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Abstract

Using Iterated Function Systems induced by so-called modifiable transfor-
mation matrices 7" and tools from Symbolic Dynamical Systems we first con-
struct mutually singular copulas A% with identical (possibly fractal or full)
support that are at the same time singular with respect to the Lebesgue mea-
sure Ap on [0, 1]%. Afterwards the established results are utilized for a simple
proof of the existence of singular copulas A% with full support for which

all conditional distribution functions y +— FxA *T(y) are continuous, strictly
increasing and have derivative zero A-almost everywhere. This result under-
lines the fact that conditional distribution functions of copulas may exhibit
surprisingly irregular analytic behavior. Finally, we extend the notion of em-
pirical copula to the case of non i.i.d. data and prove uniform convergence
of the empirical copula E/ corresponding to almost all orbits of a Markov
process usually referred to as chaos game to the singular copula A%. Several
examples and graphics illustrate both the chosen approach and the main
results. XXX
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1. Introduction

The construction of copulas with fractal support via Iterated Function
Systems (IFSs) induced by so-called transformation matrices goes back to
Fredricks et al. in [17]. Among other things the authors proved the existence
of families (A,);c0,1/2) of two-dimensional copulas fulfilling that for every
s € (1,2) there exists r4 € (0,1/2) such that the Hausdorff dimension of the
support Z,, of A, is s. Using the fact that the same IFS-construction also
converges with respect to the strong metric D; (a metrization of the strong
operator topology of the corresponding Markov operators, see [30]) on the
space C of two-dimensional copulas Trutschnig and Ferndndez-Sanchez [31]
showed that the same result holds for the subclass of idempotent copulas.
Thereby idempotent means idempotent with respect to the star-product in-
troduced by Darsow et al. in [9], i.e. A € C is idempotent if A x A = A.
Families (A;)rc(0,1/2) of copulas with fractal support were also studied by
de Amo et al. in [1] and in [2]. In the latter paper, using techniques from
Probability and Ergodic Theory, the authors discussed properties of subsets
of the corresponding fractal supports and constructed mutually singular cop-
ulas having the same fractal set as support. Moments of these copulas were
calculated in [4]; some surprising properties of homeomorphisms between
fractal supports of copulas were studied in [5].

In the current paper we first generalize some results concerning the construc-
tion of mutually singular copulas with identical (fractal or full) support by
a different method of proof than the one chosen in [2]. In particular we
show that for each so-called modifiable transformation matrix 7" with cor-
responding invariant copula A% and attractor Z} we can find (uncountable
many) copulas B having the same support Z7 but being singular w.r.t. A%.
Afterwards in Section 4 we focus on transformation matrices 7" having non-
zero entries (hence being modifiable) and the corresponding singular copulas
A% with full support [0,1]? and study singularity properties of their con-
ditional distribution functions y s Fj7 (y) = Kaz(z,[0,y]) of A7. Using
the one-to-one correspondence between copulas and Markov kernels hav-
ing the Lebesgue measure A on [0,1] as fixed point and the fact that the
IF'S construction can easily be expressed as operation on the corresponding
Markov kernels we prove that (A-almost) all conditional distribution func-
tions y — FiT (y) = Kax(,]0,y]) of A7 are continuous, strictly increasing,
and have derivative zero A-almost everywhere. In other words, we prove the
existence of copulas A% for which all conditional distribution functions are
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continuous, strictly increasing and singular in the sense of [16, 26] as well as
[19] (pp. 278-282). Note that this complements some results in [12] and [13]
since the singular copulas with full support considered therein have discrete
conditional distributions. For a general study of the interrelation between
2-increasingness and differential properties of copulas we refer to [18].
Finally, in Section 5 we first extend the notion of empirical copulas to non
ii.d. data and then consider sequences of empirical copulas (En(k))neN in-
duced by orbits (Y, (k))nen of the so-called chaos game (a Markov process
induced by transformation matrices 7', see [15, 24]). We prove that, with
probability one, (E,(k))nen converges uniformly to the copula A%. Several
examples and graphics illustrate the main results.

2. Notation and preliminaries

For every metric space (€2, p) the family of all non-empty compact sets is
denoted by IC(€2), the Borel o-field by B(£2) and the family of all probability
measures on B(£2) by P(£2). We will call two probability measures gy, f12 on
B(Q2) singular with respect to each other (and will write puy L po) if there
exist disjoint Borel sets E, F € B(Q) with u1(E) = 1 = po(F). A and
Ao will denote the Lebesgue measure on B([0,1]) and B([0, 1]?) respectively.
For every set E the cardinality of E will be denoted by #FE. C will denote
the family of all two-dimensional copulas, see [11, 25, 29], II will denote
the product copula. d, will denote the uniform distance on C; it is well
known that (C,d.) is a compact metric space. For every A € C pua will
denote the corresponding doubly stochastic measure defined by ([0, z] x
0,y]) := A(x,y) for all z,y € [0, 1], Pc the class of all these doubly stochastic
measures. A Markov kernel from R to B(R) is a mapping K : R x B(R) —
[0,1] such that = — K(z, B) is measurable for every fixed B € B(R) and
B +— K(x,B) is a probability measure for every fixed z € R. Suppose
that X, Y are real-valued random variables on a probability space (2, A, P),
then a Markov kernel K : R x B(R) — [0, 1] is called a regular conditional
distribution of Y given X if for every B € B(R)

K(X(w), B) = E(15 0 Y[X)(w) (1)

holds P-a.e. It is well known that for each pair (X,Y) of real-valued random
variables a regular conditional distribution K(-,-) of Y given X exists, that
K(-,-) is unique P¥-a.s. (i.e. unique for P¥-almost all z € R) and that
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K (-,-) only depends on PX*®Y . Hence, given A € C we will denote (a version
of) the regular conditional distribution of Y given X by K (-, -) and refer to
Ka(-,-) simply as regular conditional distribution of A or as Markov kernel
of A. Note that for every A € C, its conditional regular distribution K4(-,-),
and every Borel set G € B([0,1]*) we have (G, := {y € [0,1] : (z,y) € G}
denoting the z-section of G for every z € [0, 1])

0.1] KA<:U7GI) d/\(iL‘) = ,UA(G)a (2)

so in particular

K o(, F) d\(z) = A(F) 3)
[0,1]

for every F' € B([0,1]). On the other hand, every Markov kernel K : [0, 1] x
B([0,1]) — [0, 1] fulfilling (3) induces a unique element p € Pc([0,1]%) via
(2). For every A € C and x € [0, 1] the function y — FA(y) := Ka(z,[0,y])
will be called conditional distribution function of A at x. For more details
and properties of conditional expectation, regular conditional distributions,
and disintegration see [21, 22].

Expressing copulas in terms of their corresponding regular conditional dis-
tributions a metric D; on C can be defined as follows:

Di(A, B) := /[ . /[ st 04]) — Kt DDl ) (@)

It can be shown that (C, D;) is a complete and separable metric space and
that the topology induced by D; is strictly finer than the one induced by d.,
(for an interpretation and various properties of D; see [30]).

Before sketching the construction of copulas with fractal support via so-
called transformation matrices we recall the definition of an Iterated Function
System (IF'S for short) and some main results about IFSs (for more details
see [6, 14, 24]). Suppose for the following that (€, p) is a compact metric
space and let §y denote the Hausdorff metric on K(2). A mapping w :
Q — Q is called a contraction if there exists a constant L. < 1 such that
p(w(z), w(y)) < Lp(x,y) holds for all z,y € Q. A family (w;)Y, of N > 2
contractions on ) is called [terated Function System and will be denoted
by {Q, (w)X,}. An IFS together with a vector (p;)¥, € (0,1]" fulfilling
Zi\; p = 1 is called Iterated Function System with probabilities (IFSP for
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short). We will denote IFSPs by {Q, (w;)~,, (m)~,}. Every IFSP induces
the so-called Hutchinson operator H : IC(2) — KC(£2), defined by

H(Z) =] w(2). (5)

It can be shown (see [6, 24]) that H is a contraction on the compact metric
space (KC(€2),dy), so Banach’s Fixed Point theorem implies the existence of
a unique, globally attractive fixed point Z* € K(Q2) of H. Hence, for every
R € K(Q2), we have

lim 0y (H"(R), 2*) = 0.

The attractor Z* will be called self-similar if all contractions in the IF'S are
similarities. An IFS {Q, (w;)¥,} is called totally disconnected (or disjoint) if
the sets wy(Z*), wa(Z*), ..., wn(Z*) are pairwise disjoint. {Q, (w;)~,} will
be called just touching if it is not totally disconnected but there exists a
non-empty open set U C Q such that wy(U), ws(U), ..., wy(U) are pairwise
disjoint. Additionally to the operator H every IFSP also induces a (Markov)
operator V : P(Q) — P(Q), defined by

V()= pin. (6)

The so-called Hutchinson metric h (sometimes also called Kantorovich or
Wasserstein metric) on P(€2) is defined by

B, v) = Sup{/gfdu—/gfdvr feLz'p1<Q,R>}. (7)

Hereby Lip; (€2, R) is the class of all non-expanding functions f : Q@ — R, i.e.
functions fulfilling |f(z) — f(y)| < p(z,y) for all z,y € Q. It is not difficult
to show that V is a contraction on (P(2), k), that h is a metrization of the
topology of weak convergence on P(2) and that (P(2), h) is a compact metric
space (see [6, 10]). Consequently, again by Banach’s Fixed Point theorem, it
follows that there is a unique, globally attractive fixed point p* € P(Q2) of
V, i.e. for every v € P(§2) we have
lim A(V*(v), ") = 0.

n—oo
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w* will be called invariant measure - it is well known that the support of p*
is exactly the attractor Z*. The measure p* will be called self-similar if Z*
is self-similar, i.e. if all contractions in the IFSP are similarities.

Attractors of IFSs are strongly interrelated with symbolic dynamics via
the so-called address map (see [6, 24]): For every N € N the code space of N
symbols will be denoted by Xy, i.e.

Sn={1,2,..., N} = {(ki)ien: 1 < k; < N Vie N}

Bold symbols will denote elements of Xx. o will denote the (left-) shift
operator on Xy, i.e. o((ki,ka,...)) = (ka, ks,...). Define a metric p on Xy
by setting

0 if k=1
p(k7 l) = { 21—min{i:ki7éli} if k 7§ l’

then it is straightforward to verify that (Xy,p) is a compact ultrametric
space and that p is a metrization of the product topology. Suppose now that
{Q, (w)X,} is an IFS with attractor Z*, fix an arbitrary € Q and define
the address map G : Xy — ) by

G(k) := Jlim g, 0wy, 0 -+ 0wy, (x), (8)
then (see [24]) G/(k) is independent of z, G : ¥y — € is Lipschitz continuous
and G(Xy) = Z*. Furthermore G is injective (and hence a homeomorphism)
if and only if the IFS is totally disconnected. Given z € Z* every element
of the preimage G~ ({z}) will be called address of z. Considering an IFSP
{Q, (w)X, (p)X,} with attractor Z* and invariant measure p* we can define
a probability measure P on B(Xy) by setting

P({k €Sy i =it ks =ia. o hm =i} ) = [ 1y 9)
j=1

and extending in the standard way to full B(Xx). According to [24] p* is the
push-forward of P via the address map, i.e. PY(B) := P(G~Y(B)) = pu*(B)
holds for each B € B(Z*).

Throughout the rest of the paper we will consider IFSP induced by so-
called transformation matrices - for the original definition see [17], for the
generalization to the multivariate setting we refer to [31].
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Definition 1 ([17]). A nxm-matrix T = (t;;)i=1..n, j=1..m 18 called transfor-
mation matriz if it fulfills the following four conditions: (i) max(n,m) > 2,
(ii) all entries are non-negative, (iii) >, ;;; = 1, and (iv) no row or column
has all entries 0. 7 will denote the family of all transformations matrices.

Given T' € T we define the vectors (a;)7Ly, (b;)i=y of cumulative column and
row sums by ag = by = 0 and

a; = Zztijo jE{l,...,m}

jo<j i=1

bi = Zitiw ZE{l,,’I’L}

io<i j=1
Since T' is a transformation matrix both (a;)j2, and (b;)iL, are strictly in-
creasing and Rj; := [a;_1,a;] X [bi—1,b;] is a non-empty compact rectangle
forall j € {1,...,m}and i € {1,...,n}. Set I :={(i,j) : t;; > 0} and con-
sider the IFSP {[0, 1]?, (fji) @ jyer (i) 4 jyert> Whereby the affine contraction
fii 1 [0,1]* = Rj; is given by

fii(z,y) = (a1 +(a; —a; 1), by +y(bi = bia)). (10)

Z% € K([0,1]?) will denote the attractor of the IFSP. The induced operator
Vr on P([0,1]?) is defined by

Zztm phe =" iy e (11)

7=1 =1 (’LJEI

It is straightforward to see that Vp maps Pe into itself so we may view Vp
also as operator on C (see [17]). According to the before-mentioned facts
there is exactly one copula A% € C, to which we will refer to as wnvariant
copula, such that Vr(pax) = pax holds. In the sequel we will also write y7
instead of p4; . Considering that Vr is a contraction on the complete metric
space (C, Dy) (see [30]) it follows that

lim Dy (V}B,A}) =0
n—oo

for every copula B € C, i.e. the IFSP construction also converges to A7}
w.r.t. D; for every starting copula B. If T' contains at least one zero then
Xo(ZF) = 0 so ph L Ag. It has already been mentioned in [2, 8] that T’
containing at least one zero is a sufficient but not necessary condition for
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3. Mutually singular copulas with identical (fractal) support

In this section we extend some ideas from [2] to the setting of arbitrary

transformation matrices T' € T not necessarily inducing IFSPs that only con-
tain similarities. Doing so we do not follow the approach in [2] but directly
prove and utilize the fact that the dynamical systems (X, B(Xy), Pr,o) and
(2%, B(ZF), wh, @) are isomorphic ($r to be defined subsequently in equa-
tion (13)) for every T' € T.
Fix T € T, consider the IFSP {[0,1]%, (fji); jye7> (tij) (i jyer} induced by T,
and let Z% € K([0,1)?) denote the corresponding attractor. To simplify
notation sort the functions ( fji)(i7j)€; lexicographically and rename them
as wi,...,wy with N := #I; analogously rename the rectangles R;; by
Q1,...,Qn and the probabilities ¢;; by pi,...pn. Using the fact that the
IFSP {[0,1]%, (w;)X,, (pi) X1} is either totally disconnected or just touching
we can show that #G'({(x,y)}) = 1 for ps-almost every (z,y) € Z3 and
arbitrary A € C. In fact, setting

D, = U o (wyy 0...0w;, (Z3)) N (wj,0...0w;, (Z7)) (12)

for every m € N as well as D := |J~_, D,, the following result holds:

Lemma 2. Suppose that T € T. Then (x,y) € Z} has only one address if
and only if (x,y) € D°. Furthermore for every A € C we have pa(D¢) = 1.

Proof: If (z,y) € w;, o...0ow;,, (Z7) Nw;, o...ow,, (ZF) for some m €
N and (i1,...,%m) # (J1,--.,Jm) then there are k,1 € Xy with (z,y) =
wi, o ...ow;, (Gk)) = wj o...ow; (G()). Hence (z,y) has at least
the two addresses (i1,...,%m,k1,k2, ) (J1s -y Jm, b1, 0l2,...) € En. Sup-
pose now that G(k) = G(l) = (z,y) for k # 1 and let m denote the
smallest ¢ € N with k; # [;. Then it follows immediately that (z,y) €
Wk, © ...0owy, (Z3)Nwy, o...ow, (ZF) C D, completing the proof that D
is exactly the set of all points with at least two addresses.

To prove the second assertion note that for every copula A € C we even have
pra(ws, 0. . .ow;, ([0,1]*)Nwj, o...0w;, ([0,1]?)) = 0 whenever (i1, ..., in) #
(J1s -+ Jm) since pa({z} x [0,1]) = wa([0,1] x {y}) =0 for all z,y € [0,1].
This implies pa(D,,) = 0 from which ps(D) = 0 follows immediately. B
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Define a measurable function ®r : Z; — Z by

N
Or(w,y) = Zwi_l(xay)lz;m(c;)i\u;;ll Q]-)(xay)' (13)

i=1

and, as before, let 5 € Pe denote the invariant measure of the IFSP. The
following result holds (Pr as in equation (9)):

Theorem 3. For every T € T the dynamical systems (Xy,B(Xn), Pr,o)
and (24, B(Z%), i, 1) are isomorphic.

Proof: We prove the result in three steps.

(S1) Suppose that k € Xy and that there exists 1 # o(k) with G(1) =
G(o(k)). Applying wy, to both sides yields G((ki1, 11,12, ...)) = G(k) = (x,y),
o (z,y) has at least two different addresses. Having this, o(G~1(D¢)) C
G~Y(D®) follows immediately. Furthermore for every (z,y) € D¢ with address
k € G71(D¢) we obviously have

droGk) =Goo(k). (14)

Hence, using o(G~1(D°)) C G Y D°), ®r(z,y) = ®r o G(k) € D° follows,
which shows &1 (D°) C D¢

(S2) Obviously the shift-operator o is Pp-preserving, i.e. we have P§ = Pr.
Showing that ®; preserves u% can be done as follows: For every Borel set
B € B([0,1]%) and every j € {1,..., N} considering that % is Vr-invariant
and that p7(D) = 0 implies (measurability of w;(B) follows from the fact
that w; is an affine bijection by construction)

Wi (w;(B)) = Zpi 1y (w; (wi(B))) = p; pi(B).

Hence, for every B € B(Z7}) we get

pr(@71(B)) = pp(D°N®LY(B)) = Z (DN @4 (B) Nwi(Z7))
= DD nwiB)) = 3 pip(wiB)) = 3 pisip(B)
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implying that & is p}-preserving.

(S3) As last step we show that the inverse G™' : D¢ — G~1(D°) of the
bijection G : G~}(D¢) — D¢ is measurable (w.r.t. the o-fields B(Z;) N D¢
and B(Xy) N G71(D¢)) and measure-preserving. Suppose that m € N, that
li,...;lm € {1,...N} and set Y :={k € ¥y : ky = l1,...,kpn = L} D
G~1(D¢). Then we have

(G N(Y)={(z,y) €D : G (x,y) €Y} = DNy, owy 00wy, (Z7)

from which measurability follows since m and ly,...,l, € {1,... N} were
arbitrary. The fact that G™' : D¢ — G7'(D®) is measure-preserving now
follows easily from P& = p%. B

The subsequent diagram depicts the measure-preserving maps studied in the
previous Theorem (vertical two-headed arrows symbolize invertible measure-
preserving transformations outside sets of measure zero):

(XN, Pr) ——(En, Pr) (15)

o |o

(27, 17) =5 (1 17)
As direct consequence of Theorem 3 we get the following corollary (see [32]).

Corollary 4. The dynamical system (Z5, B(Z%}), ph, @r) is strongly mizing
and its entropy h(®r) is given by h(Pr) = — Z(i’j)dtij log(t:5)-

Theorem 3 offers a simple way for the construction of mutually singular co-
pulas A, B € C having the same (fractal) support whenever, loosely speaking,
it is possible to modify T € T without changing the induced IFS. This
motivates the following definition:

Definition 5. A transformation matrix 7" € T will be called modifiable if
and only if we can find 7" € T with 7" # T such that T and 7" induce the
same IFS (but not the same IFSP). For every T' € T the family of all such
T’ will be denoted by M.

Obviously M is either empty or contains uncountably many elements. A
simple sufficient (but not necessary) condition for Mz # () is the existence
of iy < iy and j; < jg such that ¢;; > 0 for all (¢,7) € {i1,42} % {Jj1, 72}

10
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Example 6. Consider the following three modifiable transformation matri-
ces T, Ts, T, defined by
) 5-(11)

(4 1)

Then obviously 75 € My, and vice versa. Figure 1 and Figure 2 depict
Vi (II) and V, (IT) for n € {1,2,4,6}.

==
W= =
Sle]e
NEE

Slese
slesle

Step: 1 Step: 2

In(dens)

34
-0.4
-0.3
02 214
-0.1
0.0
0.1
0.2

In(dens)

3/4

1/4

Step: 4

3/4 In(dens) 3/4

-15 In(dens)
-1.0 -2
-05 2/4

0.0

0.5

1.0

Figure 1: Image plot of the (natural) logarithm of the density of Vi, (IT) for n € {1, 2,4, 6},
Ty according to Example 6

Theorem 7. Suppose that T is a modifiable transformation matriz. Then
there exist uncountably many copulas with support Z7 that are pairwise mu-
tually singular with respect to each other.

11
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Proof: Choose 7" € Mr, let p!, ..., ply > 0 denote the corresponding proba-
bilities and Pp the corresponding probability measure on ¥ induced by
Py, ..., Py according to equation (9). Then, using ergodicity of o both w.r.t.
Pr/ and with respect to Pr (see [32]), we have Pr 1L Pp/, so we can find
AN € B(Xy) fulfilling ANA = 0 as well as Pr(A) = Pr(A') = 1. Since,
according to Lemma 2, we have Pr(G~1(D°)) = ph(D°) = 1 = ph(D°) =
Pr(G7Y(D¢)) this implies Pr(ANG™1(D)) = Pr(N NG YD) = 1. Set
I = GANG YD) and T = G(N N G71(D*)), then using Theorem 3,
[T € B(Zy) and T’ NI = () follows, and we have

pp(L) = Pr(G™H(T)) = 1 = Pr(GH(I")) = 1 (T)

which completes the proof. B

Step: 1 Step: 2

In(dens)
-0.4

In(dens)

-0.8
-0.6
-0.4
-0.2

0.0

3/4 3/4

2/4 2/4

Step: 4

3/4 In(dens) 3/4

-15

In(dens)

K . -2

ol
214 05 210 Ml 1
0
1

K
4 - e

Figure 2: Image plot of the (natural) logarithm of the density of Vi, (IT) for n € {1,2,4,6},
T5 according to Example 6

12
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Remark 8. Theorem 7 also holds if, for some m € N, the Kronecker product
T =T %T % ---xT of T with itself fulfills Mp«m # 0.

Remark 9. If T is a transformation matrix containing no zeros then obvi-
ously 7" is modifiable. If T" additionally fulfills ¢t;; # (aj41 — a;)(bit1 — b;)
for at least one (7,j) then My contains the transformation matrix E with
eij = (aj+1 — a;j)(bit1 — b;) for which obviously pf; = pup holds. Hence for all
these T" we have that A% has full support although at the same time g5, L Ao,
generalizing some results contained in [8] and [2].

We close this section with the following result:

Corollary 10. Suppose that T € T fulfills pi5 # Xo. Then for \-almost
every x € [0, 1] the probability measure K ax (v, -) is singular w.r.t. A\ and the

conditional distribution function y — Fi (y) == Kax (,(0,y]) has derivative
zero A\-almost everywhere.

Proof: Using the afore-mentioned results pj. # Ao implies % L Ay, so
there exists ' € B([0,1]?) with % (T) = 1 and M\o(T') = 0. Disintegration
immediately yields \(I';) = 0 as well as Ka: (7,I;) = 1 for A-almost all
x € [0,1]. Having this the remaining assertion follows directly from the fact
that the derivative of a singular measure w.r.t. A is zero almost everywhere

(see [27]). W

4. Singular copulas with full support whose conditional distribu-
tion functions are continuous, strictly increasing and singular

Singular copulas A with full support have already been studied in the
literature, see [12, 13]. In both constructions the conditional distributions
K 4(z,-) are concentrated on countable sets, i.e. they are discrete probability
measures. We will use the results of the previous section now in order to prove
the existence of copulas A for which all conditional distribution functions
F4 :y s Ka(w,[0,y]) are continuous, strictly increasing, and fulfill % =
0 for A-almost every y € [0,1]. To simplify notation we will only consider
elements of the class 7 of all transformation matrices T (i) containing no
zeros, (ii) fulfilling that the row sums and column sums through every ¢;; are
identical and (iii) w4 # Ae. It is straightforward to verify that T coincides
with the class of all transformation matrices of the form 7" = %S , whereby
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m € {2,3,...} and S is a m-dimensional doubly stochastic matrix containing
no zeros and having at least two different entries. The reason for considering
T is that, firstly, in this case p} has full support and fulfills x5 L Ay and

that, secondly, a; = b; = # for every i € {0,...,m}. Hence writing
1 —1 1
(x) =a,_1+ (a; —a;_1)r = + —x 16
() = 4 + (0 — @ )e =" (16)
and setting h; := g; ' for every i € {1,...,m} the contractions (f;;) in

equation (10) can be expressed as

fii(@,y) = (g:(2), 9;(v)).

Obviously the corresponding IFSP {[0, 1]2, (w;)X,, (pi) Y1} with N = m? only
contains similarities, so . is self-similar.

Before studying the general case we have a look at the transformation matrix
T, € T from Example 6. For every A € C the kernel Ky, a can directly be
calculated from K4 - in fact, extending the definition of K4 to [0,1] x B(R)
by setting K4(-, E) := 0if EN[0,1] = 0, and fixing z € [0,1], E € B([0, 1])

we have
Cemeorn )= (0 D (RERE)). w

If the conditional distribution function y — FA(y) := Ka(z, [0,]) is contin-
uous then equation (17) implies continuity of F;j_(T;) . Let F denote the family
of all continuous non-decreasing functions F' on [0, 1] fulfilling F'(0) = 0 and
F(1) =1 and ps, the uniform distance. Then (F, p) is a complete metric
space (see [19, 27]). Define two functions ¢y, @s : F — F by

2F(2y) ifye 0,3
(%OF)(‘U):{ §+§F(2y—?i) ifg?je E%,A (18)
and
s F(2y) ifyelo,1
o)) ={ o 2 pn ) r Sl (19)
then we have
FYri(y) = (pio F) () (20)

for every y € [0,1] and z € [0,1]. The next lemma gathers some properties
of 1,09 : F — F:
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Lemma 11. Let ¢y, ¢y be defined according to equation (18) and (19). Then
setting

\Il(k> = lim Pry O PEy © 7 ngkn(F)

n—oo

for k € Xy and arbitrary F' € F defines a continuous mapping ¥ : X9 — F.
Moreover the function V(k) € F is strictly increasing for every k € X.

Proof: The functions ¢, 9 are contractions on (F, ps,) with Lipschitz con-
stant L = 2. Fix k € 3. As Cauchy sequence (py, 0 -+ o "Dkn(F))neN
has a limit U(k, F') € F. Using the fact that ¢, @9 are contractions it fol-
lows that ¥(k, F') € F is independent of the function F', ie. ¥ : 3y — F
is well-defined and, without loss of generality, we may choose I' = idj ;.
Since continuity of W directly follows from the construction it remains to
show that W(k) is strictly increasing for every k € 3,. For every | € N set
S = {O, %, %, ceey %, 1}. Considering that the construction of ¥ implies
Py © Pl 0+ 0 91 (1) (2) = b, © o1y 0 -+ - 0 o1, (i) (2) for every z € § and
n > [ we have
\Ij(k>(z) = Pk OPEy O 0 onz(ld)(z)

for every z € S;. Since @y, 0 Yk, © -+ - 0 @y, (id) is strictly increasing on S; for
every | € N it follows that U(k) is strictly increasing on S := (J,°, S; which
completes the proof. B

Let A denote the set of all z € [0,1] for which there is a unique k € ¥,
(which we will also refer to as ‘address’ of x) such that

z = lim gy, o gr, ©- -0 gi, (1), (21)
then A€ is countable. Considering FM'(y) = y for every x € [0, 1] Lemma 11

and equation (20) imply that for every x € A we have
. , Vi I
K(x,[0,y]) == lim Kyp n(z,[0,y]) = lim F U0 (y) = U(K)(y). (22)
Applying Lebesgue’s theorem on dominated convergence shows
= J0,a 0,a
for every a € [0,1] and y € [0,1]. Hence K(-,-) is (a version of) the
Markov kernel K A}l(', -) of A7,. Using Corollary 10, we have altogether

15
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297

shown that for A-almost every x € [0, 1] the conditional distribution func-

A*
tion y — F, '*(y) is continuous and strictly increasing with derivative zero
A-almost everywhere. Since kernels are only unique A-almost everywhere

A
we may, without loss of generality, assume that y — F, " (y) is continuous
and strictly increasing with derivative zero A-almost everywhere for every
x € [0,1]. In other words A7 fulfills all singularity properties stated at the

Vi 11
beginning of this section. Figure 3 depicts F, " for some values of i and

(|
three different x, Figure 4 is an image- and 3d-plot of (z,y) — F, ' (y).

3/4
2/4

14

Figure 3: y +— F;)Tl(n) for i € {1,2,...,12} and z having address k of the

form (1,1,...,1,%,%) (green), of the form (2,2,...,2, % %) (blue), and of the form
(1,2,1,2,...,1,2,%,%) (red); the x-entries start at coordinate 13.

Remark 12. Using the fact that ¢1(F)Nes(F) = 0 together with injectivity
of v1,p9 : F — F it can be shown that the mapping ¥ in Lemma 11 is

A
injective, implying that the conditional distribution functions (F; Tl)xe[o,l]
are pairwise different for all x outside a set of A-measure zero.

We now state and prove the general result for arbitrary elements in T
Theorem 13. Suppose that T € T and let A% denote the corresponding
singular copula with full support. Then for \-almost every x € [0,1] the

conditional distribution function y — T (y) = Kax(,[0,y]) is continuous,
strictly increasing and has derivative zero A-almost everywhere.

16



298

299

300

301

302

303

0.0 0.2 0.4 06 08 10

Figure 4: ITmage- and 3d-plot of the function (z,y)

Proof: We proceed in four main steps.

8
- B )

(S1) For every A € C extend the definition of the kernel K4 to [0,1] x B(R)
by setting Ka(-, E) := 0 if ENJ[0,1] = 0. Then for z € [0,1], E € B([0, 1])

we have
KVTA (gl(z), E tll t21 P tml KA Z, hl(E))
KVTA (gg(Z), FE tlg t22 Ce tmg KA Z, hQ(E))
. =m . . . .
KVTA(gm(Z)aE) tim  tom -+ tmm KA(Z7hm(E))
—m Tt

(23)

For y € (biy—1,b;,] and E = [0, y], we get (empty sums are zero by definition)

Kypa(gi(2),10,9]) = m Yty + mtig;Ka (= |

<10

Y= bi-1. D (24)

0 bio—l

(S2) For every j € {1,...,m} define a function ¢; : F — F by

(pjo F)(y) =m) t; + mtiojF(

1<t9

17

bio—l

_——b_l) (25)
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317

whenever y € (b;,—1,b;,]. Then each ¢, fulfills

poo(pjo F,pj0G) < (m H}.E}Xtij) Poo(F, Q)

N— —
<1

and the function W : ¥, — F given by

V(k) = lim gy, 0@y, 0--- 0 ¢, (F)

n—

is well-defined, independent of the concrete ch01ce of F', and continuous.
(S3) For every [ € N set S; := {O, 0 m“ e ml ,1} The construction of

U implies ¢k, © @k, © -+ 0 @i, (id)(2) = P, © Yk, © - -+ 0 @y, (id)(2) for every
z €5 ananlwehave

V(k)(2) = @r, 0 @r, © -+ - 0 o, (i) (2)

for every z € S;. Since ¢y, © @i, © - -+ 0 ¢y, (id) is strictly increasing on S
for every | € N it follows that W(k) is strictly increasing on S := (J;°, S
implying that W(k) is strictly increasing on [0, 1] since S is dense in [0, 1].
(S4) Let A,,, denote the set of all € [0, 1] for which there is a unique k € ¥,,
such that

x:nhar{ologkl ogkzoogkn(1> (26)

Then AS, is countable. Considering that for every z € A,, with address
k € A,, we have

K(2,[0,9]) = lim Kyzn(,[0.9]) = lim F, 70 - ) (y) = U(k)(y). (27)

nsoo Gk 970Gk, (1)

it follows in the same way as before that K(-,-) is (a version of) the Markov
kernel K4z (-, -). Using Proposition 10 therefore completes the proof. W

Corollary 14. Suppose that T € T and that T' € My has at least two
different entries. Then pp, iy L Ao and pp L ph,. Furthermore we can
find a set A € B([0,1]) with A\(A) = 1 such that for every x € A we have

* A*/
Kas(x,-) L Kaz,(,-) and the conditional distribution functions Fir R
are continuous, strictly increasing with derivative zero A-almost everywhere.

18
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5. Uniform convergence of empirical copulas induced by orbits of
a special Markov process to singular copulas

It is well known that the empirical copula E! for i.i.d. data ((z;,v;))",
from A € C is a strongly consistent estimator of A w.r.t. d.. In fact,
according to [20, 28], we even have

log 1
o, =0 57)

almost surely for n — oo. The purpose of this section is to show that
the empirical copula based on (non i.i.d.) samples of the so-called chaos
game (a Markov process defined subsequently) induced by IFSP coming from
transformation matrices T € T is a strongly consistent estimator of A% w.r.t.
ds too. We start with an extension of the notion of empirical copula to
the case of arbitrary samples ((z;,;))", for which not necessarily all z; or
all y; are different. Consider a finite sample ((x;, 7)), € R? and define
the empirical distribution function (ecdf, for short) H, and the marginal
empirical distribution functions Fj,, G, in the usual way, i.e.

1 n
Hn(l‘, y) = 5 Z 1(foo,x]><(foo,y] ($i, yi)
=1

as well as

n

1 1 &
Fn(aj) = E Z 1(700,:10} (351) ) Gn(y) = E Z 1(foo,y] (yz)
=1

i=1

Then the function E, : Rg(F,) x Rg(G,) — [0,1], defined on the range of
(Fr; Gn) by
En(Fo(x), Gn(y)) = Hn(z,y) (28)

is easily seen to be a subcopula that can be extended to a copula E! via
bilinear interpolation (see [25] as well as [3, 7] for other possible extensions).
Note that bilinear interpolation yields a checkerboard copula (see [23]), i.e.
the corresponding doubly stochastic measure p, is absolutely continuous and
its density is constant on each of the rectangles induced by the grid Rg(F,,) x
Rg(G,,). In the sequel we will refer to E!, as empirical copula (ecop for short)
of the sample ((z;,v;))7,. Figure 5 shows the empirical copula E} and the
mass distribution of ug for a (non i.i.d.) sample of size eight.
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Figure 5: ecop and mass distribution for a sample of size eight (the black lines in the left
plot depict the 0.1,0.2,...,0.9-contour lines, the white asterisks depict the sample).

We now recall the definition of the chaos game for the specific case of IFSPs
coming from transformation matrices and then prove the afore-mentioned
consistency result. Suppose that T € T and let {[0,1]2, (w)X,, (p))¥,}
denote the induced IFSP and Pr the probability measure on B(Xy) defined
according to equation (9). Fix a point (zg,y0) € [0,1]* (not necessarily an
element of Z%) and define a [0, 1]%-valued Markov process (Y,\"*)), oy on
(XN, B(Xn), Pr) by setting
Y(xo’yf’)(k) ‘= Wk, O Wy, _, O+ 0wk, (To,Yo) (29)

n

for every n € N. In other words, the (one-step) transition probabilities H (-, )
of the process are given by (see [15])

B) = ij 1p(w;j(z,y)).

for all (z,y) € [0,1]> and B € B([0,1]2). The Markov process (Yp™*)), oy
will be called chaos game starting at (zo,yo) (see [6, 15, 24]). According to
Elton’s ergodic theorem (see [15, 24]) it follows that for Pr-almost allk € ¥y
the empirical measure v,, converges weakly to the invariant measure p7., i.e.

n

1 x
0y = - Zéyi(zo,yo)(k) — iy weakly for n — co. (30)

i=1
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Figure 6: El,, and d(z,y) according to Example 18 (a)

Remark 15. As pointed out in [24] the chaos game provides a very and
simple and efficient way (random iteration of functions) to approximate the
invariant measure of an IFSP also in the general setting.

As direct consequence of (30) we get that the empirical distribution function
H,, of the sample Y™ (k), Y™ (k), ..., Y;"%) (k) converges pointwise
to the copula A% for Pr-almost all k € ¥ . Having this we can prove the
following result:

Theorem 16. Suppose that T € T, let {[0,1]%, (w;)X4, (p:)X1} denote the
corresponding IFSP and fix (xg,yo) € [0,1]2. Then there exists a set A C Xy
with Pr(A) =1 such that for every k € A the sequence (E!)nen of empirical
copulas of the sample Yl(xo’yO)(k), Yg(xo’y")(k), . ,Yn(xo’y(’)(k) fulfills

li E! A% = 0.

lim do (B, A7) = 0

In other words: with probability one the empirical copula converges uniformly
to the copula A%.

Proof: Define A C Xy as the set of all k fulfilling Equation (30), then
Elton’s ergodic theorem (see [15]) implies Pr(A) = 1. As at the begin-
ning of this section let H,, F,, G, denote the empirical distribution func-
tions of the sample Y™ (k), Y% (k), ..., V\™%) (k) for every n € N.
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Equation (30) implies lim,, o, H,(z,y) = A%(z,y) for all z,y € [0,1]. Fix
(z,y) € [ 1]>. Then, using H,(z,y) = E! (F.(x),G,(y)) and setting R, :=
|EL(F, ), Gh(y)) — A% (z,y)| we have lim, o R, = 0 and it follows that

| EL(Fu(@), Gulw) = Ene,9)] = [A7(e,y) = B (@.9)] | < Ry — 0

for n — oo. Taking into account that (30) also implies

limsup | E),(F,(z), Gu(y)) — Eb(z,y)| < lmsup (|Fu(z) — 2| + |Ga(y) — )

n—oo n—oo

= 0

altogether we get lim,, o, E/(z,y) = A%(z,y). Since (z,y) € [0,1]* was
arbitrary and in C pointwise and uniform convergence are equivalent the
proof is complete. B

Remark 17. It is straightforward to verify that we do not have convergence
of E! to A5 w.r.t. Dy if T has at least one column with two non-zero entries.

=
=
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Figure 7: Image plot of the (natural) logarithm of the density of V3, (IT) (left) as well as
image plot of the copula V}, (IT) (right), Ty from Example 18 (b).

We conclude the paper with the following example:

Example 18. (a) Consider again the transformation matrix 7 from Exam-
ple 6. In this case the invariant copula A% is self-similar, singular and has
full support. Figure 6 depicts Ef,, for an Orbit (Y;(l’l)(k))ieN as well as the
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Figure 8: El,, and d(z,y) according to Example 18 (b)

function d(x,y) := |Eg (2, y) — A%, (z,y)| on an equidistant grid of 101 x 101
points.
(b) Consider the transformation matrix 7y, defined by

1/4 0 0
Ti=| 0 1/4 0
1/4 0 1/4

In this case the invariant copula A7, is not self-similar. Figure 7 depicts
the (natural) logarithm of the density of VJ, (II) as well as V7, (IT). Figure

8 shows EY,, for an Orbit (Yi(l’l)(k))ieN as well as the function d(z,y) =
| Efoo(z,y) — A%, (2,9)| on an equidistant grid of 101 x 101 points.
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