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Summary. Using properties of shuffles of copulas and tools from combinatorics we solve
the open question about the exact region 2 determined by all possible values of Kendall's
7 and Spearman’s p. In particular, we prove that the well-known inequality established by
Durbin and Stuart in 1951 is not sharp outside a countable set, give a simple analytic charac-
terization of Q2 in terms of a continuous, strictly increasing piecewise concave function, and
show that Q is compact and simply connected, but not convex. The results also show that
for each (x,y) € € there are mutually completely dependent random variables X,Y whose

7 and p values coincide with = and y respectively.
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1. Introduction

Kendall’s 7 and Spearman’s p are, without doubt, the two most famous nonparametric
measures of concordance. Given random variables X, Y with continuous distribution func-
tions F' and G respectively, Spearman’s p is defined as the Pearson correlation coefficient
of the U(0, 1)-distributed random variables U := F o X and V := G oY whereas Kendall’s

T is given by the probability of concordance minus the probability of discordance, i.e.

p(X,Y)=12(E(UV) - 1)
T(X,Y) =P((X1 — X2)(Y1 — Y2) > 0) = P((X1 — X2)(Y1 — Y2) < 0),

where (X1,Y7) and (X»,Y2) are independent and have the same distribution as (X,Y).
Since both measures are scale invariant they only depend on the underlying (uniquely
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determined) copula A of (X,Y). It is well known and straightforward to verify (Nelsen,
2006) that, given the copula A of (X,Y), Kendall’s 7 and Spearman’s p can be expressed

f(X,Y) =4 / Ale,y) dpa(z,y) — 1 = 7(A) (1)
[0,1]2
pOCY) =12 [ aydua(e,y) 3= pld) (2)
[0,1]2

where i 4 denotes the doubly stochastic measure corresponding to A. Considering that
7 and p quantify different aspects of the underlying dependence structure (Fredricks and
Nelsen, 2007) a very natural question is how much they can differ, i.e. if 7(X,Y") is known
which values may p(X,Y) assume and vice versa. The first of the following two well-
known universal inequalities between 7 and p goes back to Daniels (1950), the second
one to Durbin and Stuart (1951) (for alternative proofs see Kruskal (1958); Genest and
Neslehova (2009); Nelsen (2006)):

3T —2p| <1 (3)

2 2
D 1cp<r - 02T (1)
The inequalities together yield the set € (see Figure 1) which we will refer to as classical
7-p region in the sequel. Daniels’ inequality is known to be sharp (Nelsen, 2006) whereas
the first part of the inequality by Durbin and Stuart is only known to be sharp at the
points p,, = (—1+ %, -1+ %) with n > 2 (which, using symmetry, is to say that the second
part is sharp at the points —p,,). Although both inequalities are known since the 1950s
and the interrelation between 7 and p has received much attention also in recent years, in
particular concerning the so-called Hutchinson-Lai conjecture (Fredricks and Nelsen, 2007;

Hiirlimann, 2003; Balakrishnan and Lai, 2009), to the best of the authors’ knowledge the

exact T-p region €1, defined by (C denoting the family of all two-dimensional copulas)

Q={(r(X,Y),p(X,Y)): X,Y continuous random variables } (5)

= {(r(A). p(4)): AcC),

is still unknown.
In this paper we solve the sixty year old question and give a full characterization of €.
We derive a piecewise concave, strictly increasing, continuous function ® : [—1,1] — [—1, 1]

and (see Theorem 3.6 and Theorem 5.1) prove that

Q={(z,y) € [-1,1]*:®(z) <y < —®(—x)}. (6)
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Figure 1 depicts Qy and the function ® (lower red line), the explicit form of ® is given in
eq. (18) and eq. (19). As a byproduct we get that the inequality by Durbin and Stuart is
not sharp outside the aforementioned points p,, and —p,,, that € is compact and simply
connected, but not convex. Moreover, we prove the surprising fact that for each point
(xz,y) € Q there exist mutually completely dependent random variables X, Y for which
(7(X,Y),p(X,Y)) = (z,y) holds.
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Fig. 1. The classical 7-p-region , and some copulas (distributing mass uniformly on the blue
segments) for which the inequality by Durbin and Stuart is sharp. The red line depicts the true

boundary of Q.

The rest of the paper is organized as follows: Section 2 gathers some notations and
preliminaries. In Section 3 we reduce the problem of determining €2 to a problem about so-
called shuflles of copulas, prove some properties of shuffles and derive the function ®. The
main result saying that € is contained in the right-hand-side of eq. (6) is given in Section
4, tedious calculations needed for the proofs being collected in the Appendix. Section 5
serves to prove equality in eq. (6) and to collect some interesting consequences of this
result. Finally, in Section 6 we gather some new conjectures on the exact 7-p region for

well-known subclasses of copulas.

2. Notation and Preliminaries

As already mentioned before, C will denote the family of all two-dimensional copulas, see
Durante and Sempi (2015); Embrechts et al. (2003); Nelsen (2006). M and W will denote
the upper and the lower Fréchet-Hoeffding bound respectively. Given A € C the transpose



4 Schreyer, Paulin, Trutschnig

At € C of A is defined by Al(z,y) := A(y,z) for all z,y € [0,1]. do will denote the
uniform distance on C; it is well known that (C,d) is a compact metric space and that
doo 18 a metrization of weak convergence in C. For every A € C the corresponding doubly
stochastic measure will be denoted by pa, i.e. we have pua([0,z] x [0,y]) := A(x,y) for
all z,y € [0,1]. P denotes the class of all these doubly stochastic measures. B([0,1])
and B([0,1]?) will denote the Borel o-fields in [0,1] and [0,1]%, A and Ay the Lebesgue
measure on B([0,1]) and B([0, 1]?) respectively. Instead of M-a.e. we will simply write a.e.
since no confusion will arise. 7 will denote the class of all A-preserving transformations
h:[0,1] = [0,1], i.e. transformations for which the push-forward A" of \ via h coincides
with A, Ty the subclass of all bijective h € T.

For every copula A € C there exists a Markov kernel (regular conditional distribution)
Ky : [0,1] x B([0,1]) — [0,1] fulfilling (G, := {y € [0,1] : (z,y) € G} denoting the
z-section of G € B([0, 1]?) for every = € [0, 1])

K o) @) = (@), (7)
for every G € B([0, 1]?), so, in particular

Ka(z, F)dA\(z) = A(F) (8)
[0,1]

for every F' € B([0,1]), see Trutschnig (2011). We will refer to K4 simply as Markov
kernel of A. On the other hand, every Markov kernel K : [0, 1] x B([0, 1]) — [0, 1] fulfilling
(8) induces a unique element u € Pe([0,1]%) via (7). For more details and properties of
disintegration we refer to (Kallenberg, 2002; Klenke, 2013).
A copula A € C will be called completely dependent if and only if there exists h € T such
that K(z,E) := 1g(h(x)) is a Markov kernel of A (see Trutschnig (2011) for equivalent
definitions and main properties). For every h € 7T the induced completely dependent
copula will be denoted by Aj. Note that hy = hy a.e. implies Ay, = Ap, and that eq. (7)
implies Ap,(z,y) = A([0,z] N h~L([0,y])) for all 2,y € [0,1]. In the sequel Cq will denote
the family of all completely dependent copulas. Ay, € Cy will be called mutually completely
dependent if we even have h € T,. Note that in case of h € T, we have Ap-+ = (Ap)t.
Complete dependence is the opposite of independence since it describes the (not necessarily
mutual) situation of full predictability /maximum dependence.

Tackling the problem of determining the region €2, our main tool will be special members
of the class C; usually referred to as shuffles of the minimum copula M. Following (Nelsen,
2006) we will call h € T, a shuffle (and Aj, € Cq a shuffle of M) if there exist 0 = sp <

$1<...< 8p-1 <8, =1and € = (e1,...,6,) € {—1,1}" such that we have h/(z) = ¢;
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for every x € (s;—1,$;). In case of ¢; = 1 for every i € {1,...,n} we will call h straight
shuffle. S will denote the family of all shuffles, ST the family of all straight shuffles. It is
well known (Mikusinski et al., 1992; Nelsen, 2006) that Cs+, defined by

Cs+ = {Ah :he S+} 9)

is dense in (C,d). For more general definitions of shuffles we refer to (Durante and
Sempi, 2015). Obviously every shuffle h € S can be expressed in terms of vectors u €
Ap,e € {—1,1}" and a permutation 7w € o, where A, denotes the unit simplex A, =
{x e [0,1]™: 3" |z = 1} and o, denotes all bijections on {1,...,n}. In fact, choosing

suitable u € A, e € {—1,1}", 7 € oy, setting (empty sums are zero by definition)

k k
S = Zui, tk ::Zuﬂ-—l(i) (10)
=1 i=1

for every k € {0,...,n}, we have s — sp_1 = U, = tx(t) — tr()—1 and on (sg_1,sx) the

shuffle h is given by

teey1 + 2 — Sp_q ifep =1,
h(z) = hpe(a) = { "7 TET L T (11)
tﬂ.(k) — (1‘ — Sk,1> if Ek = —1.

In the sequel we will work directly with the function hy 4, implicitly defined in eq. (11)
since all possible extensions of iy 4 ¢ from Ule(sk,l, s) to [0,1] yield the same copula,
which we will denote by Ay, , .. In case of g; = 1 for every i € {1,...,n} we will simply
write hg 4 in the sequel. Note that the chosen representation is not unique, i.e. for given
u € Ay, e € {—1,1}", 7w € o, there always exist u’ € A, € {-1,1}"",«’ € o, with

m # n such that hxye = hn e a.e., implying Ay = An, .- S0, for instance,

the shuffle hy o with # = (4,2,1,3),u = (%, %, %, %) and € = (1,—1,1,1) and the shuffle
ha e with 7 = (5,3,1,2,4), 4 = (%,%,é,%,%) and € = (1,-1,1,1,1) coincide a.e.

and induce the same copula.

REMARK 2.1. It might seem more natural to work directly with minimal representa-
tions (minimal dimension n) and to exclude the case of u; = 0 for some k (implying
(sk—1,5k) = 0) in the first place — since we will, however, use various compactness argu-

ments in the sequel the chosen representation is more convenient.

3. Basic properties of (2 and some results on shuffles

In this section we will first show that for determining 2 it is sufficient to consider straight

shuffles, give explicit formulas for (7(Ap), p(Ap)) for arbitrary h € ST, and derive a strictly
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increasing function ® : [-1,1] — [—1,1] which, after some change of coordinates, will
finally be shown to determine 2 in the subsequent section.

We start with some observations about §2. Considering that the mapping f : C — [~1,1]?,
defined by f(A) = (7(A4), p(A)), is continuous w.r.t. do, (Scarsini, 1984), the compactness
of (C,d) implies the compactness of Q2. As a consequence, using eq. (5) and the fact that

Cs+ is dense we immediately get (U denoting the closure of a set U)

Q= {(r(4n),p(Ap)) : he St}. (12)

Based on this, our method of proof will be to construct a compact set Qg (fully deter-
mined by the function ®) fulfilling (7(4p), p(Ar)) € Q¢ for every h € ST since we then
automatically get Q C Qg.

Being concordance measures, 7 and p fulfil the axioms mentioned in Scarsini (1984),
so Q is also symmetric w.r.t. (0,0). Analogously, it is straightforward to verify that

7(AY) = 7(A) as well as p(A?) = p(A) holds for every A € C, implying
T(Ap-1) = 7(An),  p(Ap-1) = p(Ap) (13)

for every h € Tp.
For every h € T define the quantities inv(h) and invsum(h) (notation loosely based on

Sack and Ulfarsson (2011)) by
inv(h) = /W 109 (8) 1010y, (B()) (2, 9) (14)
invsum(h) = /W 100y 0) L1y () (& — ) Doz, ). (15)
LEMMA 3.1. For every h € Ty the following relations hold:
H(Ay) = 4/{0 A h(@)) X)L = 1~ dim()
p(Ap) = 12/[0 ; zh(z) dA\(x) —3 =1 — 12invsum(h)
Moreover, for every h € T, we have (inv(h),invsum(h)) € [0,3] x [0,5].
Proor. Using disintegration we immediately get
) = 4 [ Ao Ka dy) dNe) -1 =1 [ Ay ba) a\@) - 1
[0,1] J0,1] [0,1]

as well as

i) = [ (1 Lo (b)) wixe)
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[ (o e e e = LT
[0,1] -

which proves the first identity. The first part of the second one is an immediate consequence
of disintegration. To prove the remaining equality use f[o 2) Lin@),1(h(y)) dA\(y) = x —
Ay b)) and [, Lo ney (b)) dA() = h(y) — Ay, h(y)) to get

invsum(h) = / z(z — Ap(z, h(z)) — (h(z) — Ap(z, h(z))) dA(z)
[0,1]

1
= z- /[0 @ D)

The fact that (inv(h),invsum(h)) € [0, 3] x [0, %] is a direct consequence of Q C [—1,1]2.

As next step we derive explicit formulas for inv(h) and invsum(h) for the case of h being
a straight shuffle based on which we will afterwards derive the afore-mentioned function

® determining the region 2. To simplify notation define

I = {{i,j}:1<i<j<n,w@)>n()}

Qn

{{i,j,k}: 1<i<j<k<n, w(i)>n(j)>n(k)or (16)

w(j) > w(k) > = (i) or w(k) > (i) > w(j)},

as well as

an(w) = inv(hy ), br(w) = inv(hy o) — 2invsum(hx ) (17)

for every w € o, and u € A,,. The following lemma (the proof of which is given in the

Appendix) holds.

LEMMA 3.2. For every (m,u) € o, X A, the following identities hold:

inv(hp ) = ag(u)= Z Ui

i<j, {i.j}€ln

1

1
invsum(hr o) = E QUi + o Uit + E U U
i<j, {i,7} €l kii<k<j

br(u) = Z U Uy

1<j<k,{i,j,k}EQx
REMARK 3.3. Notice that in (Genest and Neslehova, 2007, Propositions 4 and 5) a
slightly different notation (h;;, o;; and B; ; instead of up, sp—1, tr(y)—1) is used to derive
analogous formulas. Lemma 3.2 and Theorem 4.1 are the main reason for our choice of
notation in this paper: the expressions for ar(u) and by (u), which are key in the proof of

the main result, are simplest possible.
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As pointed out in the Introduction, the first part of inequality (4) is known to be sharp
only at the points p, = (—1 + 2, -1+ %) with n > 2. According to (Nelsen, 2006), or
directly using Lemma 3.2, considering w = (n,n—1,...,2,1) and u1 =ug = ... = uy, = %

we get p, = (7(Ap,.), p(An,.)). Having this, it seems natural to conjecture that all

shuffles of the form A, with

T=Mnmn-1,...,2/1), U =UQ= ... =Up—] =T, Up=1—(n—1)r

1 1

forsomen > 2andr € (3, —5

) might also be extremal in the sense that (7(4y, ), p(An, ..))
is a boundary point of 2. The Main content of this paper is the confirmation of this very
conjecture. We will assign all shuffles of the just mentioned form the name prototype,
calculate 7 and p explicitly for all prototypes and then, based on these values, derive the

function ®.

DEFINITION 3.4. 7 € o0y, will be called decreasing if # = (n,n — 1,...,2,1). The
pair (7,u) € o, X A, will be called a prototype if w is decreasing and there exists some
r e [%,ﬁ] such that uy = ug = ... = up—1 = r and u, = 1 — (n — 1)r. Analogously,

h € 8t (and Ay, € Cy) is called a prototype if there exists a prototype (mw,w) such that

h=hgq ae.

Using the identities from Lemma 3.2 we get the following expressions for prototypes (the

proof is given in the Appendix):

LEMMA 3.5. Suppose that (7, u) € o, X A, is a prototype, then

T(Ah‘lr,u) = 1—4(n—-1)r+ 2T2n(n —-1)e€ [%Tn, %]
p(An,.) = 1-2r(n—1)(3=3r(n—1)+7r*(n—2)n) € [, %]

Fix n > 2. Then both functions r — 1 —4(n—1)r+2r?n(n—1) and r — 1—2r(n—1)(3 -

1 1

3r(n — 1) +r?(n — 2)n) are strictly increasing on [+, —1;]. Expressing 7 as function of 7

and substituting the result in the expression for p directly yields
4 3 3T(Ah ) n—2
A =—-l-—=+-—+ = n—2+n7(A 3/2,
P ) 2 n n NoTEN TSy (Ate0))

Based on this interrelation define @, : [-1+ 2,1] — [-1,1] by

4 3 3z n—2
b = ] — 4242 "2 (n—2 3/2
n(T) R o2 n—l(n + nx)

and set

(@) -1 itz = -1, (19)
O(x) =
o, (z) ifze |2, 2 (nfl)} for some n > 2.

n n—1
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Since we have ®,(%:2) = ®,41(:"2) = —1+ 2 for every n > 1 this defines a function
& : [~1,1] — [~1,1]. Notice that ®(z) = —1 + 3%, i.e. on [0,1] ® coincides with Daniels’
linear bound and for ,, = 2 and n > 2 we have (2, ®(z,)) = Py, 1.6 (Tn, P(27))
coincides with the points at which Durbin and Stuart’s inequality is known to be sharp.
Furthermore, it is straightforward to verify that ® is a strictly increasing homeomorphism
on [—1,1] which is concave on every interval [22, %] with n > 2. Figure 2 depicts the

function ® as well as some prototypes and their corresponding Kendall’s 7 and Spearman’s

p-

/

-1.0- i i i !
-0.6 -0.4 -0.2 0.0

Fig. 2. The function ® (red) and some prototypes with their corresponding Kendall’'s 7 and Spear-
man’s p. The shaded region depicts the classical 7-p-region €, straight lines connecting the

points p,, are plotted in green.

Defining the compact set 2 by

Qo = {(z,y) € [-1,1]*: (2) <y < —P(—2)}, (20)

we can now state the following main result the proof of which is given in the next section.
THEOREM 3.6. The precise T7-p region ) fulfils Q0 C Q.

REMARK 3.7. The fact that  C Qg holds is the principal result of this paper since it
improves the classical inequality by Durbin and Stuart mentioned in the Introduction and,
more importantly, gives sharp bounds everywhere. In Section 5 we will, however, show
that even = Qg holds and that for every point (z,y) € €2 there exists a shuffle h € S
such that (7(Ap), p(Ap)) = (z,y).
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REMARK 3.8. A function similar (but not identical) to ® has appeared in the literature
in Shao et al. (2014), where the authors tried to deduce sharp bounds of by running
simulations (but did not provide any analytic proof). Additionally, it has been brought
to our attention during the preparation of this manuscript that Manuel Ubeda-Flores
(University of Almeria, Spain) already conjectured Theorem 3.6 (with the exact form of

®) in a unpublished working paper in 2009.

4. Proof of the main theorem

Using the properties of €2 mentioned at the beginning of Section 3, Theorem 3.6 is proved
if we can show that for every h € ST we have p(A,) > ®(7(Ap)). Given Lemma 3.2 it
is straightforward to verify that this is equivalent to showing invsum(h) < ¢(inv(h)) for
every h € ST where ¢ : [0, 4] — [0, 1] is defined by
1 : 1
= if x =5,
o) =1 ° v (21)

on(x) ifme[%—m,g—%] for some n > 2

and ¢, : [3 — =yt 5n] — [0, ] is given by

1 1 1 T n—2

w(@) =24 o5 — o+ =+ = (n — 1 — 2n2)%/2 22
pnl@) =5+ 53 2n+n+6n2m(n nz) (22)
Translating this to ar(u) and by(u), using eq. (17) and defining ¥ : [0, 3] — [0, ] by

Y(z) = x — 2p(x) we arrive at the following equivalent form of Theorem 3.6:

THEOREM 4.1. For everyn € N, w € g, and u € A,, the following inequality holds:
br(u) = V(ar(u)) (23)

We are now going to prove this result and start with some first observations and an out-
line of the structure of the subsequent proof. (i) ¥ is continuous and, by calculating the
derivative, it is straightforward to see that ¢ is non-decreasing. (ii) 9¥(0) = ¥(%) = 0 and
J(3) = ¢. (iii) For every prototype (m,u) we have the equality bx(u) = ¥(ax(u)). (iv)
For given n and fixed 7 € o, the functions v +— ar(v) and v — bg(v) are continuous on
A, so there exists some u € A, minimizing the function v — br(v) — ¥(ar(v)). (v) For
n < 2 the inequality br(u) > ¥(ax(w)) trivially holds for every m € o, and every u € A,,,

so from now on we will only consider the case n > 3.

The structure of the proof of Theorem 4.1 is as follows:

(a) Preliminary Step 1: We prove inequality (23) for the case of decreasing 7 € o,.
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(b) Preliminary Step 2: We analyze how, for fixed @ € o, the quantities ar(u) and
br(u) change if u € A,, changes.

(c¢) Induction Step 1: Assuming that the result is true for all (w,u) € o, X A, with
m < n we prove inequality (23) for (7, u) € 0, X A, under the hypothesis that there
either exist (i) p < ¢ < r such that w(r) > m(q) > w(p) or (ii) p < ¢ < r < s such
that 7(q) > mw(p) > w(s) > = (r) holds.

(d) Induction Step 2: Assuming that the result is true for all (w,u) € o, X Ay, with
m < m we prove inequality (23) for (mw,u) € o0, x A, with 7 not fulfilling the

hypothesis in Induction Step I.

Preliminary Step 1: Consider n > 3 and w = (n,n — 1,...,2,1). Note that in this
situation we have ej(u) = 1,es2(u) = ax(u),es(u) = br(u) for every u € A, where ¢;
denotes the i-th elementary symmetric polynomial for ¢ € {1,2,3}, i.e. ei(v) := ), v,
e2(v) 1=, ;vivj and e3(v) := >, vivjvy for every v € R". Hence ar(u) and br(u)

do not change if we reorder the coordinates of u.

LEMMA 4.2. Suppose thatn > 3,7 = (n,n—1,...,2,1),c2 € ax(Ay) and that u € A,
fulfils br(u) = min{bz(v) : v € A, N (ax) L({c2})} as well as uy > -+ > u, > 0. Then

there exists m € {1,...,n} such that u; =0 for every i > m, and u; = -+ = Up—1 > Up,.

PROOF. Note that the continuity of b, and the compactness of A,,N(ax) ! ({ca}) imply
the existence of the minimum. We first prove the statement for the case n = 3 and suppose

that w is a minimizer fulfilling us > us > uy > 0. Define a polynomial f : R — R by
F(T) = (T — (T — u)(T —uz) = T3 = T? + T — es(u),

and let Dy denote the discriminant of f. It is well known that Dy > 0 if and only if f has
three distinct real zeros and that in case of Dy # 0 locally the zeros of f are smooth (so
in particular continuous) functions of the coefficients of f.

Suppose that u1 > ug > uz > 0. Then Dy > 0. Let fo(T) = T3 —T?+c3T — (e3(u) —¢),
then for small enough values of € > 0, the polynomial f. has three distinct, positive real
ZETOS: Ue 1, Ue,2, Ue 3. Then ue 1 +ue2 + ez = 1 and Ue 1Ue 2 + Ue 2Ue 3 + Ue 3Ue 1 = €2, While
Ue,1Ue 2Ue,3 = e3(u) — € < eg(u), which is a contradiction. So either uz = 0 or u; = ug or
u1 > uo = ug > 0. In the first two cases we are done, so suppose that u; > us = ug > 0.
Then 1 = w1 +2us and co = 2uqus —HL%. Suppose that uq > 4us. Then 1 > 4c¢g, so there are
unique y1 > y2 > 0 such that y; +y2 = 1 and y1y2 = c2. Let y3 = 0, then considering y =
(y1,y2,y3) we get e1(y) =1, ea(y) = c2, and e3(y) = 0 < ez(u), which is a contradiction.

_ dus—uy

So 4ug > uy > ug. Let yp = yo = 2“1% and y3 = =25+, Then y1,y2,y3 > 0, ei(y) =1,
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ea(y) = c2, and e3(y) = 5 (2u1 + ug)*(dus — uy) = ez(u) — 5+ (ug — uz)® < eg(u), which is
a contradiction. This proves the claim for n = 3.

Suppose indirectly that the statement is false for some n > 3. Then there are ¢ < j < k

U
ui+u;+uk

such that u; > w; > u > 0. Setting @ := for every | € {i,7,k} obviously
u; + u; + ur, = 1. Applying the case n = 3 to 4;, 4, uy yields @s, y;, Y € [0, 1] such that
Ui + i + Y = Ui + Uj + Up, Yilj + YUk + YrYi = Uity + Ujuy + Uty and Y yiye < Uiljly.
Setting y; = w; for every | € {1,...,n}\ {4,7,k} and y; = yi(uw; + uj + uy) for every
I € {i,j,k} finally yields e1(y) = e1(u), ea(y) = ez(u) and ez(y) < es(wu), which is a

contradiction.

COROLLARY 4.3. Suppose that n > 3 and that @ = (n,n —1,...,2,1). Then bg(u) >
Y(ar(w)) holds for every u € A,,.

Preliminary Step 2: We investigate how, for fixed 7 € o, the quantities ar(u) and by (u)
change if u € A,, changes. To do so, temporarily extend a, and b, to the full R™ using the
identities in Lemma 3.2. The following lemmata (whose proof is given in the Appendix)

will be crucial in the sequel.

LEMMA 4.4. Suppose that n > 3 and that § = (01,...,0,) € R™ fulfils >~,0; = 0. Then
for every t € R the following identities hold:

an(u+180) — ax(u) = oyt + ast? (24)

bre(u + 18) — by(w) = it + Pot® + Bst? (25)
where

= aid, og= Y &

i 1<j,{i,j} €1~
pr = Z b;id;, B2 = Zci,j&%‘, B3 = Z ;004
% 1<j 1<j<k,{i,j,k}€EQr

and

a; = E Uy, bl = E U;UL, Cij = Cji = E U -

LEMMA 4.5. Suppose that n > 3 and that ™ € o,. If p,q,r € {1,...,n} are distinct

elements such that {p,q,r} ¢ Qx, then cpr + cqr > cpq > 0.

We now state two conditions for 7 that imply the existence of a direction § € R™ \ {0}
with ). 0; = 0 such that ¢ — ax(u + td) — ax(u) is identical to zero for every ¢ and

t— br(u +td) — bp(u) is of degree two and concave.
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LEMMA 4.6. Suppose that n > 3, that w € o,, and that one of the following two

conditions holds:

(i) There ezist p,q,r € {1,2,...,n} withp < g <r and w(r) > w(q) > w(p).
(i) There exist p,q,r,s € {1,2,...,n} withp < g <r < s and w(q) > w(p) > w(s) >

7(r).

Then there exists 6 € R™\ {0} such that the coefficients in (24) and (25) fulfil a1 = ag =
,83:0 andﬁgfo.

Induction Step 1: We prove the induction step for every w € o, fulfilling one of the

conditions in Lemma 4.6.

LEMMA 4.7. Suppose that n > 3 and that b,(v) > F(aw(v)) holds for all (w,v) €
Om X Ay with m < n. If w € o, fulfils one of the conditions in Lemma 4.6 then by (u) >

Harx(w)) for every u € A,,.

PROOF. Suppose that 7 € o, fulfils one of the conditions in Lemma 4.6 and consider
u € A,. If up =0 for some k € {1,...,n} then, defining (7', v) € oy,—1 X Ap_1 by v; = u;

for ¢ < k and v; = u;41 for ¢ > k as well as

(i) if i <k and (i) < (k)

by ) m(@) -1 if i <k and mw(i) > mw(k),
) = w(i+1)  ifi>kand 7@+ 1) < w(k)
w(i+1)—1 ifi>kand w(i+1) > w(k),

we immediately get br(u) = bp/ (v) > P an (v)) = FHax(u)).

Suppose now that w € (0,1)" and, using Lemma 4.6, choose § € R™ \ {0} such that
B2 < 0and ax(u+td) = ax(u) and by (u+t8)—by(u) = Bit+Bat? for all t € R. Considering
u € (0,1)" there are tg < 0 < t; such that w + td € [0,1]" if and only if ¢ € [to,t1].
Concavity of t — br(u + td) implies that by (u + t0d) < bg(u) or br(u + t16) < br(u).
Moreover there are 4, j such that (u +tpd); = 0 and (u+t;6); = 0 by construction, so we

can proceed as in the first step of the proof and use induction to get br(u) > Jd(ar(u)).

Induction Step 2: As a final step we concentrate on permutations 7 € o, not fulfilling
any of the two conditions in 4.6 and start with the following definition and the subsequent

lemma (whose proof can be found in the Appendix).

DEFINITION 4.8. A permutation @ € oy is called almost decreasing if there is at most

onei € {l,...,1—1} so that w(i) < w(i + 1).
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LEMMA 4.9. Let 1 > 1 and w € g;. Then the following two conditions are equivalent:

o There are no 1 < p < q < r <1 so that w(p) < w(q) < w(r), and there are no

1<p<qg<r<s<lsothat w(r) <m(s) <7w(p) <w(q).

1

e 7 or ™~ is almost decreasing.

Having this characterization we can now prove the remaining induction step for those
m € o, fulfilling that 7 or w—! is almost decreasing. Notice that w.l.o.g. we may assume
that @ € o, is almost decreasing since defining v € A, by v; = Ur-1(;) for every i €
{1,...,n} yields ax(u) = axr-1(v) as well as by (u) = br-1(v). Both subsequent lemmata

are therefore only stated and proved for almost decreasing .

LEMMA 4.10. Suppose that n > 3 and that by, (v) > ¥(aw(v)) holds for all (w,v) €
Om X Ay, with m < n. If © € oy, is almost decreasing with w(1) = n or w(n) = 1 then

br(u) > Y(ax(w)) holds for every u € A,,.

PROOF. As before we may assume uw € (0,1)". Suppose that w(1) = n. Defining

(7' u') € op1 X Ay_q by #'(4) = w(i+ 1) and u) = "= for every i € {1,...,n— 1} and

1—u1

considering

N __ 1 g .
ar(u') = E=AE Z Ul

2<i<j<n:{i,j}€l~
yields that ar(u) = (1 — u1)%ax (u') + ui(1 — u1). Analogously, using
)= s Y u;
o (u') = A= a)? U U

2<i<j<k<n:{i,5,k}€Qx

we get byr(u) = (1 — u1)3bp (u') + ui(1 — u1)?ar (u'). To simplify notation let 7; denote
the decreasing permutation in oy for every k € N. Choose uf,...,u]_; € A,_1 such that
az. (") =ar(u) and bz, (u”) = I ax (u')). Define @ = (U1, ...,uy,) by 43 = u; and
;= (1 —up)u)_, for every i € {2,...,n}. Then 37 @ = ug 4+ (1 —ug) Y07 u” =1 and

we get
az, (@) = (1 —w)’az, ,(u") +ur(l— 1) = ax(u)
as well as

bx (@) = > ity + i > @,

1<i<j<k:{i,5,k}€Qx, 1<j<k:{jk}€lx,

= (1 —u1)bz, ,(u") +ui(l —u1)’az, ,(u").
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Altogether this yields

The proof of the case w(n) = 1 is completely analogous.

The following final lemma assures that in case of almost decreasing 7 € o, with 7w(1) # n
and m(n) # 1 we cannot be on the boundary of Q4. Note that in the proof we do not

make use of the induction hypothesis.

LEMMA 4.11. Suppose that n > 3 and that 7 € oy, is almost decreasing with w(1) # n
and w(n) # 1. Then for every u € A, N (0,1)™ we have

by (1) — 9(an(u)) > min {bw(v) — aw(T)) W € o, v € An}

PROOF. First note that the existence of the minimum is assured by the fact that o, is
finite and A, is compact. Set k:= 7w 1(1). Then 1l ==w(k) <w(k—1) <---<7w(l) <n
and 1 <m(n) <---<mwk+2) <w(k+1),s0 w(k+1) =n. Define (', u) € 0, x A, as
follows: ©'(i) = mw(i) for i ¢ {k,k+ 1}, ' (k) =w(k+1) =nand n'(k+ 1) = =w(k) = 1;
uy = u; for i ¢ {k,k + 1}, uj, = upy1 and vy = ug. Then it is straightforward to verify
that ar (u') — ar(u) = uguk1 and

by (') — b (u) = — Z Uk U1 Us s
ik k1
holds, which, considering that n > 3 implies ar (u') > ax(u) and br(u') < br(u).
Having this we get br(u) — d(ax(u)) > bp(u') — Haq (u')) since ¥ is non-decreasing,

which completes the proof.

Since Lemma 4.11 implies that in order to prove inequality (23) for every ® € o, and
u € A, it is not necessary to consider almost decreasing permutations 7 with (1) # n

and 7(n) # 1 the proof of Theorem 4.1 (hence the one of Theorem 3.6) is complete.

5. Additional related results
So far we have shown that {2 C Q0¢. We now prove that the two sets are in fact identical.

THEOREM 5.1. The precise T-p region 2 coincides with Q. € is not convexr.
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PRrOOF. The construction of ® implies the existence of a family (A¢)yep,1) of shuffles

of M fulfilling that the map ¢ — A; is continuous on [0, 1] (w.r.t. ds) and that

(4t —1,®(4t — 1)) ift € [0,1]

= (7(Ay), p(Ay)) =
() = (7(Ar), p(Ar)) (3—4t,—d(at—3)) ifte[L1].

(26)

Obviously the curve 7 : [0,1] — [—1, 1]? is simply closed and rectifiable. For every s € [0, 1]
consider the similarities fs, gs : [0,1]2 — [0,1]2, given by fs(z,y) = s(z,y) and gs(z,y) =
(1 —38)(z,y) + (s,s) and define the operator Oy : C — C implicitly via

Houa) = sphy + (1 — ).

Notice that Os(A) is usually referred to as the ordinal sum of M, A with respect to the
partition [0, s), (s, 1], see Durante and Sempi (2015). Then we have ds(Os(A), Os(B)) <
deo(A, B) for all A, B € C and every s € [0, 1], and the mapping s — Os(A) is continuous
for every A € C. Consequently, the function H : [0,1]?> — [~1,1]2, given by

H(S, t) = (T(Os(At))v p(Os(At)))

is continuous and fulfils, firstly, that H(0,t) = ~(¢) and H(1,t) = (1,1) for every ¢ € [0, 1]
and, secondly, that H(s,0) = H(s,1) for all s € [0,1]. In other words, H is a homotopy

and ~y is homotopic to the point (1, 1) (see Figure 3), implying 2 = Qg. Since & is strictly

2—(n—1)
n—1

concave on each interval [2_7", | with n > 3, Q = Qg cannot be convex.

Considering that the operator Og : C — C maps the family of all shuffles of M into itself
for every s € [0, 1] the proof of Theorem 5.1 has the following surprising byproduct:

COROLLARY 5.2. For every point (x,y) € Q there is a shuffle h € S such that we have
(7(An), p(An)) = (2,y).

Additionally, Theorem 5.1 also implies the following result concerning the possible range

of Spearman’s p if Kendall’s 7 is known (and vice versa):

COROLLARY 5.3. Suppose that X,Y are continuous random variables with 7(X,Y) =
70- Then p(X, Y) € [@(7‘0), —@(—To)].

REMARK 5.4. Due to the simple analytic form of ® it is straightforward to verify that

4 4 2
Aa(Q) == — —((3) + —n? ~ 1.1543
S =5 - SC@) + ,
whereby ((3) = 3%, . Considering that A2(€) = £ ~ 1.1667 this underlines the quality

of the classical inequalities.
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Fig. 3. The curves v,(t) = H(s,t) fort € [0,1] and s € {15, ..., 15} with H being the homotopy
used in the proof of Theorem 5.1 (left panel); the region corresponding to conjecture (C1) for the

class of exchangeable copulas (right panel). The red lines depict the boundary of €.

6. Conclusions and future work

Although Kendall’s 7 and Spearman’s p are both measures of concordance, they quantify
different aspects of the dependence structure (Fredricks and Nelsen, 2007). The results
established in this paper do not only answer the open question about how much they
can differ in a definitive manner, they also show for which dependence structures the dis-
crepancy is maximal and, more surprisingly, that mutually completely dependent random
variables cover all possible joint values of 7 and p. Although mutual complete dependence
might be considered a highly atypical dependence structure, it naturally appears in vari-
ous practical settings, in particular in optimization problems like for instance in worst-case
value-at-risk scenarios (Makarov, 1981).

To the best of the authors’ knowledge the combination of combinatorical and continuity
arguments used in the proofs is novel. The authors conjecture that this combination may
also prove useful in various other problems - in particular concerning open questions in
complete mixability, where many important recent results are based on combinatorical
arguments and discretizations (Wang, 2015).

Having at hand a full characterization of €2 the question naturally arises, how much
7(A) and p(A) may differ if it is known that A € C is an element of a given subclass of
copulas. The authors are convinced that the problem of determining the exact 7-p region
for subclasses may in some cases be even more difficult than answering the sixty year old

question about €2 has been, in particular for classes where there are no simple explicit
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formulas for 7 or p. Based on numerous simulations and analytic calculations the authors

conjecture that the following inequalities hold for the class of exchangeable copulas Ce;,

the class of extreme-value-copulas C., and the class of Archimedean copulas Cg;-:

(C1) Conjectured (sharp) inequality for A € Cep: Ley(7) < p < —®(—7), where

(C2) Conjectured inequality for A € Cep: Ley(T) < p < Rey(7), where Ley(7) = 22

— 11 —7)2t

Rey(T)

= 2478

®(7)
min 4 BT _ 2+(=Dn _ (n—3)(=1+n+(14n)7)3/?
I+n (14+n)? 2(n+1)2v/n—1
3T (n—2)%4+n N (n—4)(—2+n+n7)3/?
n n? 2n2y/n—2
—1+4+67-37%/2
2 )
4 (14-37)3/2
st Tt 1w —

3T

3

)

)

if T e [2=n w],nzi’)odd,

n ’ n—1

ifre [Q_J 72_(171)

n ’ n

]7n23even,

S

ifre [0, 8-2

I

if 7 e [2=3¥21].

NS

241 and

(C3) Conjectured inequality for A € Cur: Lgr(7) < p < —®(—7), where Ly (1) =

7T_52T Lo,y (7) + =55

Ml[—l,o)(ﬂ

Notice that the set determined by the inequalities in (C2) is strictly contained in the region

determined by the famous Hutchinson-Lai inequalities (Hiirlimann, 2003). Furthermore

we remark that we were able to prove that for each z € [—1, 1] there exists an exchangeable

copula A € Cp with (7(A4),p(A)) =

(, Lez (7)) and a sequence (Aj,)nen of Archimedean

copulas such that (7(4,),p(4,)) — (z,—®(—z)) for n — oo. The right-hand side of

Figure 3 and Figure 4 depict the corresponding regions.

1,

Poso

0.00
0

1

Fig. 4. The region corresponding to conjecture (C2) for the class of extreme-value copulas (left

panel) and the one corresponding to conjecture (C3) for the class of Archimedean copulas (right

panel); the green lines depict the Hutchinson-Lai inequalities, the red ones the boundary of Q.
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7. Appendix

PROOF (OF LEMMA 3.2). Since it is straightforward to verify the first inequality we
start with the proof of the second one. Using s? — 5?71 = (85 — sj—1)(s5 + s5j-1) =

wj (23 g uk +uj) we get

n Sj 1
wvsum(ir) =32 [ [ 10, )11, 1m0 (0= ) IA@ING)
j=17851

=§:) [ [ o-nawo

iri<j,
(i) > ()
n 55 1
2
:5 E / Yui = SU; — Ui E u | dA\(y)
=1 i<y, Sj—1 k:k<i
w(i)>m ()
n
1 1,
= g E Uity 2 E up + uj Uity T Uil g U
=1 i:i<j, l:l<j k:k<i
I= wsm) < <
Lo 1,
= E UjU; g ul+§uiuj—§uiuj—uiuj E Uk
i<it l:l<y k:k<i
w(@)>m ()
}: L 2 1, 2:
= §uiuj + iul u; + UiU UK
i<j: kii<k<j
(i) > ()

The third equality follows from

br(u) = inv(hgqy)—2invsum(hy o)
= E UiU UL + E U U;UE + g Ui U UL
k<i<j,m(i)>m(j) i<k<j,w(i)>m(j) i<j<k,m(i)>w(j)
2 2
+ g U; u; + g Ui
i<g, w(1)>m(5) i<j, 7 (@) >7(5)
— g u?uj — g uluj2 -2 E Ui U
i<j, w(1)>m(5) i<g, w(1)>7(5) i<k<j,m(i)>m(j)
= g UUjUE + E UiU U — g Ui U U,
i1<j<k,w(j)>m(k) i<j<k,m(i)>m(j) 1<j<k,mw(i)>m(k)
= E UiU UL + E UUjUE + E Ui U UL
i<j<k, i<j<k, 1<j<k,
(i) > (5) > (k) w(§)>m(i)>m(k) () > (k) > (i)
+ E Ui U UL + E Ui UjUE + E U U5 UL
i<j<k, i<j<k, i<j<k,
(k) > (i) > () (@) > (k) > () (i) > (5)>m (k)
— E U;UjUE — E U UjUL — E Ui U5 UL
i<j<k, i<j<k, i<j<k,
7 (j)>m(i)>w(k) (i) >7w(j)>m(k) (i) >7w(k)>7w(j)
= E UiU UL + E UUjUE + E Ui U UL -
i<j<k, i<j<k, 1<j<k,

(i) > (§)>m (k) (§)>7 (k) > (i) 7 (k) > (i) > (5)
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PRrROOF (OF LEMMA 3.5). To simplify calculations let e;(v) denote the i-th elementary
symmetric polynomial for i € {1,2,3} and v € R", i.e. e1(v) = >, vi, ea(v) = 3, viv;
and e3(v) = >, vivjvg. Using v? = e1(v)? — 2ez(v) it follows that

v (o ae) = €(w) = %<e1(u)2 _ Zu2> - %(1 - Zuz)

3 K3

= (P (= (- 1?) = e 1) %TQn(n _).

2
Moreover, con51der1ng r € [% %1] we get inv(hnq) € [% - m,% — ﬁ], implying
T(Ap,,) € [-1+ 2,1+ % which completes the proof of the first assertion. Using
Yvd=ei(v) - 361( Jea(v) + 3es(v) and Lemma 3.2 moreover it follows that
invsum(fn) = 5 () ~ %b,,(h) - %eg(u) - %eg(u)

_ 1( 2“3 — 1el (u)? +61(U)€2(U)>

Again considering r € [%,

%] we get invsum(hzr o) € [5 — ST 6 55, implying

p(An,.) € [-1+ n27 -1+ 12 ) 5], which completes the proof.

PROOF (OF LEMMA 4.4). The expression for ar(u + td) — ar(u) is easily verified:

ae(u+18) —an(u) = Y ((ui+6t)(uj + t) — uyuy)
i<j, {4, }€lx
=1t Z dju; + Ouj + t2 Z 0;0;

i<j, {i,j} €l i<g, {4, }€lx

=1 Z (5iuj + Z (5iu]' + t2a2

j<i {ij}ELx i<j, {i.j}ELx
n n
=t> & Y ujttar=t» &ia;+ 70y = axt + ast’
i=1  j:{ij}el. i=1

To derive the expression for by (u + td) — br(u) notice that

br(u+t6) — bp(u) = Z ((u; + 05t) (uj + 9;t) (g, + Oxt) — wjujug)
1<j<k,{i,j,k}€EQ~

= > 8:0;0kt> + 80 jupt® + 80y u it
i<j<k,{i,,k}EQx

+ 6j5kuit2 + drusuit + o uupt + djujupt
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=3 > 5601

i<j<k,{i,j,k}€Q~
+ ¢2 Z 0;0 up, + 0;0puj + 050ru;
i<j<k,{i,j,k}€EQ~

+1 Z Opusuj + 0juiur + Oujuy = Bit + 52t2 + B3t3
i<j<k,{i,j,k}€Q~

since
E 6i5juk + 51;5kuj + 5j5kui
i<j<k:
{i,J,k}€Qx
= E 51(5]'&;@ + E (515316]@ + E (5,(5]1%
i<j<k: i<k<j: k<i<j:
{i,k,j}€Qx {i,k,i}E€EQH {k,i,i}E€EQm
= E 5@'53’ E U, + E U + E U
1<j i<j<k: i<k<j: k<i<j:
{i,k,i}E€EQH {i,k,i}E€EQH {k,i,i}€EQx
== E 5153 E U = E 51'5]'61'7]‘ :ﬂg
1<J k:{i,k,j}EQ~ 1<J
and

E 5kuiu]~ + 0juiuy + 5iuju;€
i<j<k:
{i,4,k}€Qw

= Z 5kuz’uj + Z 5juiuk + Z 5inuk

i<j<k: i<j<k: i<j<k:
{04,k }EQm {04,k }EQn {05, k}€Qn
= E (5iujuk + E 5iujuk + E 5iujuk
J<k<i: J<i<k: i<j<k:
{i,d.k}EQHm {i,4,k}€Qx {i,4,k}€Qx
n
= E 57, E Uj’LLk-i- E UjUg + E UjUL
=1 j<k<i: j<i<k: i<j<h:
{i,,k}€Qx {i,4,k}€Qx {i,5,k}€Qx
n n
= E d; E ujug = E dibi = fi.
=1 j<k =1

PrOOF (OF LEMMA 4.5). The inequality ¢, , > 0 immediately follows from w1, ..., u, >

0. Let

o o 1 if (i <jand w(i) > w(j)) or (j <iand w(j) > w(i)),
Wi, 4) = (4, 1) =
—1 otherwise

and

Yok = 5 (1 + a6 )i B, b)) € 0,1}
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for every 7,7,k € {1,...,n}. Then we have {7, j,k} € Qr if and only if (7, j)c(j, k)c(i, k) =

1 if and only if v; ;1 = 1. Therefore ¢; j = > vi jkur for every i,5. So

Cpr + Cqor — Cpg = E (Yo, + Vauri — Vpagi) Wi

)

and it is enough to prove vy ;i +Yq,ri = Vp,q,i for every i. If v, 4 =00r vy i = 1 Or 7g s =
1, then this is clear. So suppose indirectly that ~,,; = 1 and vp,i; = Yg,r; = 0. Then

up, @)up,i)uq,1) = 1, u(p,r)u(p,i)e(r, i) = —1 and «(q,7)e(q,4)e(r, i) = —1. Multiplying
these together, we get that «(p, ¢)u(p,7)e(q,7) =1, s0 Ypqr = 1. However {p,q,7} ¢ Qx,

SO Yp,q,r = 0, contradiction.

PROOF (OF LEMMA 4.6). (i) Suppose that there are p < ¢ < r such that = (r) >
m(q) > w(p). Let 6; = 0 for every i # p,q,7. We can fix a nonzero solution (6, dq,0,) €

R3\ {0} to the following system of homogeneous linear equations:
Op +0q + 0, =0, apdp + aqéq + aro, = 0.

Then ) ,6; = 0, oy = 0, moreover {p,q},{p,r},{q,r} ¢ Ir and {p,q,7} ¢ Qx, s0 a2 =
B3 = 0. The numbers 0,04, 6,0,, 640, cannot be all negative, so e.g., 6,0, > 0. Then using
Lemma 4.5 we obtain
Ba = cp,q0pdq + Cp,rOpdy + Cqr0q0r < (Cpr + Cq,r)0p0q + Cprpbr + Cq,r0g0r
= Cpr0p(0g + 0p) + Cqr0q(0p + 6,) = —cp7r<5§ - cq,,,ég <0.
Now suppose that there are p < ¢ < r < s such that w(q) > w(p) > w(s) > =(r).

Let §; = 0 for i # p,q,7,s. We can fix a nonzero solution (&, &, 6, d5) € R*\ {0} to the

following system of homogeneous linear equations:
Op + 04 =0, Or + 05 =0, apdp + aqéq + ardy + asds = 0.

Then ) ,0; = 0, a1 = 0, and ag = 3,0, + 9p0s + 9q0r + 6405 = (8 + 0q)(0r + d5) = 0.
Moreover {p,q,7},{p,q,s},{p,7, 5},{¢ 7,5} ¢ Qxr, so f3 = 0. We claim that

2 2
B2 = _Cp,q‘sp + (epsr + Cqs = Cps — Cq.)por — Cr 50, < 0.

Let d = ¢pr+cqs—Cps—Cq,r- Lemma 4.5 implies that ¢, ¢ > |cqr—cpr| and ¢, g > |cps—Cq.sl,
80 2¢p,q > [Cqr — Cpr| +[eps — Cq,s] = |d|. Similarly, ¢, s > [cpr —cps| and ¢rs > |egs — ol

SO 2¢ys 2> |d| too. Since either —d < 0 or d < 0, the equations
2By = —2¢p465 + 2d0,0, — 2¢7,507 = —d(5p — 6,)* — (2¢pq — d)52 — (2¢r,s — d)57.
= d(6p + 6:)* — (2¢p,q + )02 — (2615 + d)57

imply that o < 0.
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PROOF (OF LEMMA 4.9). Each of the two conditions is true for 7 if and only if it is
true for w=1. It is easy to see that the second condition implies the first one. Conversely,
suppose that 7 (and hence also w~1!) satisfies the first condition. We prove by induction
on [. The statement is trivial for [ = 1, so let [ > 2. If w(l) = 1 then we can use the
induction hypothesis for m[¢; ;13 € oy-1. If w(1) = [ then we can use the induction
hypothesis for 7’ € 0,1, where ©/(i) = w(i + 1) — 1 for every i € {1,...,1 — 1}. So we
may assume (1) # [ and 7(l) # 1.

Suppose that w=1(l) > 7~ (1) and set k = w~1(I). If #=%(1) < k—1 < k, then
1=mn(r"1(1)) < w(k — 1) < w(k) = I, which contradicts the condition on . Consider
7w~ 1(1) = k—1. Ifi < j < k, then we cannot have 7 (i) < m(j), because then we would have
7(i) < w(j) < w(k) = [, contradicting the condition on 7. If k—1 < i < j then we cannot
have (i) < m(j), because then we would have 1 = w(w~1(1)) = w(k — 1) < w(i) < w(j),
contradicting the condition on 7. So m(i) > w(i + 1) for every i € {1,...,1 — 1} \ {k},
hence 7 is almost decreasing.

Now suppose that w=1(I) < w~1(1). If w(I) < m(1), then the condition on 7 is false
forp=1,qg=n"11),r=n"11),s =1 Sow() > mn(1) and (w#~1)~1(1) > (#~H)~1(1).

Applying the previous paragraph to ! shows that w~! is almost decreasing.
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