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Abstract

Using the one-to-one correspondence between two-dimensional copulas and
special Markov kernels allows to study properties of T-shuffles of copulas,
T being a general Lebesgue-measure-preserving transformation on [0, 1], in
terms of the corresponding operation on Markov kernels. As one direct con-
sequence of this fact the asymptotic behaviour of iterated T-shuffles Srn(A)
of a copula A € C can be characterized through mixing properties of 7. In
particular it is shown that Sp»(A) (£ 3" Sri(A)) converges uniformly to
the product copula II for every copula A if and only if T is strongly mixing
(ergodic). Moreover working with Markov kernels also allows, firstly, to give
a short proof of the fact that the mass of the singular component of Sy(A)
cannot be bigger than the mass of the singular component of A, secondly, to
introduce and study another operator Uy : C — C fulfilling Sy oUr(A) = A
for all A € C, and thirdly to express Sr(A) and Ur(A) as *-product of A
with the completely dependent copula Cr induced by T'.
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1. Introduction

The study of shuffles of copulas probably started with the paper [13] by
Mikusinski et al. in 1992 on shuffles of the minimum copula M. Informally
(see [13]) a (straight) shuffle of M can be obtained by (i) considering the dou-
bly stochastic measure py; corresponding to M on [0, 1]%, (ii) cutting [0, 1]?
into a finite number of (vertical) strips and (iii) permutating (shuffling) the
strips. In other words (see [6]) one chooses an interval-exchange transforma-
tion 7 : [0,1] — [0, 1] and the shuffle Sp(M) of M is then defined in terms
of the corresponding doubly stochastic measure ps,.(n) by

s (B x F) = g (T~Y(E) x F)

for all Borel sets E, F € B([0,1]). Durante et al. (see [6]) generalized this
concept in two directions - they replaced, firstly, M by arbitrary copulas
A € C and, secondly, the interval-exchange transformation 7' by arbitrary
A-preserving transformations 7' : [0,1] — [0,1] (A denoting the Lebesgue
measure on [0, 1]). Their article [6] contains various interesting results - in
particular the authors showed (Theorem 14) that there exists a bijective
T :[0,1] — [0,1] with T, T~ A-preserving and a strictly increasing sequence
(nj)jen in N such that for every A € C the sequence (Spn; (A))jen converges
uniformly to the product copula II. According to [19] the same result can
not hold for the stronger metric D; since D, strictly separates II from the
class of completely dependent copulas.

In the current paper we will consider general (i.e. not necessarily bijective)
A-preserving transformations, use the one-to-one correspondence between the
class C of two-dimensional copulas and the class K of special Markov ker-
nels (see [19], [20]), and show that on K the operator A — Sr(A) coincides
with the well known Frobenius Perron operator induced by 7" (see Section 2
and [12]). This interrelation does not only offer a short proof of the above-
mentioned theorem, it also allows to characterize the asymptotic behaviour
of iterated T-shuffles Srn(A) in terms of mixing properties of the transfor-
mation 7. In particular we will show that Sza(A) (£ 377 | S7i(A)) converges
uniformly to the product copula II for every copula A if and only if T is
strongly mixing (ergodic) and that we even have lim,,_,, D1(S7=(A),II) =0
if T'is exact (D is the metric studied in [19], see Section 2). Additionally we
will show that the operation A +— Sy(A) is smoothing in the sense that the
mass of the singular component of Sr(A) cannot be bigger than the mass of
the singular component of A and state some properties of another operator
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Ur : C — C fulfilling Sy oUr(A) = A for all A and for all T

The rest of the paper is organized as follows: Section 2 gathers some pre-
liminaries and notations. Section 3 contains the description of T-shuffles on
the class IC of associated Markov kernels and three examples illustrating the
different asymptotic behaviour of Syn(A) given different mixing properties
of the transformation 7. All main results are presented in Section 4.

2. Notation and preliminaries

As already mentioned before C will denote the family of all two-dimen-

sional copulas, see [7], [14], [17]. M and II will denote the minimum and
the product copula respectively. Given A € C the transpose At € C of A is
defined by A'(x,y) := A(y, z) for all z,y € [0, 1]. ds will denote the uniform
distance on C; it is well known that (C, dy) is a compact metric space. For
every A € C ua will denote the corresponding doubly stochastic measure
defined by pa([0,z] x [0,y]) := A(z,y) for all z,y € [0, 1], P¢ the class of all
these doubly stochastic measures. A and Ay will denote the Lebesgue measure
on [0, 1] and [0, 1]* respectively, B([0,1]) and B([0,1]?) the Borel o-fields in
[0,1] and [0, 1]?. T will denote the class of all A-preserving transformations
T :[0,1] — [0,1], 7, the subset of all bijective T' € T fulfilling 7' € T.
A Markov kernel from R to B(R) is a mapping K : R x B(R) — [0, 1] such
that x — K(z, B) is measurable for every fixed B € B(R) and B — K(x, B)
is a probability measure for every fixed x € R. Suppose that XY are real-
valued random variables on a probability space (2,4, P), then a Markov
kernel K : R x B(R) — [0, 1] is called a regular conditional distribution of Y
given X if for every B € B(R)

K(X(w), B) = E(1p 0 Y|X)(w) (1)

holds P-a.e. It is well known that for each pair (X,Y) of real-valued random
variables a regular conditional distribution K (-,-) of Y given X exists, that
K(-,-) is unique P¥*-a.s. (i.e. unique for P¥-almost all z € R) and that
K (-,-) only depends on PX*®Y . Hence, given A € C we will denote (a version
of) the regular conditional distribution of Y given X by K (-, -) and refer to
Ka(-,-) simply as regular conditional distribution of A or as Markov kernel
of A. Note that for every A € C, its conditional regular distribution K4(-, "),
and every Borel set G € B([0,1]?) we have (G, := {y € [0,1] : (z,y) € G}
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denoting the z-section of G for every z € [0, 1])

- Ka(z, Gy) dX(2) = pa(G), (2)

so in particular

Ka(x, F)d\(z) = A(F) 3)
(0,1]

for every F' € B([0,1]). On the other hand, every Markov kernel K :

[0,1] x B([0,1]) — [0, 1] fulfilling (3) induces a unique element p € Pc([0, 1]?)

via (2). For more details and properties of conditional expectation, regular

conditional distributions, and disintegration see [8] and [9].

A copula A € C will be called completely dependent if and only if there exists

T € T such that K(z,FE) := 1g(Tx) is a regular conditional distribution

of A (see [11] and [19] for equivalent definitions and main properties). For

every T' € T the induced completely dependent copula will be denoted by

Cr throughout the rest of the paper.

A linear operator V on L!([0,1]) := L'([0,1], B([0,1]), A) is called Markov

operator (see [2] and [15]) if it fulfills the following three properties:

1. V is positive, i.e. V(f) > 0 whenever f >0
2. V(1py) = 1o
3. f[o,l](vf)(x)d)‘@) = f[O,l] f(x)d\(z)

As mentioned in the introduction M will denote the class of all Markov
operators on L([0,1]). It is straightforward to see that the operator norm
of Vis one, i.e. ||V :=sup{||Vfll1: ||fll1 <1} =1 holds. According to [2]
and [15] there is a one-to-one correspondence between C and M - in fact, the
mappings ® : C - M and ¥ : M — C, defined by

YA = Wane) = g [ Aatr0r0arn,
()

U(T)(ey) : = Av(z.y) = /[ (1))

for every f € L'([0,1]) and (z,y) € [0, 1]? (A2 denoting the partial derivative
w.r.t. y), fulfill ¥o® =ide and ® o ¥ = id . Note that in case of f := 1y
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we have (Valjy)(z) = A(z,y) A-a.s. According to [19] the first equality in
(4) can be simplified to

(Vaf)(z) =E(foY|X =) = [ ]f(y)KA(l’,dy) Aas. ()
0,1
Expressing copulas in terms of their corresponding regular conditional dis-
tributions two metrics D; and D, on C can be defined as follows:

Di(A,B) = /[ . /[ Eate 04]) — Kt DDA D) 6)

Doo(AvB) ‘= Ssup ’KA('I’ [Ovy]) _KB<x’ [O,y])’d)\(l’) (7>
y€[0,1] J[0,1]
It can be shown that (C, D;) as well as (C, Dy,) are complete and separable
metric spaces and that, given copulas A, A, As ... and their corresponding
Markov operators V4, Vya,, Vg, ..., the following three conditions are equiva-
lent (see [19]):

(a) lim, o D1(A,, A) =0
(b) limy, o0 |Va, f — Vaf|l1 = 0 for every f € L'([0,1])
(¢) limy, oo Doo(An, A) =0

In other words D; and D, are (complete and separable) metrizations of the
strong operator topology on M. Furthermore it is straightforward to show
that the topology induced by D, is strictly finer than the one induced by
d (again see [19]).

Given A, B € C the star product A B € C is defined by (see [2], [15])

(A*B)(;E,y) = A,Q(x7t>B,l(tay)d)\(t) <8>
0,1]
and fulfills
VA*B:(I)A*B:(I)(A)O(I)(B) :VAOVB, (9)

so the mapping ® in (4) actually is an isomorphism (see [15]). Additionally
® maps transposes to adjoints, i.e. ®(A") = Vi¥ holds for every A € C
(V9. 1>(]0,1]) — L>=(]0,1]) denoting the adjoint operator of V).

The following result, stating that the Markov kernel of A % B is just the
standard composition of the Markov kernels of A and B will prove useful in
the sequel:
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Lemma 1 ([20]). Suppose that A,B € C and let K4, Kp denote regular
conditional distributions of A and B. Then the Markov kernel K4 o Kpg,
defined by

(Kqgo Kp)(x, F) := - Kp(y, F)Ka(z,dy), (10)

1s a reqular conditional distribution of A x B.

Finally we extend the definition of general T-shuffles of copulas (see [6]) to
the case of arbitrary T' € T and only stick to the name 'shuffle’ for the sake of
simplicity. For every T' € T and every copula A € C let Sp(A) € C denote the
(generalized) T-shuffle of A, defined via the corresponding doubly stochastic
measures by

fisp(a) (B x F) = pa(T~H(E) x F) (11)

for all E, F' € B([0, 1]). As mentioned before we will study 7T-shuffles in terms
of the corresponding Markov kernels - doing so our main tool will be the so-
called Frobenius-Perron operator (FPO for short). Suppose that 7" € T, then
the FPO Pr is the unique linear operator on L*([0,1]) fulfilling

[Prr@ae = [ swae (12)

for every E € B([0,1]) and every f € L'([0,1]). For the definition of the
FPO in the general setting and its main properties we refer to [12].

3. Expressing shuffles in terms of Markov kernels and the star
product - basic interrelations and three motivating examples

We start with the following simple but useful lemma that expresses the T-
shuffle of a copula A both in terms of a transformation of the corresponding
Markov kernel K 4 and in terms of the star product of A with the completely
dependent copula Cr.

Lemma 2. Suppose that T € T and that A € C. Then Sp(A) = (Cr)t x A
and for every F € B([0,1]) the following interrelation holds for \-almost all
z € [0,1]:
d
Kson(eF) =5 [ Kt Fyaxe (13)
L Jr-1([0,2))



133 Proof: Equation (11) implies

[ KsswttFrare = | g KAt F)N) (14)

w for all BV F € B([0,1]). Setting F := [0,z] and viewing both sides in (14)
155 as bounded monotonic (hence A-almost everywhere differentiable, see [16])
s functions it follows that (13) holds for A-almost every x € [0,1]. To prove
1w the fact that Sp(A) = (Cr)! * A note that Lemma 1 implies

Koci(@B) = [ Koy, B)Ks(r.dy) = /[ LelTy) Kl dy)
— Kp(x, TV(E))

s for every copula B € C, every E € B([0,1]) and A-almost all z € [0,1].
1o Having this it follows immediately that for all E, F' € B([0, 1]) we have

fsp)(E X F) = “HE) x F) = pa(F x T7Y(E))
= /KAt z, T7(E))d\(z) /KAt*CT(x E)d\(z)
= pascy(F X E) = popyalE X F),

1o which completes the proof. B
141

w2 Since for T' € T, equation (13) can be simplified to

d
KST(A)<CC7F) = dl‘ (10.0]) KA(t7F) d/\(t)

d

= - 1T71([0,x})(T‘lt)KA(T_lt, F)d\(t)
T J10,1]
d

= - Lo (t)Ka(T7', F)dA(t) = Ka(T ', F)
T J10,1]

13 the follow proposition holds.

s Proposition 3. Suppose that T' € T, then for every A € C and every Borel
s set I € B([0,1]) the following interrelation holds for A-almost all x € [0, 1]:

Kspy(x, F) = KA(T "2, F) (15)
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Note that equation (14) implies that, for given F' € B([0,1]), Ks,(a)(-, F') is
the Frobenius Perron operator Pr applied to the function K4(-, F') (see [12]
and [5]). Asymptotics of the FPO have been studied extensively (see [12]) -
we will see in the next section how these properties may be used to prove a
general result about the asymptotic behaviour of iterated T-shuffles Sy (A).
Before doing so we take a look to three examples:

Example 1. Consider the transformation Tox := 2z (modl). Fix A € C and
E € B([0,1]). Using (13) obviously we have

1 x 1 r+1
K E)=-K (—E) SK <—E)
s, ()7, B) 5Kl 5 +oKal—;
and it is straightforward to see that for each n € NN the following equality
holds for A-almost all x € (0,1):

?

2" —1
1 T
K (@ B) = 35 > Ka (2_” * 27E)
=0

If we assume that A € C fulfills the property that for each y € [0,1] the
functions = — K4(x,[0,y]) are Riemann integrable, then it follows that for
A-almost all z € (0,1) we have

lim KSTn(A)(I, [O, y]) = KA(t, [O,y])d)\(t) =Y.

n—oo 2 [0’1}

Hence, using the results in [19], we have lim,, o D1(Srp(A),II) = 0, and, as
direct consequence lim, o doo(Srp(A),II) = 0. Since the minimum copula
M obviously fulfills the just mentioned regularity condition we also have
limy, 00 D1 (Srp (M), 1) = 0. Figure 1 depicts image plots of the kernels of
A, 81,(A) and Syz(A) for A being the Marshall Olkin copula with parameters
a=0.2,8=0.5 (see [14]), which obviously fulfills the regularity condition.
Considering the copula A corresponding to the uniform distribution on the
set [0, 1/2]2U[1/2, 1]? we directly get Sz, (A) = II, which shows that in general
St is not injective.

Example 2. For every 6 € (0,1) define a an element Gy € T by

x x—0
51[079](1‘) + 1= 01(971]@]).

Ge(l’) =
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kernel of A kernel of T-shuffle of A kernel of T"2-shuffle of A

1.00

Figure 1: The functions (z,y) — Ka(,[0,y]), Ks,, (a)(2,[0,9]), Ks_, (a)(x.[0.y) for A be-
2

ing the Marhsall Olkin copula My 2 ¢.5; solid white lines depict the 0.25,0.5,0.75-contours,
dashed lines the 0.1,0.2,...,0.9-contours

Using arguments analogous to Example 1 it follows that for each copula
A € C such that the functions x — Kx(z,[0,y]) are Riemann integrable for
each y € [0,1] we have
nh—>I£lo D1 (Sgg (A), H) = 0
Example 3. For every a € (0,1) define a transformation 7, : [0, 1] — [0, 1]
by
0 ifr=20
To(x) = r+a ifze(0,1—d
r+a—1 ifze(l—al].

It is straightforward to see that 7, € 7, and that 7 ! = 7,_,. Furthermore
(see [12],[21]) it is well-known that 7, is ergodic if and only if a is irrational.



163

164

165

166

167

169

1

3

0

171

We will consider two different situations. (i) a = 0.5: Setting T := 795 we
have T2 = T as Well as Sy2n(A) = A for every n € N. Hence, in case of
A 11 limsup,,_, o doo(Srn(A), II) > 0 follows, i.e. contrary to the previous
examples the iterated T-shuffles of A do not converge to the product copula
IT w.r.t. ds. Considering, for instance, the copula A corresponding to the
uniform distribution on the set [0,3/4]% U [3/4,1]* shows that we may even

have
1 n
limsupdoo (=3 Sri(A),11) >0
im sup (n 2 7i(A) >>

n—0o0

(ii) a irrational: Set T := 7, and 7" :=1_,. Fix A € C and F € B([0, 1]),
then, using Birkhoff’s ergodic theorem (see [21]), it follows immediately that

n—oo M,
=1

RS
JLIEOE;KSTZ.(A)(IE,F) = lim — ZKA (T"z, F) = \(F)

holds for A-almost all x € [0,1]. Using Lebesgue’s theorem on dominated
convergence this yields

lim /
n—oo [0 1]
for every y € [0, 1] from which (see [19])
. IS . RS
lim D, (5 ;SW(A), n) =0 and lim dy (5 ;SW(A), H) —0
follows Figure 2 depicts image plots of the kernels of A, By := 3 S22 Sri(A)

=3 L 510 Sri(A) whereby A is again the Marshall Olkin copula with
parameters a=02=05and T = T3/2-

ZKSW(A ])—y‘dA(a:) =0

4. Main results

The long-time behaviour of the transformations mentioned in Examples
1-3 is very different - the transformations in the first two examples are exact
(hence strongly mixing and ergodic), the irrational translation 7, considered
in part (ii) of Example 3 is ergodic (but not strongly mixing) and the rational
translation 7 5 considered in part (i) of Example 3 is only measure-preserving

10
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kernel of A kernel of B, kernel of Byg

1.00

Figure 2: The functions (z,y) — Ka(z,[0,9]), KB, (z,[0,v]), Kp,,(z,[0,y]) in Example
3; solid white lines depict the 0.25,0.5,0.75-contours, dashed lines the 0.1,0.2,...,0.9-
contours

(but not ergodic). For an overview of mixing/ergodic properties of measure
preserving transformations and precise definitions see, for instance, [21] and
[12]. According to [12] the just mentioned mixing properties can fully be
characterized in terms of the corresponding FPO - the following results hold
(for the definition of weak and strong convergence see [12]):

1. T is ergodic if and only if £ 3" | Pri f — 1 weakly in L'([0, 1]) for all
f € D(0,1]).

2. T is strongly mixing if and only if Pr« f — 1 weakly in L'([0, 1]) for all
f € D([0,1)).

3. T is exact if and only if Praf — 1 strongly in L([0,1]) for all f €
D([0, 1]).

11
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Here D([0,1]) denotes the family of all probability densities in L'([0, 1])).
Since for given F' € B(]0, 1])

Kspa)( F) = Pr(Ka(-, F))
holds we can use these results to prove the following theorem.

Theorem 4. Suppose that T' € T, then the following assertions hold:

1. T is ergodic if and only if we have lim,, o dso (% Yo Sri(A), H) =0
for every A € C.

2. T 1is strongly mizing if and only if we have lim,,_, ., du (STn(A), H) =0
for every A € C.

3. If T is exact then lim, oo D1(Srn(A),II) =0 for every A € C.

Proof: Suppose that A € C and that T is strongly mixing, then for fixed
y € [0, 1] we have

KSTn(A)('7 [Oa y]) = PT"(KA('7 [O’y])) — o KA('? [07y])d)‘ =Y

weakly in L'([0, 1]), so, in particular for every fixed z € [0, 1]

Sra(A)(z,y) = [ ]KsTn(A)(t, [0,y]) dA(t) — 2y = 11(z,y)
0,z
follows. Since x and y were arbitrary this implies lim,, o doo (Srn(A), IT) = 0.
On the other hand if lim, . doo(Sn(A),II) = 0 for every A € C, then

considering A := M and intervals E := [e, €], F := [f, f] we get

ATT(E)NF) = pspaon (B X F) — pn(E x F) = ME)A(F)

from which it follows that T is strongly mixing since the class of intervals
is a semi-algebra generating B([0,1]) (see [21]). The first assertion of the
theorem can be proved analogously.

To prove the last assertion assume that 7" is exact, then according to the
before-mentioned properties of the FPO we have

lim [ [ Ksp (@, [0,9]) — y|dA(z) = 0.
n—0o0 [071]
Since y was arbitrary lim,_,o, D1(Sr=(A),II) = 0 follows (see [19]). W

The next result is a weak converse of the third assertion of Theorem 4:

12
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Lemma 5. Suppose that T € T fulfills T(B) € B([0,1]) for every B €
B([0,1]). If limy, 0o D1(Srn(A),I1) = 0 holds for every A € C then for every
interval I of the form I = (a,b] C [0, 1] with b > a we have

7}1_)1210 AT™(1)) = 1.
Proof: Suppose that I := (a,b] with b > a. Using, for instance, the ordinal
sum of IT w.r.t. the partition {[0,a], (a,b], (b, 1]} (see [14]) we can construct
a copula A whose Markov kernel K, fulfills K4(z,1) = 1;(x). For every
n € N and every y € [0, 1] set

Qs ayn(y) = /[0” | K spm(a)(2,0,9]) — y|dA(z).
Then using (see [12])

MDONT™) = WKSTMA)(% f)dk(-%)—/m (KsTn(A)(fU, f)—A(I)>dA(:U)

N J/
'

67L

together with the fact that [6,| < ®s,.(a)n(a) + Pspm(a)n(d) — 0 for
n — o0 we get

lminf A(/)A(T™I) > liminf Ksp(ay(z, I)d\(z)

n—00 n—o00  Jopny
= liminf/ Ka(z, Id\(z) > A().
n—=00  Jp—n(pny)

This completes the proof. B

Remark 1. An alternative way to prove the first two assertions of Theorem
4 would be to use

Sru(A) = (Cr*Crx -+ Cp)'x A= (Cpa)' x A,

n times

together with the fact that, firstly, lim, o doo(Crn, II) = 0 if and only if T
is strongly mixing and secondly, that lim,, . doo(% Yoy Cri,II) = 0 if and
only if T" is ergodic.

13
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We can use the same technique to give an alternative short proof of the
following result in [6]:

Theorem 6 ([6]). For every copula C the independence copula I can be
approzimated uniformly by elements of T,(C).

Proof: Choose a weakly mixing 7' € 7, (see [1]), then 7! is weakly mixing
too. Consequently, by a direct application of Lemma 15 in [6] (also see
[21]), there exists a strictly increasing sequence (n;)jen in N such that for
all z,y € [0,1]

Jj—o0 Jj—o0

lim Sy (A)(z,y) = lim / K, ., (10, y])dA ()
[0,7]

= lim KA(T7¢,[0,y])dA(t) = zy. 1

Before taking a look to another mapping Ur : C — C which is strongly
connected to Sy we will show that for every copula A € C and every T' € T
the mass of the singular component of Sy(A) cannot be greater than the
mass of singular component of A (already proved in [6] for the special case
of absolutely continuous copulas and 7" € T,). For every A € C we will write
pa = pds + ujng for the Lebesgue decomposition of pg w.r.t. A and denote

the mass of the singular component u%"™ by sing(A), i.e.

sing(A) == u"([0,1)?).
abs abs
In general neither — Zﬁ nor —44_ is a doubly stochastic measure, so A
9(A) sing(A) =7 % i
cannot be expressed as a convex combination of an absolutely continuous
and a singular copula.

Theorem 7. For every T € T and A € C sing(Sr(A)) < sing(A) holds.

Proof: Fix T € T and define a measurable mapping ®7 : [0, 1]> — [0, 1] by

Or(z,y) = (z,Ty).

Since T is A-preserving ®r is Ao-preserving. It is straightforward to verify
that for every N € B([0,1]*) and every x € [0,1] we have (®;'(N)) =
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220

221

222

223

224

225

226

T~Y(N,). Hence, for every N € B([0,1]?) with A\o(N) = 0, using Lemma 2,
disintegration and Ay (®7'(N)) = 0 it follows that

patscy(N) = Katvep (1, Np)dA(z) = Ka(z, T (N,))dA(z)
0,1] 0,1]

- /[ T (o (B (ND))aN) = pa (B (N)
< sing(A") = sing(A),

which completes the proof since N was an arbitrary Borel set with A\y(N) = 0
and sing(B) = sing(B") for all Be C. &

Remark 2. It is not difficult to construct examples showing that in general
we do not have equality in sing(Sr(A)) < sing(A): According to [3] (also
see [4] and [10]) we can find A-preserving functions f, g € T such that (same
notation as in [3] and [4])

(2, y) = A(f71([0,2]) N g7 ([0,9])) := Apg(a,y)
holds for all z,y € [0,1]. Set A := A;44, then we have (see [3])
SHA) = (C) x A= Apigx Aigg = Apy =11
so sing(Sf(A)) = 0 although sing(A) = 1.

As final step we introduce another operator Uy : C — C that has already
appeared in Proposition 3, Example 3 and the proof of Theorem 6. Again
consider T € T and define Uy via the following transformation of the corre-
sponding kernels:

KMT(A) (x, E) = KA(TSC, E)

It straightforward to verify that Up is well-defined (i.e. that Ki,(a) really
is the Markov kernel of a copula) and that Ur is an isometry on the space
(C, Dy). According to [12] K, 4)(-, £) is just the so-called Koopman operator
applied to the function K4(-, E'). Tt is well known that the Koopman operator
is the adjoint of the FPO (again see [12]). The following theorem describes
the interrelation between Sy and Ur in our setting:

Theorem 8. For every T € T the following assertions hold:
1. Spolr(A) = A for every A € C.
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234
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236

237

2. For all Borel sets E, F' we have
tipos(a) (T~ (E) x F) = pa(T~H(E) x F)

Consequently in case the o-field T~ (B([0,1])) generated by T coincides
with B([0,1]) also Ur o Sp(A) = A holds for every A € C.

3. sing(Ur(A)) > sing(A) for every A € C.

4. Up(A) = Cr *x A for every A € C.

Proof: The first assertion is a direct consequence of the following equation,
which holds for all E, F' € B([0, 1]):

/EKsTouﬂA)(fle)dA(iv) = /Tl(E)KuﬂA)(%F)dA(iU)
:/ Ka(Tx, F)d\(z)
T1(B)
_ / 15(T2) K (T, F)dA(x)
0.1

_ fE Ka(z, F)AA(z).

To prove the second assertion note that for all E, F' € B([0,1]) we have
ess T EV X F) = [ Kigposyia o YA
T-1(E)
= / 1p(Tx)Ksya)(Tx, F)dX(x)
(0,1]

= /[01} 1p(2)Kspa)(z, F)dA(z)
= pa(T"H(E) x F).

The third assertion is a direct consequence of the first one and Theorem 7
and assertion four follows from (d7, denoting the Dirac measure in T'z)

KCT*A(‘/L‘vE) = KA(va)KCT($7dy) = KA(yv E) d(STx(y)
[0,1] [0,1]

= Ki(Tz,E) W

Given the strong interrelation between Sy and Uy the following result is not
surprising:
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Theorem 9. Suppose that T € T, then the following two assertions hold:

1. T is ergodic if and only if we have lim,,_,. do (% o Uri(A), H) =0
for every A € C.

2. T is strongly mizing if and only if we have lim,, . ds (Z/{Tn(A), H) =0
for every A € C.

Proof: We will only prove the first assertion, the second one can be proved
analogously. If T' is ergodic, then for every fixed y € [0, 1] Birkhoff’s ergodic
theorem (see [21]) implies

Jin D Ky 0,0) = i 5K 04 =

for A-almost all z € [0, 1] for which, using Lebesgue’s theorem on dominated
converges, one implication immediately follows. To prove the other one con-
sider intervals E := [e,e], F' := [f, f]. Then the implication directly follows
from

S - 45 [ o
1 n

- = Z Ky (T'z, B)1p(x)d\(z)

nz‘ [0,1]

= = Z““w (Fx E) — MF)AE). &

The following final example shows that a result analogous to point three in
Theorem 4 does not hold for Uz.

Example 4. Consider the exact transformations Gy from Example 2. Then,
according to Theorem 9 we have lim,, . do (L{Dg (A), H) =0 for every A € C.
Nevertheless we cannot expect convergence w.r.t. D; for all A € C: If we
choose A := Cr for some T" € T then Ug,(A) is the gluing copula of A
with A along the line z = 6 (see [18]) and we have Ugn(A) = Crogy for
every n € N. Hence Ugy (A) is completely dependent and, according to [19],
Dy (Ugn (A), 1) = 1/3 holds for every n.
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