

267

268

269

270

271

272

273

274

275

276

277

The crucial point in proving that the limit A* in Example 2 is idempotent
was that the doubly stochastic matrix N in equation (18) describing the
transformation of the kernels was idempotent. Fix r € (0,1/2) and consider
the transformation matrix M, € Ty, defined by

0
1—2r
0

Nz OIS
Nz OIS

Then, according to [27] there exists a unique copula A* such that for every
starting copula B € C we have lim,,_,o D1(V}; B, A*) = 0. Furthermore, ac-
cording to Theorem 7 the support of A* has Hausdorff dimension s, whereby
s, is the unique solution of the equation

rf+(1—-2r)7° =1
in the interval (1,2). Define functions hq, he, hg : R — R by

x—r r—(1—=r)
h = h = h = —_—

1(2) , ha(x) 11— o 3(2) ”
then it is straightforward to verify that equation (18) also holds for Vy,, with
the same matrix N, i.e. we have

Ky, 5(hi'(z), E) 5 0 2 Kp(z,h(E))
Ky, s(h'(),E) | =1 0 1 0 Kg(z, ha(E)) (21)
KVMTB(hgl(.%),E) % 0 % KB(Z',hQ,(E))

for every x € [0,1] and every B € C. From this the corresponding version
of (19) and Step 2 and Step 3 follow in completely the same manner, hence
A* € C and we have constructed an idempotent copula whose support has
Hausdorff dimension s,. Since r € (0,1/2) was arbitrary, using Theorem 7
again, we have the following result:

Theorem 11. For every s € (1,2) there exists an idempotent copula A € C
whose support has Hausdorff dimension s.

Remark 12. An alternative way to prove Theorem 11 would be the follow-
ing: One could consider the so-called lifting (see [9]) A : C x C — Cs, defined
by

AAB(z,y,2) = / As(w, ) Bt 2)AN(?)
(0,9]

15
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279

280

281

282

284

285

286

forall A, B € C and x, z € [0, 1], and verify that the copulas (14) in the proof
of Theorem 7 fulfill
A=Al AAL,

for every r € (0,1/2), whereby Ar; denotes the corresponding limit copula
in dimension d € {2,3}. Having this idempotence of Ay, directly follows
from the fact that Ay;(z,1,2) = Ary(z,2) as well as Arj(r,1,2) = A, *
Al o(w,1,2) holds for all z, 2 € [0, 1].

As final step we will take a closer look to more general matrices N describing
the interrelation (21) between the kernel Ky p and the original kernel Kp for
every B € C and use these matrices to prove a generalization of Theorem
11. We will consider the class 75 C 75 consisting of transformation matrices
M = (t;;) € T, tulfilling that for each non-zero entry ¢;; > 0 the row and
column sums through that entry are equal. It is straightforward to see that
each M € T; is quadratic and that, using the notation of the previous section,
E} =la}_y,a}] = E} = [a}_,,a2] forevery k € {1,...,m} and, for every (4, j)
with ¢;; > 0, R;; is a square and w;; is a similarity (also see [15]). Define
affine expansions h; : E} —[0,1], i € {1,...,m}, by

1

r — Qa;
hile) = oo
(2 11—

then we get wy;(x1,72) = (h; *(71), hj_l(flfg)). Set L; := a} — a}_, for every

i € {1,...,m} and define a new matrix Ny = (ny){"—, by
L, L, (22)
Nij = 7 lij = <m 5 lij

for all 4,5 € {1,...,m}. Then Ny, is stochastic and

- 1 1 1
domi = pti= >, pti= ), Tt
: — [; . L; . L;
i=1 =1 ie{l,....,m}:t;;>0 ie{l,....,m}:t;;>0
1 m
= D> ty=1
T =1
for every j € {1,...,m}, so Ny is doubly stochastic. Furthermore it fol-

lows directly from the IFS construction that for every x € [0,1], every

16



287

288

289

290

297

298

299

300

301

302

E € B(]0,1]) and every B € C the following equality holds:

KVMB(hl_1<x)7E) nyy Niz ... Nim KB(.CE, hl(E))

KVAIB(h51<I>7E) B Nor N2z ... Nopy Kp (m, hQ(E))

Ky, s (h;&(%),E) NMm1 Mm2 -« N KB((E,hm(E))
=Ny

(23)
Consequently, since the family of simple functions is dense in L!([0,1]),
the following transformation formula holds for every z € [0,1], every f €
LY([0,1]), every B € C, and every i € {1,...,m}:

£(2) Ko p(h 'z, d2) / an FE) Kl ds)  (24)
(0,1] 0.1] j=1

For the following ¢ we will denote the function assigning each M € Ty its
corresponding doubly stochastic matrix Ny, according to (22), i.e. p(M) :=
Ny;. Using this notation we can state the following result:

Lemma 13. Suppose that M = (t;;)"_, € T3, m > 2, and let N := @(M).
Then the unique fized point A* € C of Vi is idempotent if and only if N is
tdempotent.

Proof: (i) Suppose that N is idempotent. If B € C? then it follows com-
pletely analogous to Step 2 in Example 2 that

Ky, vy s(hi ' (z), E) = Ky,,5(h; ' (2), E)

holds for every i € {1,...,m}, every x € [0,1] and every E € B([0,1]).
Therefore VyyB € C?, so Vi;B € C” for every n € N. Consequently, using
the fact that lim, ., D1(V}; B, A*) = 0 and applying Lemma 8, shows that
A* is idempotent, proving one implication.

(ii) If, on the other hand, A* is idempotent, then we can proceed as follows:
Set N := N2, then for every fixed E € B([0,1]), every i € {1,...,m} and

17



303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

every z € [0, 1], using (23) and (24), we get
KVMA*(hi_l(x)7 E):KVMA**VMA* (hz_l(x)’ E)

= KVMA*(ZyE)KVMA*<h;1(x)7dZ)

[0,1]

_ / S nig Ky (071 (2), B) K as (x, =)

:/ (7%177%'2, e 7nim) N
[0,1]

) d
PET S iy K (w, hy(B)).

j=1

Ka(z,hi(E))
KA* (Z, hg(E))

K (2, h(E))

Z flinA* (Z, hj<E)) KA* (i[), dZ)

[0.1] =1

KA* (ilj', dZ)

Since the matrix N in (23) is unique it follows that N = ¢(M) = N, so N is
idempotent. W

Lemma 13 directly leads to the following generalization of Theorem 11:

Theorem 14. Suppose that N is a m-dimensional idempotent doubly sto-
chastic matriz fulfilling the condition 1 < rank(N) < m. Then there exists
a family (M,)rery, € Tz of transformation matrices such that:

(a) N = @(M,) for every r € Iy.

(b) For each r € Iy the unique fizved point Ax of Vu, is idempotent.
(c) For each s € (1,2) there exist a unique rs € Iy such that the Hausdorff

dimension of the support of Ay s s.

Proof: Suppose that m > 3 and that 1 < rank(N) < m. Then (see [13] and
[23]) there exists a permutation matrix W such that N’ = WNW ™! has the

form

N/

Q1 0
0 Q2
0 0

18
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318

319

320

321

322

323

324

325

326

327

whereby each Q; is a ¢; X g-matrix with all elements equal to 1/¢;, u =
rank(N), and ¢; > g2 > ... > q,. Obviously N’ is idempotent and doubly
stochastic too. Set Iy := (0, qil), and, for every r € Iy define

TQl 0 0
T,zzl—qlrzl—qlr’ Mq{: 0 T’QQ O 67_27
Zj>1qj m—q : : - :
0 0 ... Q.

and set M, := W~IM/W. Then obviously M, € 7 as well as o(M,) =N
holds for every r € Iy, which completes the proof of point (a). Point (b) is a
direct consequence of Lemma 13 since N is idempotent. It remains to prove
point (c¢), which can be done as follows: For every r € Iy let A% € C*? denote
the unique fixed point of Vy,. Define f : [0, qil] x [1,2] = R by

flros) =g+ q (), (25)

j>1

then for every r € In the Hausdorff dimension of the support of Ar is the
unique solution s, of f(r,s) = 1 in the interval [0,2] (see [1]). (i) Fix an
arbitrary s € (1,2), then obviously f(0,s) <1 (equality if and only if u = 2
and ¢ = 1) and f(1/q;) > 1 holds. Furthermore, using basic calculus, it is
straightforward to verify that r — f(r, s) is strictly decreasing on the interval
(0,79) and strictly increasing on (rg, 1/q1), whereby

<2j>1 %2')311 1

ro = 1 2519 QEE%‘ < l’

i +a(z2E) st

so there exists exactly one 5 € (0,1/¢;1) such that f(rs,s) = 1. (ii) On the
other hand, for any fixed r € (0,1/¢;) we have

1—qr
flr ) = gr+ — N g >dr+l-gr=1+rala—1)>1

Zj>1 q] j>1
1—aqr
f(r2) = q¢r* + ( - ) Zq] <@g+ (1-qr)?
D1 i1
< qur+1—qir=1.
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Figure 3: Image plot of the (natural) logarithm of the density of Vi, (II) for n € {1, 2, 3,4},
M according to (26) in Example 3.

Using the fact that % < 0 for every s € (1,2) this implies the existence

of a unique s, € (1,2) such that flr,s,)=1. 1

Example 3. Figure 3 depicts the densities of the first four iterates of another
operator V), applied to the product copula whereby in this case M is the
transformation matrix

(26)

I
cl= oEl-tl=
Sl= ORl-l=
Bl»—t OS')—‘G'H

Onir O O
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The corresponding limit copula A* is idempotent (the matrix N in this case
is 4M) and the Hausdorff dimension of its support is In(10)/ In(4).

Remark 15. Figure 2 and Figure 3 have been produced by direct calculation
of the Kronecker (or tensor) product of M (see the remark before Example
3 in [15]) and by using the ggplot2 package in R for plotting. Since the
rows and columns of the Kronecker product of M grow exponentially the
densities of higher iterates V},(II) can’t be calculated this way. For higher
iterates (and for better approximations of the limit copula A*) one can make
use of the fact that the so-called Chaos game (a Markov process induced
by the IFSP, see [1], [12], [14], [18]) is ergodic, simulate stochastic orbits
(paths of the Chaos game) of sufficient length, and then calculate and plot
two-dimensional histograms.

[1] M.F. Barnsley: Fractals everywhere, Academic Press, Cambridge, 1993

[2] J. Charpentier, A. Juri: Limiting dependence structures for tail events,
with applications to credit derivatives, J. Appl. Probab. 44, 563-586
(2006)

[3] P. Billingsley: Convergence of Probability Measures, John Wiley & Sons,
New York (1968)

[4] W.F. Darsow, B. Nguyen, E.T. Olsen: Copulas and Markov processes,
Illinois J. Math. 36, no. 4, 600-642 (1992)

[5] Darsow, W.F., Olsen, E. T.: Characterization of idempotent 2-copulas,
Note Mat. 30, no. 1, 147-177 (2010)

[6] E.de Amo, M. Diaz Carrillo, J. Fernandez-Sénchez: Measure-Preserving

Functions and the Independence Copula, Mediterranean Journal of
Mathematics 8, 431-450 (2011)

[7] E. de Amo, M. Diaz Carrillo, J. Fernandez-Sénchez: Copulas and asso-
ciated fractal sets, J. Math. Anal. Appl. 386, 528-541 (2012)

[8] R.M. Dudley: Real Analysis and Probability, Cambridge University
Press (2002)

[9] F. Durante, E.P. Klement, J. Quesada-Molina, J. Sarkoci: Remarks
on Two Product-like Constructions for Copulas, Kybernetika 43, no. 2,
235-244 (2007)

21



365

366

367

368

369

370

371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

391

392

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]
[20]
[21]

[22]

F. Durante, C. Sempi: Copula theory: an introduction, in P. Jaworski,
F. Durante, W. Hardle, T. Rychlik, Eds., Copula theory and its ap-
plications, Lecture Notes in Statistics—Proceedings, vol 198, pp. 1-31,
Springer, Berlin (2010)

G. Edgar, Measure, Topology, and Fractal Geometry, Springer Verlag,
New York, 2008

J.F. Elton: An ergodic theorem for iterated maps, FErgod. Theor. Dyn.
Syst. 7, no. 4, 481-488 (1987)

H.K. Farahat: The semigroup of doubly-stochastic matrices, Proc. Glas-
gow Math. Ass. 7, 178-183 (1966)

B. Forte, F. Mendivil: A classical ergodic property for IFS: a simple
proof, Ergod. Theor. Dyn. Syst. 18 no. 3, 609-611 (1998)

G.A. Fredricks, R.B. Nelsen, J.A. Rodriguez-Lallena: Copulas with frac-
tal supports, Insur. Math. Econ. 37, 42-48 (2005)

O. Kallenberg: Foundations of modern probability, Springer Verlag, New
York Berlin Heidelberg, 1997

A. Klenke: Probability Theory - A Comprehensive Course, Springer Ver-
lag Berlin Heidelberg 2007

H. Kunze, D. La Torre, F. Mendivil, E.R. Vrscay, Fractal Based Methods
in Analysis, Springer New York Dordrecht Heidelberg London, 2012

I. Molchanov: Theory of Random Sets, Springer, London, 2005
R.B. Nelsen: An Introduction to Copulas, Springer, New York, 2006

E.T. Olsen, W.F. Darsow, B. Nguyen: Copulas and Markov operators,
in Proceedings of the Conference on Distributions with Fized Marginals
and Related Topics, IMS Lecture Notes, Monograph Series Vol. 28, pp.
244-259 (1996)

W. Rudin: Real and Complex Analysis, McGraw-Hill International Edi-
tions, Singapore, 1987

22



393

394

395

396

397

398

399

400

401

402

403

404

405

406

[23] S. Schwarz: A Note on the Structure of the Semigroup of Doubly-
Stochastic Matrices, Mathematica Slovaca 17, No. 4, 308-316 (1967)

[24] C. Sempi: Conditional Expectations and Idempotent Copulae, In: Dis-
tributions with Given Marginals and Statistical Modelling, C.M. Cuadras
et al. (Eds.), 223-228, Kluwer, Netherlands (2002).

[25] C. Sempi: Copulae: Some mathematical aspects, Appl. Stoch. Model.
Bus., 27 37-50 (2011)

26] O. Stenflo: Ergodic Theorems for Iterated Function Systems with Time
Dependent Probabilities, Theory Stochastic Process. 19, no. 3-4, 436-446
(1997)

[27] W. Trutschnig: On a strong metric on the space of copulas and its
induced dependence measure, J. Math. Anal. Appl. 384, 690-705 (2011)

(28] W. Trutschnig: Some results on the convergence of (quasi-) copulas,
Fuzzy Set Syst. 191, 113-121 (2012)

23



