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Abstract

We consider Dempster-Shafer belief structures (DSBSs) m having finitely
many non-empty compact intervals as focal elements and prove several re-
sults describing the interrelation between DSBSs and their so-called Belief
Cumulative Distribution Functions (BCDFs) x 7→ F(x) = (F (x), F (x)) in-
duced by the corresponding belief and plausibility measures. In particular,
we answer a question by Ronald R. Yager on the injectivity of the assignment
m 7→ F.
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1. Introduction1

Suppose that (Ω,A,P) is a probability space and that X : Ω → R is an2

unobservable random variable. Instead of X(ω), however, it is possible to3

observe a compact interval X(ω) = [X(ω), X(ω)] containing the true value4

X(ω) for every ω ∈ Ω (think, for instance, of a measurement device rounding5
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to a certain digit or general interval-censored data, see Turnbull, 1976; Wang,6

2008). Assuming that X is a random compact interval (i.e. that both X and7

X are random variables) according to Dempster (1967) X induces the so-8

called lower and upper probability π and π (also referred to as belief and9

plausibility measure) respectively via10

π(B) = P
(
{ω ∈ Ω : X(ω) ⊆ B}

)
π(B) = P

(
{ω ∈ Ω : X(ω) ∩B ̸= ∅}

)
(1)

for every Borel set B ∈ B(R). Obviously π(B) and π(B) can be used as lower
and upper bound for P({ω ∈ Ω : X(ω) ∈ B}). For important properties of π
and π as set functions (also in the general setting of random closed sets) see,
for instance, Matheron (1975) and Molchanov (2005). In case the range of X
only consists of (pairwise different) intervals [a1, b1], . . . , [an, bn] the random
interval X is fully characterized by the quantities mi = P({ω ∈ Ω : X(ω) =
[ai, bi]}) for i ∈ {1, . . . , n}. Defining m : 2R → [0, 1] by m(A) = 0 for
A ̸∈ {[a1, b1], . . . , [an, bn]} and m(A) = mi for A = [ai, bi] induces a Dempster-
Shafer belief structure (DSBS, see Yager, 2004) which we will denote by
(R,m, ([ai, bi])

n
i=1). Yager (2004) studied the interrelation between DSBSs

and their so-called Belief Cumulative Distribution Function (BCDF) Fm,
defined by (notation as before)

Fm(x) =
[
π
(
(−∞, x]

)
, π

(
(−∞, x]

)]
for every x ∈ R, and asked the question under which (necessary and suffi-11

cient) conditions two DSBSs induce the same Belief Cumulative Distribution12

Function. In the current note we give an answer to this question and prove13

several related results. In fact we present two main theorems: Firstly, for each14

pair of non-decreasing right-continuous step functions F1, F2 with F1 ≤ F215

we can find a (not necessarily unique) DSBS (R,m, ([ai, bi])
n
i=1) such that16

Fm = [F1, F2]. And secondly we show that m is unique if and only if its focal17

elements ([ai, bi])
n
i=1 fulfill a simple intersection-condition.18

As main contribution the provides a concise description of the interrelation19

between DSBSs and BCDFs. Such a description is not only interesting from20

the theoretical mathematical point of view since it generalizes the one-to-one21

relationship between discrete probability measures and discrete distribution22

functions, which is, for instance, implicitly utilized in statistics whenever the23

empirical distribution function Fn of a sample x1, . . . , xn instead of the sam-24

ple itself is considered. In fact it is also essential from the applied perspective25
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since whenever working with DSBSs and BCDFs it has to be understood com-26

pletely under which conditions, for instance, considering the BCDF instead27

of the DSBS does not imply a loss of (relevant) information.28

2. Notation and preliminaries29

For every set E the cardinality of E will be denoted by #E. In the
sequel K(R) will denote the family of all non-empty compact (i.e. closed
and bounded) intervals in R, K([0, 1]) the family of all non-empty compact
subintervals of [0, 1]. B(R) denotes the Borel σ-field in R, δx the Dirac
measure in x, P the family of all probability measures on B(R) and Pd the
family of all elements µ ∈ P for which there exists a finite set Λ ⊆ R with
µ(Λ) = 1. F will denote the family of all distribution functions on R. It is
well known that there is a one-to-one correspondence between F and P: In
fact, given F ∈ F and defining µF : B(R) → [0, 1] by setting

µF ((−∞, x]) = F (x)

for every x ∈ R and extending µF in the standard way (see for instance30

Elstrodt, 1999; Rudin, 1987) to full B(R) yields µF ∈ P . Moreover, given31

µ ∈ P and defining Fµ(x) = µ((−∞, x]) for every x ∈ R, it is easily verified32

that Fµ ∈ F . Altogether the maps Φ : P → F and Ψ : F → P , given by33

Φ(µ) = Fµ and Ψ(F ) = µF , (2)

fulfill Φ(µF ) = F for every F ∈ F as well as Ψ(Fµ) = F for every µ ∈ P34

(again see Elstrodt, 1999; Rudin, 1987 for details), implying bijectivity of35

Φ,Ψ and Ψ = Φ−1. Fd will denote the family all elements in F correspon-36

ding to µ ∈ Pd, i.e. all functions of the form F (x) =
∑n

i=1 αi1[xi,∞)(x) with37

n ∈ N, {x1, . . . , xn} ⊆ R, {α1, . . . , αn} ⊆ (0, 1]d and
∑n

i=1 αi = 1. Obviously38

Φ maps Pd in a one-to-one manner to Fd and Ψ maps Fd in a one-to-one-39

manner to Pd. Due to monotonicity of every F ∈ F the left- and right limit40

of F at x ∈ R exist and will be denoted by F (x−) and F (x+) respectively.41

Following Tavalera et al. (2013) and Yager (2004) we will only consider42

Dempster-Shafer belief structures (DSBS, for short) on R with pairwise43

different non-empty compact intervals B1 = [a1, b1], B2 = [a2, b2], · · · , Bn =44

[an, bn] as focal elements, i.e. we consider mappings m : 2R → [0, 1] fulfilling45

i) m(A) = 0 if A ̸= Bi for all i ∈ {1, . . . , n}46
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ii)
∑n

i=1 m(Bi) = 147

iii) Bi ∈ K(R) for every i ∈ {1, . . . , n} and Bi ̸= Bj for i ̸= j.48

Note that, contrary to half open intervals, considering non-empty compact49

intervals does not exclude the possibility of having focal elements containing50

only a single point. Without loss of generality we will also assume m(Bi) >51

0 for every i ∈ {1, . . . , n}. Each such DSBS will be denoted in the form52

(R,m, (Bi)
n
i=1), D will denote the family of all these DBSB. For every DSBS53

(R,m, (Bi)
n
i=1), the sets Lm, Rm are defined by54

Lm = {a1, . . . , an} and Rm = {b1, . . . , bn}. (3)

Obviously the cardinalities #Lm,#Rm of Lm, Rm fulfill #Lm,#Rm ≤ n. Eve-55

ry DSBS (R,m, (Bi)
n
i=1) induces a belief measure Belm : 2R → [0, 1] and a56

plausibility measure Plm : 2R → [0, 1] by setting57

Belm(A) =
∑

i:Bi⊆A̸=∅

m(Bi), P lm(A) =
∑

i:Bi∩A ̸=∅

m(Bi) (4)

for every A ⊆ R. Note that, using the interpretation of DSBS with compact58

intervals as focal elements given in the Introduction, the pair (Belm, P lm)59

coincides with the lower and upper probability (π, π) induced by the dis-60

crete random compact interval X. Define functions Fm, Fm : R → [0, 1] by61

Fm(x) = Bel((−∞, x]) and Fm(x) = Pl((−∞, x]) for every x ∈ R. Then62

the function Fm : R → K([0, 1]), defined by Fm(x) = [Fm(x), Fm(x)] will be63

called Belief Cumulative Distribution Function (BCDF for short).64

Figure 1 and Figure 2 depict two DSBSs and their corresponding BCDFs65

(colors according to masses of the focal elements). As stressed in Yager66

(2004), such graphs provide a very useful framework for representing infor-67

mation about an uncertain variable.68

By using the obvious fact that [ai, bi] ∩ (−∞, x] ̸= ∅ if and only if ai ≤ x, as69

well as [ai, bi] ⊆ (−∞, x] if and only if bi ≤ x, it follows immediately that70

Fm(x) =
∑
i: bi≤x

m([ai, bi]) and Fm(x) =
∑

i: ai≤x

m([ai, bi]) (5)

for every x ∈ R. Obviously Fm and Fm are right-continuous non-decreasing71

step-functions. Hence, taking into account that there are only finitely many72

focal elements, Fm, Fm ∈ Fd follows. Letting µm
= Ψ(Fm), µm = Ψ(Fm) ∈ Pd73
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denote the corresponding elements in Pd we have µ
m
(Lm) = 1 = µm(Rm) as74

well as µ
m
((−∞, x]) = Fm(x) and µm((−∞, x]) = Fm(x) for every x ∈ R. In75

the sequel we will simply write L,R,Bel, P l, F , F ,F, µ, µ (i.e. dropping m76

in the notation) if it is clear which DSBS we are referring to.77

Remark 1. Note that we would have gotten the same BCDF Fm if, as in78

Yager (2004), we would have considered non-empty half open intervals of the79

form [ai, bi) as focal elements. We chose to work with compact intervals since80

this makes it possible to have degenerated focal elements containing only sin-81

gle points and therefore view DSBSs as generalization of discrete probability82

distributions assigning full mass to a finite set.83

84

DSBS with 53 focal elements
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Figure 1: DSBS with 53 intervals [ai, bi] as focal elements (left) and the corresponding
BCDF (right); all ai, bi are elements of N/2 = {0, 1/2, 1, 3/2, 2, . . .}
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DSBS with 899 focal elements
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Figure 2: DSBS with 899 intervals [ai, bi] as focal elements (left) and the corresponding
BCDF (right); all ai, bi are elements of N/2 = {0, 1/2, 1, 3/2, 2, . . .}

3. Results85

In Yager (2004, page 2083) Ronald R. Yager wrote ‘One interesting ques-86

tion, which at least to the author does not have an obvious answer, is under87

what general conditions do two belief structures generate the same B-CD.’88

Note that this question actually concerns injectivity of the natural gener-89

alization of the mapping Φ : P → F assigning every probability distribu-90

tion the corresponding distribution function to the DSBS setting. In fact,91

if (R,m, ([ai, bi])
n
i=1) is a DSBS having exclusively single points as focal ele-92

ments then it may be regarded as probability distribution and the induced93

BCDF is crisp, i.e. Fm(x) only contains one point for each x ∈ R. We start94

this section with an answer to Yager’s question and then prove several related95

results.96
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Theorem 2. Consider DSBSs (R,m, ([ai, bi])
n
i=1) and (R, m̂, ([âi, b̂i]

n̂
i=1). Then97

we have Fm = Fm̂ if and only if the following two conditions hold:98

1. Lm = Lm̂ = L, Rm = Rm̂ = R99

2. For every l ∈ L and every r ∈ R we have100 ∑
i∈{1,...,n}: ai=l

m([ai, bi]) =
∑

j∈{1,...,n̂}: âj=l

m̂([âj, b̂j])) (6)

∑
i∈{1,...,n}: bi=r

m([ai, bi]) =
∑

j∈{1,...,n̂}: b̂j=r

m̂([âj, b̂j]) (7)

Proof: First of all note that the left and right hand-side of equation (6)101

coincide with the point mass (jump) of Fm and F m̂ at l ∈ L respectively.102

Analogously, the left and right hand-side of equation (7) coincide with the103

point mass (jump) of Fm and F m̂ at r ∈ R. (i) If we have Fm = Fm̂104

then Fm = F m̂ as well Fm = F m̂ follows. Since Fm, F m̂, Fm, F m̂ ∈ Fd,105

using the one-to-one correspondence between Fd and Pd both µ
m
= µ

m̂
and106

µm = µm̂ follow. Since two elements in Pd coincide if and only if their107

corresponding point masses coincide (see Elstrodt, 1999; Rudin, 1987) this108

implies that (R,m, ([ai, bi])
n
i=1) and (R, m̂, ([âi, b̂i]

n̂
i=1) fulfill both assertions109

of Theorem 2, completing the proof of one direction. (ii) On the other110

hand, if both assertions hold, then µ
m
= µ

m̂
and µm = µm̂ follows since the111

corresponding point masses coincide. Having this, again using the one-to-one112

correspondence between Fd and Pd, shows both Fm = F m̂ as well Fm = F m̂,113

implying Fm = Fm̂ �114

Corollary 3. If (R,m, ([ai, bi])
n
i=1) and (R, m̂, ([âi, b̂i]

n̂
i=1) are DSBSs fulfilling115

Fm = Fm̂, then
∪n

i=1[ai, bi] =
∪n̂

i=1[âi, b̂i] holds.116

Proof: Suppose that (R,m, ([ai, bi])
n
i=1) is an arbitrary DSBS and suppose

that x is not a boundary point of any focal element, i.e. x ̸∈ (Lm ∪ Rm). If
we have Fm(x) = Fm(x) then∑

i: bi≤x

m([ai, bi]) = Fm(x) = Fm(x) =
∑

i: ai≤x

m([ai, bi]),

implying that x can not be an inner point of any focal element. Considering117

x ̸∈ (Lm ∪ Rm) this shows x ̸∈
∪n

i=1[ai, bi]. On the other hand, if x ̸∈118 ∪n
i=1[ai, bi], then, using once more x ̸∈ (Lm ∪ Rm), x can not be an inner119
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point of any focal element, so Fm(x) = Fm(x) follows. Altogether this proves120

that for x ̸∈ (Lm∪Rm) we have Fm(x) = Fm(x) if and only if x ̸∈
∪n

i=1[ai, bi].121

Suppose now that (R,m, ([ai, bi])
n
i=1) and (R, m̂, ([âi, b̂i]

n̂
i=1) are DSBSs with122

Fm = Fm̂. Then Theorem 2 implies Lm∪Rm = Lm̂∪Rm̂. If x ̸∈
∪n

i=1[ai, bi] and123

x ̸∈ Lm ∪Rm then x ̸∈ Lm̂ ∪Rm̂ and Fm(x) = Fm(x), so F m̂(x) = F m̂(x) and124

x ̸∈
∪n̂

i=1[âi, b̂i] follows. Starting from x ̸∈
∪n̂

i=1[âi, b̂i] with x ̸∈ Lm̂ ∪Rm̂ and125

applying the same argument yields x ̸∈
∪n

i=1[ai, bi]. Hence we have shown126 ∪n
i=1[ai, bi] =

∪n̂
i=1[âi, b̂i], which completes the proof. �
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Figure 3: The two DSBS from Example 4 and their BCDF

127

Example 4. Consider the DSBSs (R,m, ([0, 2], [1, 3])) and (R, m̂, ([0, 3], [1, 2])),
defined by

m([0, 2]) = m([1, 3]) =
1

2
= m̂([0, 3]) = m̂([1, 2]).

Then we have

Fm(x) = F m̂(x) =


0 if x < 0,
1
2

if x ∈ [0, 1)
1 if x ≥ 1,

Fm(x) = F m̂(x) =


0 if x < 2,
1
2

if x ∈ [2, 3)
1 if x ≥ 3,

so, in particular, Fm = Fm̂. Obviously m and m̂ fulfill the two conditions of128

Theorem 2.129
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There are two main questions that naturally arise from Theorem 2: The first130

one being if each pair (F1, F2) with F1, F2 ∈ Fd and F1 ≤ F2 is the BCDF131

of a DSBS. And the second one asking for which BCDF F there is only one132

DSBS m with Fm = F. We start with a positive answer to the first question133

- note that this generalizes surjectivity of the mapping Φ : P → F from134

equation (2).135

Theorem 5. Suppose that F1, F2 ∈ Fd fulfill F1(x) ≤ F2(x) for all x ∈ R.136

Then there exists a DSBS (R,m, ([ai, bi])
n
i=1) such that Fm = F1 and Fm = F2.137

Proof: Although the subsequent proof is inevitably a bit technical it is
based on one single idea: We consider the DSBS whose focal elements are
all intervals of the form [ai, bj] with ai being a discontinuity point of F2 and
bj a discontinuity point of F1, and then prove the existence of numbers mi,j

such that m([ai, bj]) = mi,j is a DSBS with BCDF Fm(x) = [F1(x), F2(x)]
by induction. Let ΛF2 = {a1, . . . , ana} and ΛF1 = {b1, . . . , bnb

} denote the
discontinuity points of F2 and F1 respectively. Without loss of generality we
assume that a1 < a2 < · · · < ana as well as b1 < b2 · · · < bnb

. Setting

I =
{
(i, j) ∈ {1, . . . , na} × {1, . . . , nb} : ai ≤ bj

}
yields I ̸= ∅ since, by assumption, F1 ≤ F2. It suffices to prove the existence138

of (mi,j)(i,j)∈I with
∑

(i,j)∈I mi,j = 1 and mi,j > 0 for all (i, j) ∈ I fulfilling139

0 < βj0 = F1(bj0)− F1(bj0−) =
∑

i: (i,j0)∈I

mi,j0 for every j0 ∈ ΛF1 and

0 < αi0 = F2(ai0)− F2(ai0−) =
∑

j: (i0,j)∈I

mi0,j for every i0 ∈ ΛF2 .

We proceed by induction on the cardinality of ΛF2 :140

(i) If na = 1 then I = {(1, 1), (1, 2), . . . (1, nb)} and setting m1,j = βj for141

every j ∈ {1, . . . , nb} produces the desired result.142

(ii) Suppose now that the statement holds for F2 having na−1 ≥ 2 discontinu-143

ity points. F2 ∈ Fd with discontinuity points ΛF2 = {a1, . . . , ana} corresponds144

to the measure µ2 =
∑na

i=1 αiδai ∈ Pd. Consider µ′
2 =

∑na−1
i=1

αi

1−αna
δai ∈ Pd145

and let F ′
2 ∈ Fd denote the corresponding distribution function. Since, by146

assumption −∞ = b0 < b1 < b2 · · · < bnb
, there exists a unique s with147

ana ∈ (bs, bs+1]. Define148

β′
j =

{
βj

1−αna
for j ≤ s,

βj

1−αna

1−αna−β1−β2−...−βs

1−β1−β2−...−βs
for j > s,
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then
∑nb

j=1 β
′
j = 1 and µ′

1 =
∑nb

j=1 β
′
j δbj ∈ Pd follows. Let F ′

1 ∈ Fd denote149

the distribution function corresponding to µ′
1. By the induction hypothesis150

we can find numbers (m′
i,j)(i,j)∈I′ with I ′ = I \ {(na, s + 1), . . . , (na, nb)},151 ∑

(i,j)∈I′ m′
i,j = 1 and m′

i,j > 0 for all (i, j) ∈ I ′ fulfilling152

0 < β′
j0
= F ′

1(bj0)− F ′
1(bj0−) =

∑
i: (i,j0)∈I′

m′
i,j0

for every j0 ∈ ΛF1 and

0 < α′
i0
= F ′

2(ai0)− F ′
2(ai0−) =

∑
j: (i0,j)∈I′

mi0,j for every i0 ∈ ΛF2 \ {na}.

For every pair (i, j) ∈ I define mi,j ∈ (0, 1] by153

mi,j =

{
(1− αna)m

′
i,j for (i, j) ∈ I ′,

αna βj

1−β1−β2−...−βs
for i = ana , j > s,

then
∑

(i,j)∈I mi,j = 1 follows immediately. Furthermore, for j0 ≤ s we have154

F1(bj0)− F1(bj0−) = βj0 = (1− αna)β
′
j0
= (1− αna)

∑
i:(i,j0)∈I′

m′
i,j0

=
∑

i: (i,j0)∈I

mi,j0

and for j0 > s it follows that155 ∑
i: (i,j0)∈I

mi,j0 =
∑

i: (i,j0)∈I′

(1− αna)m
′
i,j0

+mna,j0 = (1− αna)β
′
j0
+mna,j0

= (1− αna)
βj0

1− αna

1− αna − β1 − β2 − . . .− βs

1− β1 − β2 − . . .− βs

+mna,j0

= βj0 = F1(bj0)− F1(bj0−).

The fact that F2(ai0) − F2(ai0) =
∑

j:(i0,j)∈I mi0,j for every i0 ∈ {1, . . . , na}156

can be verified analogously. Setting m([ai, bj]) = mi,j for each pair (i, j) ∈ I157

obviously yields Fm = F1 as well as Fm = F2, which completes the proof. �158

Remark 6. Theorem 5 does not hold for the case of DSBSs with half-open159

non-empty intervals of the form [ai, bi) as focal elements. In fact, considering160

the case F1(x) = F2(x) = 1[a,∞)(x) for all x ∈ R and some fixed a ∈ R yields161

a simple counterexample.162
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We now tackle the second afore-mentioned question. Given an arbitrary163

DSBS (R,m, ([ai, bi])
n
i=1) and its corresponding BCDF Fm let Mm denote164

the family of all DSBSs having Fm as BCDF. In the sequel we will say that165

(R,m, ([ai, bi])
n
i=1) fulfills the intersection-condition if and only if for each pair166

[ai, bi], [aj, bj] of focal elements with i ̸= j we have either (i) [ai, bi]∩[aj, bj] = ∅167

or (ii) ai = aj or bi = bj. In other words, a DSBS (R,m, ([ai, bi])
n
i=1) fulfills168

the intersection condition if each pair of focal elements either has empty169

intersection or a common left or right boundary point. The two DSBSs170

considered in Example 4 do not fulfill the intersection condition - in fact,171

for m we have [0, 2] ∩ [1, 3] = [2, 3] ̸= ∅ and for m̂ we have [0, 3] ∩ [1, 2] =172

[1, 2] ̸= ∅ although neither the corresponding right- nor the left boundary173

points coincide. Moreover, neither the DSBS depicted in Figure 1 nor the174

DSBS depicted in Figure 2 fulfills the intersection conditions. In fact, in the175

first case, for instance, the focal elements [1, 5] and [3, 4.5] have non-empty176

intersection and in the second case the same is true for the focal elements177

[5, 15] and [10, 12].178

Example 7. Consider the DSBSs (R,m, ([0, 2], [1, 2])), (R, m̂, ([0, 2], [0, 1]))179

and (R, n, ([0, 3], [0, 1], [2, 3])) defined by180

m([0, 2]) = m([1, 2]) =
1

2
= m̂([0, 2]) = m̂([0, 1]),

n([0, 3]) = n([0, 1]) = n([2, 3]) =
1

3
.

Then all three DSBSs fulfill the intersection condition.181

Remark 8. Every DSBS (R,m, ([ai, bi])
n
i=1) having pairwise disjoint focal182

elements certainly fulfills the intersection condition. Working, for instance,183

with discretizations of real scales pairwise disjoint focal elements seem not184

at all unnatural.185

The subsequent theorem will show that the intersection-condition decides if186

Mm = {m} or not - note that the different cases considered in the ’Sufficieny187

Step’ of the proof generalize the situations sketched in Example 7.188

Theorem 9. Suppose that (R,m, ([li, ri])
n
i=1) is a DSBS and let Fm denote189

the corresponding BCDF. Then Mm = {m} if and only if (R,m, ([li, ri])
n
i=1)190

fulfills the intersection-condition.191
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Proof: Step I - Sufficiency: We first show that the intersection-condition
implies Mm = {m} and start with some notations that will facilitate the
proof. The main idea of this step is to decompose the union

∪n
v=1

[
lv, rv

]
of all focal elements in sets Z1, Z2, Z3 fulfilling some disjointness properties
that allow for a proof (considering four different cases that are handled eas-
ily) of the fact that the intersection condition is sufficient for Mm = {m}.
Suppose that (R,m, ([li, ri])

n
i=1) fulfills the intersection-condition, set Lm =

{l1, . . . , ln}, Rm = {r1, . . . , rn} as well as na = #Lm, nb = #Rm. Consider
a1 < a2 < · · · < ana and b1 < b2 < · · · < bnb

with Lm = {a1, . . . , ana}, Rm =
{b1, . . . , bnb

} and set

I =
{
(i, j) ∈ {1, . . . , na}×{1, . . . , nb} : ∃v ∈ {1, . . . , n} with [ai, bj] = [lv, rv]

}
.

Define functions j, j, {1, . . . , na} → {1, . . . , nb} and i, i : {1, . . . , nb} →192

{1, . . . , na} as follows:193

j(i) = min{v ∈ {1, . . . , nb} : (i, v) ∈ I},
j(i) = max{v ∈ {1, . . . , nb} : (i, v) ∈ I},
i(j) = min{v ∈ {1, . . . , na} : (v, j) ∈ I},
i(j) = max{v ∈ {1, . . . , na} : (v, j) ∈ I}

Furthermore let Ω denote the set of all i0 ∈ {1, . . . , na} for which j(i0) < j(i0)194

and Λ the set of all j0 ∈ {1, . . . , nb} for which i(j0) < i(j0). Then it follows195

immediately that196

n∪
v=1

[
lv, rv

]
=

∪
(i,j)∈I

[
ai, bj

]
=

∪
i∈Ω

[
ai, bj(i)

]
︸ ︷︷ ︸

=Z1

∪
∪
j∈Λ

[
ai(j), bj

]
︸ ︷︷ ︸

=Z2

∪
∪

(i,j)∈Ωc×Λc

[
ai, bj

]
︸ ︷︷ ︸

=Z3

(8)
holds. We will now show the afore-mentioned disjointness properties of the
sets Z1, Z2, Z3 that will prove useful:
If Z1 ∩ Z3 ̸= ∅ then we could find i0 ∈ Ω, (l, s) ∈ Ωc × Λc with [ai0 , bj(i0)] ∩
[al, bs] ̸= ∅, from which either ai0 = al (hence l ∈ Ω) or ai0 ̸= al and bj(i0) = bs
(hence s ∈ Λ) would follow. Therefore Z1 ∩ Z3 = ∅.
Z2 ∩ Z3 = ∅ follows analogously.
As next step we show that, given i0 ∈ Ω and j0 ∈ Λ, we have either
[ai0 , bj(i0)] ∩ [ai(j0), bj0 ] = ∅ or [ai0 , bj(i0)] = [ai(j0), bj0 ]. In fact, if the inter-
section is non-empty then there are two possibilities: (i) If ai0 = ai(j0) then
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bj0 ≤ bj(i0) follows. Since j0 ∈ Λ we can find as > ai(j0) such that [as, bj0 ]
is focal, implying bj0 = bj(i0). (ii) If bj0 = bj(i0) then we proceed analo-
gously to conclude equality of the two intervals. Furthermore, if i1, i2 ∈ Ω
with i1 ̸= i2, then [ai1 , bj(i1)] ∩ [ai2 , bj(i2)] ̸= ∅ and ai1 < ai2 would imply

bj(i1) = bj(i2) as well as j(i1) = j(i2) = j0 ∈ Λ, so, according to the previ-
ous step, [ai1 , bj(i1)] = [ai(j0), bj0 ] = [ai2 , bj(21)] would follow. This shows that
[ai1 , bj(i1)] and [ai2 , bj(i2)] are disjoint. The fact that [ai(j1), bj1 ] and [ai(j2), bj2 ]
are disjoint for j1 ̸= j2 and j1, j2 ∈ Λ can be verified analogously.
Finally, [ai1 , bj1 ] ∩ [ai2 , bj2 ] ̸= ∅ for (i1, j2), (i2, j2) ∈ Ωc × Λc and (i1, j2) ̸=
(i2, j2) would imply (i) ai1 = ai2 (hence bj1 = bj2 since i1 ∈ Ωc) or bj1 = bj2
(hence ai1 = bi2 since j1 ∈ Λc). Therefore [ai1 , bj1 ] and [ai2 , bj2 ] must be dis-
joint.
The just-mentioned disjointness properties will now be used to show that
m is the only DSBS with BCDF Fm: Suppose that (R, m̂, ([l̂i, r̂i])

n̂
i=1) is a

DSBS with BCDF Fm. According to Theorem 2 and Corollary 3 we have
{l̂1, . . . l̂n̂} = {a1, . . . , ana}, {r̂1, . . . r̂n̂} = {b1, . . . , bnb

} as well as
∪n̂

i=1[l̂i, r̂i] =∪
(i,j)∈I

[
ai, bj

]
. Hence, for every focal element [l̂v, r̂v] we can find indices

(k, w) ∈ {1, . . . , na} × {1, . . . , nb} with [l̂v, r̂v] = [ak, bw]. In order to show
that [ak, bw] is a focal element of m, the disjointness properties imply that
we only have to consider the following four cases:
(i) Suppose that [ak, bw] ⊆ [ai0 , bj(i0)] ⊆ Z1 with i0 ∈ Ω and j(i0) ∈ Λc. If
ak > ai0 then [ak, bj(k)] ∩ [ai0 , bj(i0)] ̸= ∅ would imply bj(i0) = bj(k) and there-

fore j(i0) ∈ Λ, which contradicts the assumption. Hence ak = ai0 follows.
If bw = bj(i0) then obviously [ak, bw] is focal for m. If bw < bj(i0) then, con-
sidering [ai(w), bw] ∩ [ai0 , bj(i0)] ̸= ∅, ai(w) = ai0 = ak follows, implying that
[ak, bw] = [ai(w), bw] is focal for m.
(ii) The case [ak, bw] ⊆ [ai(j0), bj0 ] ⊆ Z2 with j0 ∈ Λ and i(j0) ∈ Ωc can be
handled analogously.
(iii) If [ak, bw] ⊆ [ai0 , bj0 ] ⊆ Z3 for some focal element [ai0 , bj0 ] of m with
(i0, j0) ∈ Ωc × Λc then, considering [ak, bj(k)] ∩ [ai0 , bj0 ] ̸= ∅, [ai(w), bw] ∩
[ai0 , bj0 ] ̸= ∅ together with the afore-mentioned disjointness properties of
Z1, Z2, Z3, directly implies ak = ai0 and bw = bj0 . Hence [ak, bw] is also focal
for m in this case.
(iv) Finally, suppose that [ak, bw] ⊆ [ai0 , bj0 ] ⊆ Z1 ∩Z2 with (i0, j0) ∈ Ω×Λ.

Let j̃ < j0 = j(i0) denote the maximal v < j0 such that (i0, v) ∈ I and
ĩ > i0 = i(j0) denote the minimal v > i0 such that (v, j0) ∈ I. Then the
intersection-condition implies [ai0 , bj̃] ∩ [aĩ, bj0 ] = ∅, so bj̃ < aĩ. If ak > ai0

13



then, considering [ak, bj(k)] ∩ [ai0 , bj0 ] ̸= ∅ implies bj(k) = bj0 , hence ak ≥ aĩ.
The fact that bw ≤ bj̃ holds in case of bw < bj0 follows analogously. Therefore,
for ak > ai0 we get bw = bj0 = bj(k), and for bw < bj0 we get ak = ai0 = ai(b),
implying that [ak, bw] is focal for m.
Since [ak, bw] was an arbitrary focal element of m̂ the afore-mentioned argu-
ments prove that every focal element of m̂ is also a focal element of m. As
direct consequence m̂ also fulfills the intersection-condition and, repeating
the previous steps for m̂ replaced by m and vice versa, we finally conclude
that the focal elements of m and m̂ coincide. Since the remaining step of
showing m([ai, bj]) = m̂([ai, bj]) for all (i, j) ∈ I now is a straightforward
consequence of the considered four cases (i)-(iv) in combination with (5) this
completes the proof of Step I.
Step II - Necessity: Suppose that the intersection-condition does not hold,
i.e. we can find focal elements [ls, rs], [lj, rj] of m with ls ̸= lj and rs ̸= rj
but [ls, rs] ∩ [lj, rj] ̸= ∅. Without loss of generality we may assume ls < lj
(implying rs ≥ lj). Choose α < min{m([ls, rs]),m([lj, rj])}. Setting

[ln+1, rn+1] = [ls, rj] and [ln+2, rn+2] = [lj, rs]

and considering the DSBS (R, m̂, ([li, ri])
n+2
i=1 ) with m̂([li, ri]) = m([li, ri]) for197

i ∈ {1, . . . , n} \ {s, j} and198

m̂([ls, rs]) = m([ls, rs])− α, m̂([lj, rj]) = m([lj, rj])− α

m̂[ln+1, rn+1] = m̂[ln+2, rn+2] = α

obviously yields Fm̂ = Fm and Mm ̸= {m}. �199

200

We conclude the paper with the following corollary that directly follows from201

the decomposition (8) and the disjointness properties of the sets Z1, Z2, Z3.202

For a given DSBS (R,m, ([li, ri])
n
i=1) let the points a1 < a2 < · · · < ana and203

b1 < b2 < · · · < bnb
be defined as in the sufficiency-step in the proof of204

Theorem 9.205

Corollary 10. Suppose that (R,m, ([li, ri])
n
i=1) is a DSBS. Then we have206

Mm = {m} if and only if we can find points x1 < x2 < · · · < xh < xh+1 with207

x1 < a1, xh+1 ≥ bnb
and Fm(xl) = Fm(xl) for every l ∈ {1, . . . , h + 1}, such208

that for every l ∈ {1, . . . , h} one of the following two conditions holds:209

(A) #
(
{a1, . . . , ana} ∩ [xl, xl+1]

)
= 1 or #

(
{b1, . . . , bnb

} ∩ [xl, xl+1]
)
= 1210
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(B) #
(
{a1, . . . , ana} ∩ [xl, xl+1]

)
> 1, #

(
{b1, . . . , bnb

} ∩ [xl, xl+1]
)
> 1, and,211

letting ĩ denote the minimal i ∈ {1, . . . , na} with ai ∈ [xl, xl+1] as well as212

j̃ the maximal j ∈ {1, . . . , nb} with bj ∈ [xl, xl+1], we have aĩ+1 > bj̃−1.213

Remark 11. Apart from being a mathematical result, Theorem 9 is of vital214

importance in representing information via BCDFs. In fact, while the BCDF215

is generally less informative than the DSBS, the two ways of providing in-216

formation coincide under some quite weak assumptions. The conditions in217

Theorem 9 are some basic conditions that we can argue a “typical” agent218

will supply (see Figure 6 in Yager, 2004). In other words, the agent only219

needs to provide a BCDF satisfying the (simple) intersection condition, and220

the system may provide a unique DSBS. In our opinion, this opens the door221

for a more extensive use of Yager’s BCDF representation in practice.222
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