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On Cesaro convergence of iterates of the star product of
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Abstract

For each copula A the iterates of the star product of A with itself are shown
to be Ceséro convergent to an idempotent copula A with respect to the strong
metric D;. Sufficient conditions for A = II are given.
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1. Introduction

Since its introduction by Darsow et el. (1992) the so-called star product
of copulas has been studied in various papers. Olsen et al. (1996) showed
that the space (C,*) of (two-dimensional) copulas with the star product as
binary operation and the space (M, o) of Markov operators with the com-
position as binary operation are isomorphic (see Section 2) and that every
copula A € C can be written in the form A = B! x C' whereby B, C are so-
called completely dependent (or, equivalently, left invertible) copulas and B*
denotes the transpose of B. Using the above mentioned isomorphism Sempi
(2002) showed that there is a one-to-one correspondence between the class
of idempotent copulas C;, (i.e. copulas with A *+ A = A) and the subclass
of M consisting of conditional expectations. Durante et al. (2007) studied
two product-like constructions for copulas, one being a generalized version
of the star product. Darsow et al. (2010) classified idempotent copulas in

*Corresponding author
Email address: wolfgang@trutschnig.net (Wolfgang Trutschnig)

Preprint submitted to Statistics and Probability Letters September 27, 2012



15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

non-atomic, atomic and totally atomic ones and, for each of the three types,
gave a complete characterization of all of its members. Furthermore, based
on these characterizations, they answered the question posed in Darsow et
al. (1992) whether idempotent copulas are necessarily symmetric with ’yes’.
In the current paper we will prove an ergodic-theorem-like result for iterates
of the star product and show that for every copula A € C there is a unique
idempotent and symmetric copula A such that

~

Tim D (s.(4), 4) = 0 (1)

holds, whereby s.,(A) := £ 31" | A* for every n € N, A* is the i-times star
product of A with itself, i.e. A*' = A, A2 = Ax A, and A"t = A% A for
every n > 2, and D; is the metric introduced in Trutschnig (2011). Having
this result proving symmetry for idempotent copulas is straightforward. We
remark here that, in contrast to doubly stochastic idempotent matrices (see,
for instance, Doob, 1942), idempotent copulas may be very complex objects.
Using so-called Iterated Function Systems one may easily construct copulas
with fractal support (see Fredricks et al., 2005, de Amo et al., 2012) that are
at the same time idempotent (Trutschnig and Fernandez Sanchez, 2012).
The above-mentioned convergence result (1) assures the existence of the
Cesaro limit w.r.t. D; but it does not offer additional information about
the limit A. Since A% Il = II = II * A holds for all A € C (i.e. II is the
null element in (C,*)) we will tackle the problem of finding general condi-
tions under which A coincides with II and prove that it is sufficient to know
that the density of the absolutely continuous component of s,;(A) is strictly
positive on the full interval [0, 1]2. Additionally we will give a necessary and
sufficient condition for A = IT in the case of A being a completely dependent
copula (see Lancaster, 1963, and Section 2).

The rest of this paper is organized as follows: Section 2 gathers some prelimi-
naries and notations that will be used afterwards. Section 3 contains some
examples and all above-mentioned results. Finally, Section 4 discusses open
points and possible future work.

2. Notation and preliminaries

As already mentioned before C will denote the family of all (two-dimen-
sional) copulas. For properties of copulas see Durante and Sempi (2010),
Nelsen (2006), and Sempi (2011). For every A € C, 4 will denote the corre-
sponding doubly stochastic measure, P the class of all these doubly stochastic
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measures. The Lebesgue measure on [0, 1] and [0, 1]* will be denoted by A
and Ay respectively. For every metric space (2,d) the Borel o-field on €
will be denoted by B(2). A Markov kernel from R to B(R) is a mapping
K : R x B(R) — [0, 1] such that  — K(x, B) is measurable for every fixed
B € B(R) and B — K(x, B) is a probability measure for every fixed x € R.
Suppose that XY are real-valued random variables on a probability space
(2, A, P), then a Markov kernel K : R x B(R) — [0,1] is called regular
conditional distribution of Y given X if for every B € B(R)

K(X(w),B) = E(1p o Y|X)(w) (2)

holds P-a.s. It is well know that for each pair (X,Y’) of real-valued random
variables a regular conditional distribution K (-,-) of Y given X exists, that
K(-,-) is unique P¥X-a.s. (i.e. unique for P¥-almost all z € R) and that
K (-,-) only depends on PX®Y . Hence, given A € C we will denote (a version
of) the regular conditional distribution of Y given X by K4(-,-) and refer
to Ka(-,-) simply as regular conditional distribution of A or as the Markov
kernel of A. Note that for every A € C, its conditional regular distribution
Ka(-,-), and every Borel set G € B([0,1]?) we have

1) KA<I7G2:) d/\(I) - MA(G)a (3>

so in particular

Ka(x, F)d\(z) = A(F) (4)
[0,1]

for every F' € B([0,1]). On the other hand, every Markov kernel K :
0, 1] x B([0, 1]) — [0, 1] fulfilling (4) induces a unique element u € Pe([0, 1]%)
via (3). For more details and properties of conditional expectation, regu-
lar conditional distributions, and disintegration see Kallenberg (1997) and
Klenke (2007).

T will denote the family of all A-preserving transformations h : [0, 1] — [0, 1]
(see Walters, 2000). A copula A € C will be called completely dependent if
and only if there exists h € T such that K(z,E) := 1g(hx) is a regular
conditional distribution of A (see Lancaster, 1963, and Trutschnig, 2011, for
equivalent definitions and main properties). For every h € T the corres-
ponding completely dependent copula will be denoted by C},, the class of all
completely dependent copulas by Cg.

A linear operator T on L'([0,1]) := L([0, 1], B([0, 1]), \) is called Markov

3
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operator (Darsow et al., 1992; Olsen et al., 1996) if it fulfills the following
three properties:

1. T is positive, i.e. T(f) > 0 whenever f > 0
2. T<1[071]) = 1[0’1]
3. Joy(TH(@)dA(z) = [, f(2)d\(z)

As mentioned in the introduction M will denote the class of all Markov
operators on L([0,1]). It is straightforward to see that the operator norm
of T is one, i.e. ||T| := sup{||Tf]l1 : ||f]1 < 1} = 1 holds. According to
Olsen et al. (1996) there is a one-to-one correspondence between C and M -
in fact, the mappings ® : C - M and ¥ : M — C, defined by

d

S(A)(f)(x) + = (Taf)(x) = —/ Ap(z, ) f(t)dA(),
dx [0,1] (5>

V@) ¢ = Are)= [ T

0,z

for every f € L'([0,1]) and (z,y) € [0,1]* (A > denoting the partial derivative
w.r.t. y), fulfill ¥o® = ide and ® o ¥ = id,,. Note that in case of f := 1}y
we have (T4lp,))(x) = A1(z,y) M-a.s. According to Trutschnig (2011) the
first equality in (5) can be simplified to

(Taf)(z) =E(foY[X =2)= [ f(y)Ka(z,dy) Mas.  (6)

[0,1]

Expressing copulas in terms of their corresponding regular conditional dis-
tributions the metric D; on C can be defined as follows:

Di(A, B) := /[ . / st 04]) — st DDA ) ()

It can be shown that (C, D;) is a complete and separable metric space and
that, given copulas A, A1, Ay ... and their corresponding Markov operators
Ta,Ta,, Ty, ..., the following two conditions are equivalent:

() limy, oo Dy (Ap, A) = 0

(b) limy, o0 | T4, f — Tafll1 = 0 for every f € L'(]0,1]),
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i.e. D is a metrization of the strong operator topology on M (see Trutschnig,
2011), which implies that D; is much stronger than the uniform metric d,
on C since, according to Olsen et al. (1996), d, is a metrization of the weak
operator topology on M.

Given A, B € C the star product Ax B € C is defined by (Darsow et al., 1992;
Olsen et al., 1996)

(Ax B)(z,y) = /[ [ Adle 0B L)) (8)

and fulfills
TA*B :CI)A*B :CI)(A)OCI)(B) ZTAOTB, (9)

so the mapping ® in (5) actually is an isomorphism. Furthermore (Olsen et
al., 1996) ® maps transposes into adjoints, i.e. the adjoint operator ngj :
L>(]0,1]) — L>=(]0, 1]) corresponds to the transposed copula A?, defined by
At(x,y) = A(y,z) for all 2,y € [0,1]. Note that T4%¥ really corresponds
to a copula although, by definition, it only lives on L*°([0,1]) - in fact T Zdj
has operator norm one on L*([0,1]) and, using the fact that L>([0,1]) is
dense in L([0, 1]) (see, for instance, Rudin, 2000), can easily be extended to
a Markov operator on full L*(]0, 1]).

A copula A € C is called idempotent if Ax A = A holds, the family of all
idempotent copulas will be denoted by C;,. A € C is called symmetric if
At = A. The following result, stating that the Markov kernel of A x B is
just the standard composition of the Markov kernels of A and B, will prove
useful in the sequel:

Lemma 1 (Trutschnig and Fernandez Sanchez, 2012). Suppose that A,
B € C and let K4, Kp denote regular conditional distributions of A and B.
Then the Markov kernel K4 o Kg, defined by

(Kqgo Kp)(x, F) := o Kp(y, F)KA(z,dy), (10)

is a reqular conditional distribution of A x B.

3. Cesaro convergence of A*™

We will state and prove the before mentioned ergodic-theorem-like result
now, which, as byproduct, will provide an alternative quick proof of the fact

5
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that idempotent copulas are necessarily symmetric. For every copula A € C
and every n € N as in the Introduction we set

sen(A) = %ZA (11)

Theorem 2 (Cesaro convergence of (iterates of) the star product).
For every copula A there exists a copula A such that

lim D, (s,,(A), A) = 0. (12)

n—oo
This copula A is idempotent, symmetric, and fulfills AxA=AxA=A.

Proof: Fix A € C. Since T4 has operator norm one both on L!([0,1]) and
on L>([0,1]) it follows from Riesz-Thorin’s interpolation theorem (see Dun-
ford and Schwartz, 1988) that [|T4ll2 := supys,<1 [|[Taf[[2 = 1. Hence Von
Neumann’s mean ergodic theorem for Hilbert spaces (Parry, 1981) implies
that for every f € L*([0,1]) we have

1 e .
1i — T f —
f;HnZ S —f

whereby 7 : L?([0,1]) — U, denotes the orthogonal projection of L*([0, 1]) on
the (closed) subspace Us = {g € L*([0,1]) : T4 g = g}. Furthermore we have
the following: (i) 7191 = 1jo,1) since 1 € Us. (ii) 7 is obviously linear
and, using (13), it is straightforward to see that 7 is positive too. (iii) 7 also
preserves the integral of non-negative functions since, for every f € L*([0, 1])
with f > 0, we have

1 1
‘ fd)\—/ wfdA‘g“—ZTgf—wf' SH—ZTﬁf—ﬂf
[0.1] 0,1 i3 L I3

for n — oo. We will now extend 7 to L' ([0, 1]) by using the fact that L*([0, 1])
is dense in L'([0,1]) in the standard way: For every f € L'(]0,1]) choose a
sequence (fy,)nen of elements in L2([0,1]) such that lim, o |[f — fuli = 0
holds and set

=0 (13)

—0
2

7f = lim 7f,.
n—oo

It is clear that 7 : L'([0,1]) — L'([0,1]) is well-defined and it is straight-
forward to verify both that [|7[|y = supy, < [|7f[1 = 1, and that & maps

6
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L'([0,1]) into the closed subspace U; := {g € L*([0,1]) : Tag = g}. Fur-
thermore it follows directly from the construction that 7 fulfills the above-
mentioned points (i)-(iii) on L*([0,1]), so 7 is a Markov operator and there
exists a unique copula A € C such that 7 = T;. Fix an arbitrary f €
L*([0,1]). For every & > 0 there exists g € L*([0,1]) with || f — g|l1 < 4, so,
using the triangle inequality

L 1o,
H;ZTAf—TAf' < 2 — gl + HEZTAg—TAg
i=1 1 i=1 1

?

R
i=1 2

and therefore limsup,, . [+ 3", T4 f — Tifli < 26. Since 6 > 0 and f
were arbitrary, using the fact that D; is a metrization of the strong operator
topology, we have lim,, Dl(s*n(A), 121) = 0, which completes the proof of
the first part of the theorem.

The remaining assertions can be proved as follows: Equation (13) implies
TyoT;f =T,f for every f € L*([0,1]), so again using the fact that L?([0, 1])
is dense in L*([0,1]), we get AxA = A. Idempotence of A as well as AxA = A
follows analogously. Finally, in order to prove symmetry of fl, note that
7 : L*([0,1]) — U, as orthogonal projection is idempotent and self-adjoint.
Hence, again using the fact that L*([0,1]) is dense in L'([0,1]), we get

/ (Tif)gdh= | F(Tig)dn
[0,1] ]

(0,1

for every f € L'([0,1]) and every g € L*(]0,1]). Consequently, Ty =
(T7)*% =T; as well as A = (A)* follows. W

Theorem 2 allows for an alternative simple proof of symmetry for idempotent
copulas - for the original proof we refer to Darsow and Olsen (2011), also see
Sempi (2002):

Proposition 3. Every idempotent copula is symmetric.

Proof: If A is idempotent then s.,(A) = A for every n € N, so, with the
notation of Theorem 13, A = A and A is symmetric. B

Theorem 2 assures the existence of the Cesaro limit w.r.t. the metric D; but

7



172

173

174

175

176

177

it does not provide any information about how the limit looks like. Since
the product copula II is the null element in (C,*) (see Darsow et al., 1992)
and the star-product is smoothing in the sense that both A * B and B x A
are absolutely continuous for every B € C if A is absolutely continuous
(Trutschnig, 2012) the natural question arises under which conditions A = II
holds. Before stating sufficient conditions for the general case we will answer
the question for the class C4 - using results from ergodic theory (Lasota and
Mackey, 1994; Walters, 2000) allows to prove the following theorem:

Theorem 4. Suppose that h € T, then:

L. limy oo D1(84n(Cr), I1) = 0 if and only if h is ergodic.
2. limy, 00 doo (CF™, I1) = 0 if and only if h is strong-mizing.

Proof: Note that for completely dependent copulas we have C;" = Cj» as
well as T¢,, f = foh™ for every f € L'([0,1]), i.e. T¢, coincides with the
well-known Koopman operator (Lasota and Mackey, 1994; Walters, 2000).
If h is ergodic then, using Von Neumann’s L'-ergodic theorem, it follows
immediately that for each f € L'([0,1]) we have

=0 (14)

hm ‘
1

Tovien] — Tnf’ = lim H Zfoh’ / FdA

from which lim,, o, D1(84,(Ch),II) = 0 follows. On the other hand, if
lim,, 00 D1 (84, (Cy), 1) = 0 holds and E € B([0,1]) fulfills "1 (E) = F
then (14) holds for every f € L'([0,1]) and we have

0 = lim ||Th.(c)le— TnlE’ = lim ]— Z 1p(hiz) — N(E)|dA(z)
= lim 11(z) — A(E)|dA\(z) = 2X(E)(1 — M(E)),

so A(E) € {0,1} and h is ergodic.
To prove the second assertion we proceed in a similar way: Suppose that h is
strong-mixing, then for every pair z,y € [0, 1] it follows that (Walters, 2000)

Ci'ery) = [ Kop(t [0, y])dA(t) = / 10, (h"1) (1)

[0,z] [0,2]

- /[ Lo (1B AND) — 7y = T1(z.1)
0,1

8
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for n — oo. This completes the proof of one direction since x, y were arbitrary
and pointwise and uniform convergence are equivalent in C. Suppose now
that lim, o doo(Cy™, 1) = 0 holds, then for all intervals F := [e, €] and

F :=[f, f], we have

AMENK™(F)) = / 1p(h"t)d\(t) = / Ke,. (t, F)dA(t)
= i (B % F) — un(E x F) = NE)A(F)

for n — oo, which completes the proof since the class of compact intervals is
a semi-algebra generating B([0, 1]) (see Walters, 2000). W

Remark 5. Using Theorem 4 it is straightforward to give examples of co-
pulas A for which the iterates A*" are not even convergent to Il w.r.t. the
uniform metric do, (and consequently not w.r.t. Dp): one may simply con-
sider (Y, for the case that h € T is not strong-mixing. Due to compactness
of the metric space (C, d,) we can always find a uniformly convergent subse-
quence of (A*"),en for every A € C, nevertheless, in general, (A*"),,cy is not
convergent w.r.t. de.

Example 1. Consider the A-preserving transformation h : [0,1] — [0, 1],
defined by
hz := 2z (modl).

Then h is exact (see Lasota and Mackey, 1994; Walters, 2000), hence strong-
mixing and ergodic, and, according to Theorem 4, lim,, o doo (C;™, 1I) = 0
and lim,, oo D1(8:n(Cr),II) = 0 holds. Nevertheless (Trutschnig, 2011), at
the same time we have D;(C;", 1) = 1/3 for all n € N. Figure 1 depicts
image plots of By := C}%, By := C;* and Byo := C;'°.

Example 2. As second example we consider the ’translation’ 7, € T, de-
fined by
0 ifz=0
Ta(T) = z+a ifze(0,1—aq
r+a—1 ifze(l—all.

It is well known that 7, is ergodic (but not strong-mixing) if and only if a
is irrational (see Lasota and Mackey, 1994; Walters, 2000). If we consider
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Figure 1: The copulas Bs, By, By in Example 1, colors ranging from blue (0) via red (0.5)
to yellow (1); the three lines depict the 0.25,0.5,0.75-contours

the case ap = v/2/2 and set 7 = 7,, then, according to Theorem 4, we
have lim,, 00 D1 (84, (C7),1I) = 0 but limsup,,_,. doo(C",1I) > 0. Figure
2 depicts image plots of the kernels of By := s.,0(C;), By 1= s,5(C;) and
Bog = 5*20(07)-

We will concentrate on the general case now and start with two lemmas. The
first one has already been stated in a slightly different way in Trutschnig
(2012), we only include the proof for the sake of completeness.

Lemma 6 (Trutschnig, 2012). Suppose that A € C is absolutely continu-

ous with strictly positive density ka on [0,1]%, then we have Di(A % By, A *
By) < Dy(By, By) for all By, By € C with By # By. Furthermore 11 is the
only idempotent copula with strictly positive density on [0, 1]%.

Proof: D([0, 1]) will denote the family of all probability densities in L*([0, 1]).
Let f1, f2 € D([0, 1]) and suppose that || fi — fa|l1 > 0 and ||Taf1—Tafal1 > 0

10
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Figure 2: The functions (z,y) — Kp,(z,[0,9]), Kp.(,[0,v]), KB, (z,[0,y]) for
Bs, Bs, By in Example 2, colors ranging from blue (0) via red (0.5) to yellow (1); the
three lines depict the 0.25,0.5,0.75-contours

23 holds. Then, using Scheffé’s theorem (see Scheffé, 1947) and setting G :=
ae {x €1[0,1] : Tafi(x) > Tafa(x)}, we have

| Tafy = Tafelh = 2/0 (Tafi(x) = Tafo(x)) dA(z)
= 2 [ ([ (6= B kate)ir) Jare
= 2 [ {00 = 20 [ Baten)id) Jan) = 1
x5 Hence, using the fact that, by assumption k4 (z,y) > 0 for all z,y € [0, 1]

reef ((56) ~ 1o /G m(a:,y)dA(x)l)dA(y)

€(0,1) for every y€[0,1]

11
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f (060 = o) /G b)) Jarw

P
€(0,1) for every y€[0,1]

< 2 / (Fi() = F()dAw) = I — Foll
{fi—f2>0}

follows. Setting f; := T, 1jo, for i € {1,2} and y € (0,1), and assuming
B; # By this implies (both functions have the same integral so, up to a
common scalar, they are densities)

Paepy axB, (Y) = /{01]|KA*Bl($,[0>y])—KA*BQ(%[QZ/])W/\(%)

= ||Tafr = Tafellr < |Ifr = folln
= |Ts, 1oy — T, 11yl = Pp,,8,(¥)

Hence (see Trutschnig, 2011) D;(A x By, A * By) < D1(By, By) follows. To
prove the last assertion suppose that A € C is idempotent and that the
density fulfills ka(z,y) > 0 for all z,y € [0,1]. If D;(A,II) > 0 then we
would have

Dl(A, H) = Dl(A * A,A * H) < Dl(A, H),
so A =1I follows. B

For every copula A € C we will write uq = p%* + ,Lbfzng for the Lebesgue
decomposition of pus w.r.t. Ay. Furthermore, the mass of the singular com-

sing

ponent ¢ will be denoted by sing(A), i.e.

sing(A) = p"([0,1)?).
abs abs
Note that, in general, neither — ;ggé 7y hor smg‘( 7y is a copula, so A can not be
expressed as convex combination of an absolutely continuous and a singular
copula. The following lemma underlines the fact that the star product is
smoothing once more:

Lemma 7. Suppose that A, B € C, then:

1. sing(A* B) < min {sing(A), sing(B)}
2. If the density kg of u® is strictly positive on [0,1]* and sing(A) > 0
holds then we have sing(A x B) < sing(A).

12
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Proof: Choose versions K 4, k4 of the regular conditional distribution and

the density of the absolutely continuous component of j 4 respectively. W.l.o.g.
we may assume that for every z € [0, 1] and every E € B([0,1]) Ka(z, E) >

[ ka(z,y)d\(y) holds. Consequently H : [0,1] x B([0,1]) — [0, 1], defined

by

Ha(2, E) = Koz, ) — /E kaz, y)dA(y)

is a sub-Markov kernel (i.e. measurable in = for fixed B € B([0,1]) and
a measure with total mass at most one for fixed x € [0,1]). Repeat this
construction for copula B to get a sub-Markov kernel Hg. If A\(E) = 0 then
it follows that Kp(z, F) = 0 for A-almost all z € [0, 1], so, using Lemma 1,

KA*B(J;7E> - KB(Z7 E)KA(xadZ)
[0,1]

= KB(ZvE)kA(maz)d)‘<Z>+ KB(Z7E)HA(x>dZ)
[0,1] [0,1]

N

g

=0

_ / /k3<z7y)dx<y>m<x,dz>+ Hp (2, E)H (x, d2)
01 /E . [0,1]

=0 for every z€[0,1]

= Hp(z, E)Ha(x,dz).
[0,1]

Suppose now that N € B([0,1]?) with Ay(N) = 0. Then there exists a set
A € B(]0,1]) with A(A) = 1 such that A(NV,) = 0 for every € A, so, using
disintegration, it follows that

(V) = [ Kaup(@ NN () = /A Kaup (@, N2 YA ()

(0,1]

- / Hi(z, N,) Ha(w, d2)dA(x)
A J[0,1] S——
<1Vze0,1]

< o H4(z,[0,1])dA\(z) = sing(A).

Since N was arbitrary sing(A x B) < sing(A) follows, which, using the fact
that (A * B)! = B' x A" and sing(A) = sing(A") completes the proof of the
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first assertion. If we additionally assume that kp is strictly positive on [0, 1]?
then we have Hg(z, N,) < 1 for every z € [0, 1] so the last inequality is strict
and pa.p(N) < sing(A) follows. B

We can now prove the following result:

Theorem 8. Suppose that A € C and that there exists an index j € N such
that the density ks, ;ay of the absolutely continuous component of s, ;A is

strictly positive on [0,1]%. Then the D;-limit A of San(A) 1s 11.

Proof: Since, according to Theorem 2, A*x A = A = Ax A* holds for every
i € N we also have s,;(A) * A= A = Axs,;(A) If sing(A) > 0 then Lemma
7 implies sing(A) = sing(A  5,;(A)) < sing(A), hence sing(A) = 0 and A
is absolutely continuous. W.l.o.g. we may assume that the density k& ; fulfills

/[01] k(e y)dA (@) = 1 ¥y € [0, 1] and / ki, y)dA(y) = 1 ¥z € [0,1].

[0,1]
) A (15)
Again using the fact that A x s,;(A) = A it follows that

ka(e,y) > /( o, i 0)) > 0
0,1

for all z,y € [0,1]. Applying Lemma 6 completes the proof. B

Proposition 9. Suppose that A is an absolutely continuous copula, that S
is a singular copula, that o € [0, 1), and that there ezists an index j € N with
kas >0 on [0,1]2. Then for B :== (1 — a)A + aS the D;i-limit B of $.,(B)
1s 11.

Example 3. The Marshall Olkin family (Mq ) (a,g)cjo,1)2 of copulas (Nelsen,
2006) is defined by

-«

iy if 20 > P
Moc,ﬁ(xmy) = { xyl—,B if < yﬁ (16)

It contains II (o« = 0 or § = 0) as well as M (o = = 1). Suppose that
a, 3 > 0 then a regular conditional distribution Ky, ,(-,-) of My is given
by (z € (0,1],y € [0,1])

(I1—a)z™y ify< zh

K O - o ].7
TR s (17)
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It is straightforward to see that for « € (0,1) and 5 > 0 the density of
the absolutely continuous component of M, g is strictly positive (A-almost
everywhere) on [0, 1]. Hence in this case, applying Theorem 8, we get

lim Dy (s4,(Mag), 1) = 0.

n—o0

The same result also holds for M; g with 8 < 1 since obviously the density
of the absolutely continuous component of M 1*% is strictly positive on [0, 1]2.

We conclude this section with the following consequence of Theorem 8:

Proposition 10. The mapping v : C — C,p,, defined by t(A) = A is not
continuous w.r.t. D1.

Proof: For every n > 2 define the copula A, by

1 1
A ="""p 4 210
n n

Then, on the one hand, we have lim,, .o, D1(A,, M) = 0 and, on the other,
according to Proposition 9, t(A4,) = A, =11, so in particular (see Trutschnig,
2011), Dy(A,,M) =Dy(I, M) =1/3 foralln>2. A

4. Future work

In this paper it has been proved that for each copula A € C the iterated
star products A*" of A with itself are Cesaro convergent to an idempotent
copula A w.rt. the strong metric D;. Furthermore sufficient conditions for
A to coincide with IT have been given. The author conjectures that in many
situations (like for instance the one in which the density of the absolutely
continuous component of A* is strictly positive on [0, 1]? for some index
J € N) even lim,,_,o, D1(A* II) = 0 might hold.
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