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Abstract

Asymmetry of dependence is an inherent property of bivariate probability distributions. Being sym-
metric, commonly used dependence measures such as Pearsons 7 or Spearmans p mask asymmetry
and implicitly assume that a random variable Y is equally dependent on a random variable X as
vice versa. A copula-based, hence scale-invariant dependence measure called {; overcoming the just
mentioned problem was introduced in 2011. ¢; attains values in [0, 1], it is 0 if, and only if X and
Y are independent, and 1 if, and only if Y is a measurable function of X. Working with so-called
empirical checkerboard copulas allows to construct an estimator (7’ for ¢; which is strongly con-
sistent in full generality, i.e., without any smoothness assumptions on the underlying copula. The
R-package qad (short for quantification of asymmetric dependence) containing the estimator (7} is
used both, to perform a simulation study illustrating the small sample performance of the estimator
as well as to estimate the directed dependence between some global climate variables as well as
between world development indicators.
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1. Introduction

Despite the omnipresence of asymmetry in bivariate distributions all standard methods (applied
throughout all fields of science) quantifying the statistical dependence between random variables

X and Y largely ignore this key aspect. In fact, classical ’dependence’ measures like Pearson’s r,
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Spearman’s rank correlation p or Kendall’s 7 are applicable only in specific situations (linearity or
monotonicity/concordance) and are by construction symmetric and hence undirected, insinuating
that the random variable X is equally dependent on the random variable Y as vice versa.

As a matter of fact, also in many real-life situations dependence between random variables is
asymmetric (see, e.g., [1, 2, 3, 5]). Considering, for instance, only symmetric dependence measures
may lead to wrong risk assessments in stock market trades (see [30]), or to inaccurate gene network
reconstructions (see [43] and the references therein). Moreover, analyzing networks via Pearson’s
r or Spearman’s p inevitably leads to symmetric community structures and functional linkages
between organisms or individuals and may complicate the understanding of microbial, biochemical
and genetic causes for human diseases (see [27]).

In the course of an extensive literature research we found additional, more sophisticated depen-
dence measures, including, e.g., distance correlation R (see [41]), the maximal information coefficient
(MIC) (see [34, 36, 35]), Linfoot correlation (see [26]), robust copula dependence (RCD) (see [4]),
and Schweizer and Wolft’s famous o (see [38]). These methods detect independence in the sense
that the measure m fulfills m(X,Y) = 0 if, and only if X and Y are independent and are, to a cer-
tain extend, capable of quantifying symmetric non-linear dependence. Nevertheless, none of these
approaches assigns maximum dependence exclusively to pairs (X,Y") of random variables in which
Y is a measurable function of X (but not necessarily vice versa). The mutual-information based
method MIC assigns maximum dependence to (X,Y) if Y is a measurable function of X or vice
versa, in which case we have MIC(X,Y) = MIC(Y,X) = 1. The reverse implication, however,
does not hold, i.e., we can have MIC(X,Y) = 1 although neither Y is a measurable function of
X nor vice versa (see Example Appendix A.1). According to Rényi’s axioms (see [33]) a bivariate
dependence measure must be symmetric. Considering, however, that bivariate distributions may
be highly asymmetric we are convinced that a good and applicable dependence measure should
be capable of detecting this asymmetry and assign the pair (X,Y) a different value than the pair
(Y, X). Figure 1, e.g., depicts a U-shaped sample of size n = 500. In this case knowing X strongly
improves the predictability of Y - we gain a lot of information about Y by observing X - whereas
the information gain in the other direction is significantly smaller.

Ignoring asymmetry in dependence means ignoring valuable information. To the best of the
authors’ knowledge up to now there exist only two measures m quantifying the dependence of all

pairs of continuous random variables (X,Y") which fulfill the following five natural requirements:
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m(X,Y) € [0,1] (normalization)
m(X,Y) # m(Y, X) for at least a pair (X,Y) (asymmetry)
m(X,Y) =0 if, and only if X and Y are independent (independence)

m(X,Y) =1if, and only if Y is completely dependent on X, i.e., if there exists a measurable

function f: R — R such that Y = f(X) almost surely (complete dependence)

If 7,5 : R — R are strictly monotone then we have m(T o X, S oY) = m(X,Y) (scale

invariance)
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Figure 1: Sample of size n = 500 from an asymmetric random vector (X,Y). Knowing the value of X allows to
predict the value of Y much better than vice versa (magenta). Standard methods for quantifying dependence are
not capable of detecting the asymmetry - we get the following values: Pearson’s r: r(X,Y) = r(Y,X) = 0.04,
Spearman’s p: p(X,Y) = p(Y,X) = 0.02, Kendall’s 7: 7(X,Y) = 7(Y, X) = 0.01; Székely’s distance correlation R:
R(X,Y) =R(Y,X) = 0.50. On the other hand, calculating our measure ¢ in both directions yields (}"(X,Y) = 0.89
and ¢7(Y, X) = 0.47.

These measures are (; introduced by Trutschnig in 2011 (see [42]) and the so-called measure of
regression dependence mrd introduced by Dette et al. in 2013 in [8], which can also be regarded as
the L2-version of ¢;. In this paper we focus on (i, the results, however, can directly be translated

to mrd. ¢y is constructed via the Markov kernel (conditional distributions) of the (unique) copula
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C underlying the pair (X,Y") and is defined as the so-called D;-distance of C' to the product copula
IT describing independence. In fact, letting K4, K denote Markov kernels of the bivariate copulas

A, B, the D;-distance is given by

Dy(A,B) = /H /H K a2, 0,4]) — Kp(, 0, y])] dA(z)dA(y)

and (1(C) € [0,1] is defined as (;(C) = 3 D;(C,II) whereby 3 is just a normalizing constant. In

other words, we have

G(0)=3 /H /[ | A [0.6) —yl XA

For proofs of the fact that ¢; fulfills the requirements (R1)-(R5) and for additional information on
Dy and (; we refer to [42], in this paper we focus on how to estimate (j.

Considering that (3 is constructed via conditional distributions it is apriori unclear if good
estimators can be found at all, and, in the positive case, how restrictive the required smoothness
assumptions are. In this paper we construct a simple estimator (7’ for ¢; which is based on so-called
empirical checkerboard copulas and show the surprising fact that this estimator is strongly consistent
in full generality, i.e., without any smoothness assumptions on the underlying copula. Due to its
good performance we implemented the estimator in the R-package qgad (short for quantification of
asymmetric dependence). Using qad we then estimate the directed dependence between some global
climate variables as well as between world development indicators, and perform a simulation study

illustrating the small sample performance of our estimator.

Remark 1.1. The estimator ¢ returned in the output of the functions contained in the R-package
qad (see [14]) is exactly the estimator (}* studied here. We opted for the name ¢ in the R-package

solely for the sake of simplicity and convenience.

The rest of the paper is organized as follows: Notation and preliminaries are reviewed in Section

2. Section 3 recalls the definition of an empirical checkerboard copula, sketches the idea underlying
the estimator (' and provides the main theoretical result of the paper, i.e., strong consistency of
. Section 4 presents a simulation study analyzing the small sample performance of the estimator
for three different families of dependence structures. Again using the R-package gad the afore-
mentioned dependence between global climate variables and between world development indicators

is estimated and illustrated in Section 5. Finally, Section 6 provides an outlook and completes the

paper.
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2. Notation and preliminaries

Throughout the paper R will denote the real numbers, N the natural numbers, C will denote
the family of all two-dimensional copulas (for background on copulas we refer to [10, 12, 28] and
the references therein). For every copula A € C the corresponding doubly stochastic measure will
be denoted by pa. As usual, doo(A4, B) will denote the uniform metric on C, i.e. du (A, B) =
max(s yyefo,1]2 |A(2,y) — B(x,y)|. It is well known that (C,d.) is a compact metric space. For
every metric space (2, d) the Borel o-field will be denoted by B(€2) and A will denote the Lebesgue
measure on 5([0, 1]).

A mapping K : R x B(R) — [0,1] is called a Markov kernel from R to B(R) if = — K(z, B)
is measurable for every fixed B € B(R) and B — K (z, B) is a probability measure for every fixed
x € R. A Markov kernel K : R x B(R) — [0,1] is called regular conditional distribution of a

(real-valued) random variable Y given (another random variable) X if for every B € B(R)
K(X(w), B) = E(lp o Y|X)(w)

holds P-almost surely, whereby 1 5(z) denotes the indicator function. It is well known that a regular
conditional distribution of Y given X exists and is unique PX-almost sure. For every A € C the
corresponding regular conditional distribution (i.e. the regular conditional distribution of Y given
X in the case that (X,Y) ~ A) will be denoted by K 4(-,-). Note that for every A € C and Borel
sets E, F € B([0,1]) we have

/EKA(:U, F)aA(z) = pa(E x F).

For more details and properties of regular conditional distributions and disintegration see [18, 22].
In the sequel we will mainly work with the metrics D; and Do, introduced in [42]. These metrics

are defined by

Dy(A, B) := /H /H K a2, [0.9]) — Kp(z, [0, 4])] dA(z) dA(y)

=:® 4 5(y)

and

Do (A,B) := sup P4 p(y),
y€[0,1]
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respectively. According to [42] @4 g : [0,1] — [0, 1] is Lipschitz-continuous with Lipschitz constant
2 and both metrics generate the same topology (without being equivalent). The resulting metric

space (C,Dy) is complete and separable and it can be shown that, firstly, D;(A,II) attains only

values in [O, %] and that, secondly, D;(A4,1I) is maximal if and only if A is completely dependent,
i.e. if a A-preserving transformation h : [0,1] — [0, 1] exists such that K4(z, {h(z)}) = 1 for M-a.e.
x € [0,1]. In the sequel we will let C4 denote the family of all completely dependent copulas, and
write Ay, and Kj(-,-) for the completely dependent copula and the corresponding Markov kernel
induced by the A-preserving transformation h, respectively. For equivalent definitions and properties
of completely dependent copulas we refer to [42] and the references therein.

We recall the definition of the dependence measure (; fulfilling (R1)-(R5) in the Introduction

and introduce the notion of (dependence) asymmetry:

Definition 2.1. Suppose that X, Y are continuous random variables with joint distribution function

H and copula A. Then the dependence measure (; is defined as
Q(X,Y) = Gi(A) := 3D (A, ). (1)
The induced measure of (dependence) asymmetry « is given by
a(X,Y) = a(4) = (4) - (A7) € (-1,1), (2)
where A' denotes the transpose of A, i.e. Al(z,y) = A(y,z) for all z,y € [0,1].

Remark 2.2. The measure of (dependence) asymmetry « quantifies if knowing X on average
increases predictability of ¥ more than vice versa but says nothing about the distances d (A, A?)
or Di(A, A"). In fact, it is even possible to construct a copula A which has maximal d..- (or
D;-) distance to its transposed copula A' and nevertheless fulfills a(A) = 0 (see, for instance, the
mutually completely dependent copulas with maximal ds- (or D;-) asymmetry as studied in [19]

or [29].

3. Estimating ¢1(X,Y)

We first recall the notion of an empirical copula (E,,), sketch why it is not possible to estimate
¢1(A) by simply plugging in the empirical copula, i.e., by (1 (E,), and then introduce the so-called

empirical checkerboard copula/aggregation and prove strong consistency.
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3.1. Empirical (checkerboard) copula

Let (X,Y) be a random vector with continuous joint distribution function H, margin distribu-
tions F,G and copula A € C. Furthermore let (z1,v1),...,(Zn,y,) denote a sample of (X,Y),
H,, the bivariate empirical distribution function and F,, G, the univariate empirical marginal
distribution functions. Sklar’s Theorem (see [40]) implies that there exists a unique subcopula

E/ : Range(F,) x Range(G,) — Range(H,,) (see [28]) fulfilling
Hy(2,y) = By, (Fu(2), Gn(y)),

for all (x,y) € Range(F,) x Range(G,,). Since X,Y are assumed to be continuous random variables
ties only occur with probability 0 so Range(F,) = Range(G,) = {0, %, e ”T_l, 1} holds almost
surely. There are infinitely many ways to extend E!, to a copula, in the sequel we will only work
with the bilinear interpolation (see [28]) and refer to this extension E,, simply as empirical copula

of the sample (x1,y1), ..., (Tn,yn) (also see [7, 13]).

Remark 3.1. The R-package gad (available on CRAN [32]) calculates the empirical copula also in
the case of ties (the construction method via bilinear interpolation is exactly the same). If there
are no ties the package calls the function C.n from the copula-package (see [16, 44]), otherwise it
uses an internal function to calculate the empirical (checkerboard), i.e. in both cases E,, is really a
copula. In what follows we only consider the case of continuous random variables since in this case

the underlying copula is unique.

The following result for empirical copulas is the key for proving consistency of our empirical

checkerboard estimator (7.

Theorem 3.2 (Janssen, et al. [17]). Let (X1,Y1), (X2,Y3),... be a random sample from (X,Y) and
assume that (X,Y) has continuous joint distribution function H and copula A. Then the following
asymptotic result holds for the empirical copula E, with probability 1:

doc (Ep, A) = O ( IOg(IOg(”))> (3)

n

Estimating ¢; by (1 (F,) only produces a reasonable estimator if A is completely dependent -
the following result holds:
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Proposition 3.3. Let (X1,Y1), (X2,Y2),... be a random sample from (X,Y), whereby (X,Y) has

continuous joint distribution H and copula A. Then with probability 1 we have

1
lim D (B, 10) = 3.

n— oo

Proof. For every z € [0,1] there exists exactly one i(z) € {0,1,...,n — 1} such that

e (e 2] -

holds. As direct consequence we get
DiELI) = [ [ K, (0.[0.0) - ol dA)AAW)
[0,1] J[0,1]

> /H /[H(] K, (2,0, 5]) — y| dA(y)dA ()

N /[0,1] (/[Ownr)] ydA(y) + /[W 1](1 ) dA(?J)) d\(x)

n )

:1+1+1+/[0,1]Z(962)2dx—/[0’1]2(x)dm+/[ @das.

2 n  2n? n n 0] M2

=:I7 =:13 =:13

1

A straightforward calculation shows lim,, ;. I = %, lim, o I3 = 5 and lim, . I3* = 0, hence,

considering D1 (E,,II) < % the desired result follows. O

Loosely speaking, the main problem with the empirical copula is that it is very close to complete
dependence (the corresponding kernels concentrate mass on intervals of length %) One possibility
to overcome the problem is to simply smooth/aggregate the empirical copula and use Bernstein-,
Beta- or so-called Checkerboard-approximations of the empirical copula (see [6, 9, 23, 31, 37, 39]).
Considering the simplicity of checkerboard copulas (they are merely two-dimensional histograms),
the generality of the obtained results (no smoothness assumptions) and the low computational
time in comparison to Bernstein- or Beta-copulas the rest of the paper focuses on checkerboards.

Following [24] we proceed in this way: Fix N € N and define the squares RZ]-\J( fori,j € {1,...,N}

by
N_ izl i) |i=1 3
R“_{N’N]X[N ’N]'
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Definition 3.4. A copula Ay € C is called N-checkerboard copula, if Ay is absolutely continuous
and (a version of) its density k4, is constant on the interior of each square Rg . We refer to N as the

resolution of Ay, denote the set of all N—checkerboard copulas by CBy, and set CB = U?:I CBy.

Definition 3.5. For A € C and N € N the (absolutely continuous) copula CBy(A4) € CBy, defined
by

T py N
By = [ [ N wa(RY) g . AN ()

ij=1
is called N-checkerboard approximation of A or simply N-checkerboard of A.
Example 3.6. Suppose that X and Y are independent (so their underlying copula is II) and let

(1,91)s -+, (Tn,yn) be a sample of size n = 100 from II. Figure 2 depicts a scatterplot of the

sample as well as the density of the corresponding empirical 5-checkerboard of E,,.

Density
2.0
15

1.0

o

=

.
®e
o
=

05

0.0+

X X

Figure 2: Scatterplot of the sample (z1,y1),. .., (Zn,yn) of size n = 100 from II (left panel) and image plot of the
density of the empirical 5-checkerboard copula of E,, (right panel).

According to [42] CB is dense in (C,D;). Furthermore, translating the results in [24] to the

metric Dy yields the following:
Theorem 3.7 (Li, et al.). For every copula A € C we have

lim Di(CBy(A),A) =0= lim D)(CBy(A),A").
N —o0 N —o0
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Plugging in the checkerboard approximation C' By (F,,) the empirical copula E,, with resolution
N yields what we will refer to as empirical N checkerboard in the sequel. We will see that (7,
defined by
(1 = G(CBn(E,))

is a strongly consistent estimator if the resolution NV is chosen as a suitable function N(n) of the
sample size n. Before proving this main result in several steps we summarize and illustrate the

chosen procedure (also implemented in the R-package gad):

1. Given a sample (21,y1), ..., (Zn,yn) from a (continuous) random vector (X,Y") (see Figure 3a
and 4a) with copula A we first calculate the so-called pseudo-observations (normalized ranks)
as well as the empirical copula E, (Figure 3b and 4b depict the corresponding empirical
copulas F,, as well as the pseudo-observations).

2. As second step we smooth/aggregate the empirical copula to the so-called empirical checker-
board copula CBy(E,), i.e., the unit square [0,1]? is partitioned into N? squares of equal
size and the total mass per square is calculated. In the package qad the resolution N € N is
chosen as the floor function of the square root of the sample size n. Figure 3c and 4c depict
the resulting N checkerboard copula CBy(E,,).

3. We calculate the estimator (' := (1 (CBn(E,)) of ¢1(A) and interpret it as the dependence of
Y on X, or, equivalently, as the information gain of Y by knowing X (see Figure 3d and 4d).

4. We proceed analogously with the transposed sample (y1, 1), ..., (Yn, Tn) and calculate ¢; (CBy(EL))
as estimator of (J'(A?) (see Figure 3e and 4e).

5. Based on (1 (CBy(E,)) and (1 (CBy(EY)) we calculate
an = G(CBN(En)) — G(CBN(E,))
as estimator of the (dependence) asymmetry a(A) = ¢1(A) — ¢ (AY).

3.2. Strong consistency of (7'

We start with the following lemma linking D, and d, for checkerboards.

Lemma 3.8. For all Ay, By € CBy the inequality

Do(An,By) <2(N — 1)doo (AN, BN) (5)

10
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Figure 3: The bivariate sample (z1,y1),...(Zn,yn) of size n = 30 in panel (a) is drawn from the quadratic, slightly
noisy relationship Y = X2 +¢ with e being normally distributed with mean 0 and standard deviation 0.1. The density
of the empirical copula E3q (together with the pseudo-observations) and the density of the empirical 5 checkerboard
are calculated (b,c). ¢1(CBxn(Ey)) and ¢1(CBy(EY)) are calculated as the average L!-distances of the conditional
distribution functions and the identity function idjg 1} modelling independence, i.e., the area between the colored lines
and the black line is calculated (d,e). The area for the first vertical and horizontal strip is highlighted in magenta.
The obtained values are (1 (CBy(En)) = 0.73, (1(CBn(E?Y)) = 0.41 and o, = 0.32.

holds. Ineq. (5) is sharp, i.e., for every N € N we can find copulas Ay, By € CBy for which
equality holds.

Proof. Fix an arbitrary ¢ € {1,...,N}. Then for every z € [}, %] and y € [0, 1], continuity of

Ap, disintegration, and the fact that K4, (x,-) is constant on each interval of the form (ml , %)

11
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The obtained values are (1 (CBy(En)) = 0.14, (1 (CBN(EY)) = 0.14 and a,(X,Y) = 0.00.

yield

Altogether we therefore get

D (An,By) = sup

y€[0,1]

12

/ Ky (2, [0,9]) — K (2 0, 9])] dA(2)
[0,1]

T
Strip 4

T
Strip 5
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— s > /[ Vs (0100 = K (o0, X)

yel0.1] 55 o
N .
= sup Y |An (%,9) — An (5 y) — By (.9) + By (‘F0)|
y€[0,1] ;=1
N—-1 ) )
- {Z\Awm,w—AN(lN%y)—BN( )+ By (523 +
y€[0,1] i=2
+|An(%,9) — Bn(3,9)| + |An (B2 )—BN(Nﬁl»y)‘}

IN

N
<Z AN,BN)> +2doo (AN, Bn)
=2(N deo(An, Bn),

which completes the proof of ineq. (5). Figure A.23 and Figure A.24 in the Appendix depict copulas
Ap, By for which equality holds. Since the construction idea easily extends to arbitrary N € N the

proof is complete. O

As next step we derive a slightly improved inequality linking D; and D, (compare with Theorem

6 in [42] and Lemma 3 in [11]):

Lemma 3.9. Let N € N and Ay, By € CBy. Then the following inequality holds:

N -1

Di(An,By) < ( ) Do (An, Bn). (6)

Inequality (6) is best possible and we have equality if there exists some ¢ € [0, ] such that ® 4, gy (y) =

N
¢ holds on [%, %]

Proof. Considering the facts that ® 4, 5, (0) = ®a, 5y (1) =0 and that y — P4, 5, (y) is piece-

wise linear and Lipschitz-continuous with Lipschitz-constant 2 we get

max Py By(y) = max Pa, By(Y),
from which the assertions follow immediately. O

Considering N-checkerboard approximations of arbitrary copulas can not increase their d..-distance

- the following lemma holds:

13
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Lemma 3.10. For arbitrary A, B € C and their N -checkerboard approzimations CBy(A), CBn(B) €

CByx we have

dso(CBN(A),CBN(B)) < dx(A, B). (7)
The inequality is sharp for every N € N.
Proof. The inequality directly follows from

doo(CBN(A)7CBN(B)) = sup |CBN(A)(xvy) - CBN(B)(xvy)l

(z,y)€[0,1]?
= sup |CBN(A)(z,y) — CBn(B)(z,y)|
(@) E{ s Tt 32

()l .. N5t

< sup |A(.’13,y) —B(l‘,y)|

(z,y)€[0,1]?

= do(A, B).

Considering the fact that for C' € CBy we obviously have CBy(C) = C the inequality is best
possible. O

Combining the previous inequality yields the following corollary:

Corollary 3.11. For arbitrary copulas A, B € C and their N -checkerboard approzimations C By (A),
CBp(B) € CB the following inequality holds:

(N-1)

Dy (CBy(A),CByn(B)) <2 N

de (A, B). (8)

Based on Corollary 3.11 we can now prove the desired strong consistency result for our estimator

(' = G (CBN(ER)).

Theorem 3.12. Let (X1,Y7),(Xs2,Y2),... be a random sample from (X,Y) and assume that (X,Y)
defined on (Q, A,P) has continuous joint distribution function H and copula A. Setting N (n) := [n®]
for some s € (07 %) the following identity holds with probability 1:

n— oo

14
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Proof. Applying Corollary 3.11 and the triangle inequality yields

D1(CBnm)(En), A) < D1(CBnm)(En), CBnmy(A)) + Di(CBym)(A), A)

(N(n) — 1)?
N(n)

< 2N(n) doo(En, A) + D1(CByn)(A), A)

<2 doo(EnvA) +D1(CBN(n)(A)7A)

According to Theorem 3.2 there exists a set A € A with P(A) = 1 such that for every w € A we can

find a constant C(w) > 0 and an index ng = ng(w) € N such that for all n > ng

log(log(n))

doo (B (w), A) < C(w) -

holds. Let € > 0 be fixed. Theorem 3.7 implies the existence of an index n; € N fulfilling
Di(CBym(4),4) < 5

for all n > n;. For every w € A and n > max{ng,n1} we therefore obtain

Dy(CBuy (Bu(e)), 4) < 2N)C(w) [y b 0By (), )
<2C(w)|n’ |n"7/log(log(n)) + %
from which the result follows since 0 < s < % by assumption. O
We conclude this section with proving strong consistency of the estimator

¢ = G (CBym)(En))

of ¢1(A) - notice that no smoothness assumptions are needed.

Theorem 3.13. Let (X1,Y7),(X2,Y2),... be a random sample from (X,Y) and assume that (X,Y")
has continuous joint distribution function H and copula A. Fiz s € (0,%) and set N(n) := |n*] for

every n € N. Then with probability 1 we have

Jim G (CBN(n)(En)) = CG1(A). (10)
Proof. Direct consequence of Theorem 3.12 and the fact that

15
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Remark 3.14. Simulations insinuate that C'Bpy,)(E,) might also be a strongly consistent esti-
mator for more flexible choices of N(n), in particular for the case N(n) := |n°| and some s > 3.
Analogous to the selection of the optimal grid size function B(n) within the calculation of MIC (see
[34]) the choice of the parameter s is essential for the performance of the estimator (J'. Not surpris-
ingly, the optimal value of s depends on the underlying copula: if s increases then the performance
of the estimator {{* improves in the situation of complete dependence, in the independence setting,
however, it decreases. Example Appendix A.3 and Appendix A.4 illustrate this behavior. Since in
all simulation studies covering a broad spectrum of different dependence structures choosing s = %

(or, more precisely, choosing s slightly smaller than % depending on the number of ties in the data)

resulted in good results this value is used in the R-package qad.

Remark 3.15. We conjecture that a strong consistency result analogous to Theorem 3.13 also
holds for Bernstein- and Beta-copulas. Nevertheless, as mentioned in the Introduction, empirical
checkerboard copulas are much easier and faster to compute (even for large sample sizes) and proving
strong consistency of the Bernstein- or Beta estimator in full generality seems even more tedious

than it was in the current setup.

4. Simulation study

If not specified differently throughout this section we consider sy = % and set the resolution to

N(n) := [n®°]. In order to illustrate the small sample performance of our estimator (1 (C By ) (En))
we consider Marshall-Olkin and FGM copulas as well as completely dependent copulas Aj, such that
¢1(Ap) is much greater than ¢;(A}).

4.1. Marshall Olkin family
The Marshall Olkin (MO) family of copulas (Ma,5)a,se0,1] is defined by

-«

a B
%y 1t zy
M, g(z,y) =
xy' =P x® < yf
and contains IT (« = 0 or § = 0) as well as M (a« = f = 1). It was shown in [42] that in case of
a,>0

61— (1-— Z 61— (1~ z+1
(M) = 301 =)+ 1= SO

16
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holds whereby z is defined as z = é + % —1.

To test the performance of ({* for different MO-copulas we considered

(o, 8) € {(1,0), (1,

1),(0.2,0.7),(0.3,1), (1,0.7),(0.5,0.5)}

and generated samples of size n € {10, 50,100,500, 1.000, 5.000,10.000} (see Figures 5, 6, 7, 8,

9, 10 (left panel)) and calculated the empirical N checkerboard copula CBy,)(£,) as well as

C1(CBN(n)(En)). These steps were repeated R = 1.000 times, the obtained results are depicted as

boxplots in Figures 5, 6, 7, 8, 9, 10 (right panel).

1.00 g

0.754 4

0.50

0.25 4

0.00 1

o=1, =0
1.004
0.754 - GMa,p)
oGy
0.50 -
BE (M)
0257 ++ ++ e RS B G
""‘% dr,e .a'%ué 000k I e el
000 025 050 075  1.00 n=10 n=50 n=100 n=500  n=1.000  n=5.000  n=10.000

Figure 5: Sample of size 5000 (left panel) and boxplots (right panel) summarizing the 1.000 obtained estimates for

(1'(Ma,p) (magenta) and ('(

1.00
0.75
0.50 4
0.25 4

0.00 1

fo,ﬁ) (gray). The dashed lines depict (1(M,, g) and Cl(Mé,ﬁ)’

@sih B =1, p=1
e - -
0754 —— - LMo, p)
Sy
0.50
Bl (Mo p)
0.251
EE G, )
0.001
000 025 050 075  1.00 n=10 n=50 n=100 n=500  n=1.000  n=5.000  n=10.000

Figure 6: Sample of size 5000 (left panel) and boxplots (right panel) summarizing the 1.000 obtained estimates for

(1'(Ma,p) (magenta) and (f'(
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fo,ﬁ) (gray). The dashed lines depict (1(M,, g) and Cl(Mé,ﬁ)’
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Figure 7: Sample of size 5000 (left panel) and boxplots (right panel) summarizing the 1.000 obtained estimates for
¢({'(My,g) (magenta) and C{”(Mi ﬁ) (gray). The dashed lines depict (1(M,, 3) and (1(Mé B)'
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Figure 8: Sample of size 5000 (left panel) and boxplots (right panel) summarizing the 1.000 obtained estimates for
(["(Mg,3) (magenta) and (" (M} ) (gray). The dashed lines depict ¢1(Ma,) and (M 8)-

a=1, p=0.7
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B Gy

0.004
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Figure 9: Sample of size 5000 (left panel) and boxplots (right panel) summarizing the 1.000 obtained estimates for
(T (Ma,p) (magenta) and ¢f'(M, ;) (gray). The dashed lines depict ¢1(Ma,g) and ¢1(M/ 4).
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Figure 10: Sample of size 5000 (left panel) and boxplots (right panel) summarizing the 1.000 obtained estimates for
¢({'(My,g) (magenta) and C{L(Mi ﬁ) (gray). The dashed lines depict (1(M,, 3) and (1(Mé B)'

4.2. Farlie-Gumbel-Morgenstern family

The Farlie-Gumbel-Morgenstern family (Go)ge[—1,1] is defined by
Go(z,y) =2y + Ozy(l — z)(1 —y).

According to [42] (1(Gy) is given by

C1(Go) = %

Considering 6 € {—1,—0.5} and proceeding analogously as with MO-copulas before yields the results
depicted in Figures 11, 12 (samples, left panel) and Figures 11, 12 (boxplots, right panel).

0=-1

B (G

L == Rei(eh)

++ ++ ++ P

77 7 11 N L B B - LGy
n=10 n=50 n=100 n=500 n=1.000  n=5.000  n=10.000

Figure 11: Sample of size 5000 (left panel) and boxplots (right panel) summarizing the 1.000 obtained estimates for
(7"(Gy) (magenta) and (](G}) (gray). The dashed lines depict the (1(Gg) = ¢1(Gh).
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Figure 12: Sample of size 5000 (left panel) and boxplots (right panel) summarizing the 1.000 obtained estimates for
(7 (Go) (magenta) and (7(GY) (gray). The dashed lines depict ¢1(Go) = (1(G}).

4.8. Completely dependent copulas with high dependence asymmetry

To test the performance of our estimator in a situation where all classical measures fail we
consider the completely dependent copula Ay, for h(x) = az(modl) and a € {5,10,50}. Samples
of size 5000 are depicted in Figures 13, 14, 15 (left panel). Notice that in these cases we have

(1(Ap,) = 1 whereas according to [42] we have
. t o
Jim G (45,) = 0.
For every a € {5,10,50} we again generated samples of size
n € {10, 50, 100, 500, 1.000, 5.000, 10.000},

calculated the empirical N checkerboard CBy(,)(Ey,) as well as the values (1(CBy(n)(E,)) and
C1(CBy(n)(EL)). These steps were repeated R = 1.000 times. The obtained results are depicted as
boxplots in Figures 13, 14, 15 (right panel). Not surprisingly, the parameter a has a big influence on
the precision of the estimator, the greater a the longer it takes our estimator to pick up the existing
dependence asymmetry. Notice that, however, classical dependence measures like Schweizer and
Wolff’s o [38] are not capable of detecting this asymmetry as in this case both du(A4p,,IT) and
doo (A}, ,IT) are very small since

lim doo(Ap,, 1) =0 = lim de (A}, ,1I).

a— o0 a— o0
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Figure 13: Sample of size 5000 (left panel) and boxplots (right panel) summarizing the 1.000 obtained estimates for
(T'(Ap,) (magenta) and Cf(Aza) (gray). The dashed lines depict (1(Ap,) = 1 (A;La).
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Figure 14: Sample of size 5000 (left panel) and boxplots (right panel) summarizing the 1.000 obtained estimates for
(1 (Ap,) (magenta) and (7'(A], ) (gray). The dashed lines depict ¢1(Ap,) = C1(4], ).
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Figure 15: Sample of size 5000 (left panel) and boxplots (right panel) summarizing the 1.000 obtained estimates for
(T'(Ap,) (magenta) and CIL(A%Q) (gray). The dashed lines depict (1(Ap,) = (1 (A?La).
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5. Real Data Examples

5.1. Global climate

In the context of global warming and changes in precipitation regimes, information regarding
past, present, and future climate at a local scale is required to assess the effects of climate on the en-
vironment. Data can be retrieved from databases that provide climate estimates in high geographic
resolution. Commonly, estimates of temperature and precipitation are used to derive 19 bioclimatic
variables that inform about climate features relevant to biological processes. Since these variables
are based on a limited set of data, there is a strong underlying dependence structure between them,
which, in particular, prevents their independent use in statistical models. We retrieved bioclimatic
variables for n = 1862 locations homogenously distributed over the global landmass from CHELSA
[20, 21] to quantify directional dependence and (dependence) asymmetry between pairs of variables.
As expected, knowing one of the bioclimatic variables reduces the variability of the other ones, a fact

that is reflected by the high dependence scores depicted in the boxplots in Figure 16. We can see

0.0 01 0.2 03 04 05 06 07 08 0.9 1.0

Figure 16: Values of (]* (magenta) vs. values of the squared Pearson correlation r2 (gray) of all 342 = 19-18 pair-wise

associations. Please note that (7 is called ¢ in the R-package gad.

that (' shows generally higher values than the squared Pearson correlation 72, which, considering
that, firstly, (; detects asymmetries, that, secondly, (; is not restricted to any dependence structures
like Pearson’s r and that, thirdly, ¢{* € [0, 1] and tends to 0 from above in the case of independence.
Values of less than 0.25 for sample size n = 300 can therefore be interpreted as 'no dependence in
this direction’. Table 1 summarizes the values of ¢} and 72 for all 1918 pairs considered. Figure 17
depicts all obtained values for ¢ and r? in terms of a heatmap. The heatmap for r? is symmetric,
the one for (7', however, is not.

Many of the pairs of bioclimatic variables exhibited dependence asymmetry (range of «, :
[0.00,0.23]), including annual mean temperature (AMT) vs. annual precipitation (AP) (see Fig-

ure 18a) that would go unnoticed if only Pearson or Spearman correlation would be considered.
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Table 1: Frequency table for the values of (* and the values of r2 for the 19 bioclimatic variables.
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Figure 17: Pairwise values for ¢ (left panel) and r2 (right panel) and the 19 bioclimatic variables measured at
n = 1862 locations homogeneously distributed over the global landmass. Please note that (i is called g in the
R-package gad. Abbreviations: AMT: Annual Mean Temperature; MDR: Mean Diurnal Range; IT: Isothermality;
TS: Temperature Seasonality; MTWM: Max Temperature of Warmest Month; MTCM: Min Temperature of Coldest
Month; TAR: Temperature Annual Range; MTWeQ: Mean Temperature of Wettest Quarter; MTDQ: Mean Temper-
ature of Driest Quarter; MTCQ: Mean Temperature of Coldest Quarter; MTWaQ: Mean Temperature of Warmest
Quarter; AP: Annual Precipitation; PWP: Precipitation of Wettest Month; PDP: Precipitation of Driest Month; PS:
Precipitation Seasonality; PWeQ: Precipitation of Wettest Quarter; PDQ: Precipitation of Driest Quarter; PWaQ:
Precipitation of Warmest Quarter; PCQ: Precipitation of Coldest Quarter.

Sticking to AMT vs. AP, Figure 18 illustrates Steps 1-3 in the calculation of the estimator (; as
described in the previous section. In this case the resolution was N = |n%3| = 26. For each vertical
or horizontal strip, the conditional mass distribution of CBy(E,,) sums up to 1 and can also be
used to predict the Y-value given the value of X and vice versa. In this concrete example annual
precipitation can be better predicted by annual mean temperature ((J'(AMT, AP) = 0.61) than
vice versa (¢J'(AP, AMT) = 0.54, a,, = 0.08).
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Figure 18: Association between the annual mean temperature AMT [°C] and annual precipitation AP [mm]. (a)
Grid of n = 1862 locations homogenously distributed over the global landmass for which bioclimatic variables were
retrieved. AMT is color coded and AP is proportional to the point size. (b) The knowledge of AMT strongly improves
the predictability of AP (¢{}* = 0.61), whereas the predictability is weaker in the opposite direction (¢J* = 0.54;
an = 0.08). (c) The association between AMT and AP visualized as a two-dimensional empirical checkerboard
distribution (retransformation of CBy(FEy) via the corresponding marginal distributions). CBpy(Ey) can also be
used for predicting the value of Y given the value of X. For instance, in an area with an AMT of —50.8°C' (first
column), the estimated probability of AP lying between 1 mm and 6 mm is 0.516, between 6 mm and 14 mm is 0.358,
and between 14 mm and 26 mm is 0.126 (red frame). Please note that ¢; is called ¢ in the R-package gad.
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5.2. World development indicators

The World Bank provides data sets on national development indicators related to, e.g., the economy,
education, health, and infrastructure of states (World Development Indicators WDI, The World
Bank). We explored the WDI data set published for 2015 to identify indicator pairs that feature
strong dependence asymmetry and thus stand out from other indicator pairs. The indicators were
restricted to those that were available for at least 100 countries and to those WDIs not having too
many ties (> 75% unique entries) which resulted in a total of 412 WDIs of n = 179 countries to
be included in the analysis. Notice that this approach differs from previously applied strategies for
identifying interesting pairs of variables in large data sets, where pairs with a strong dependence
(linear or non-linear) were selected [34]. Figure 19 depicts the distribution of the obtained asymmetry

values «,.

[onl | @

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35

Figure 19: Boxplot, depicting the distribution of |ay, (X,Y)| for the 412 selected WDIs. The magenta colored point

depicts the asymmetry value for the variables birth rate and death rate.

As concrete example we selected birth rate as X and death rate as Y (see Figure 20) and obtained
a strong dependence asymmetry: (7(X,Y) = 0.53,(7(Y, X) = 0.32, implying a,(X,Y) = 0.2.
Further data exploration revealed that the gross domestic product per capita (GDP) was a poten-
tial underlying factor for this dependence asymmetry. The GDP seems strongly and symmetrically
associated with the birth rate ({}(X,GDP) = 0.68,(]'(GDP,X) = 0.65) and weakly associated
to the death rate (¢(Y,GDP) = 0.29,(}'(GDP,Y) = 0.27). Generally, in countries with a GDP
below the median GDP of all countries, the birth rate and death rate are moderately concordant
(Spearman’s p = 0.38), in countries with a GDP above the median GDP, we found a high dis-
cordance (Spearman’s p = —0.53). The relationship between the economy and population growth
has previously been discussed in [15, 25] and seems to have important implications for societies.

We conclude that (f* strongly facilitates the detection of interesting associations in large data sets
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Figure 20: Association between birth rate (X) and death rate (Y). The gross domestic product per capita (GDP)
of each country is color coded. The death rate is well predictable by the birth rate (¢{*(X,Y’) = 0.53) whereas the
information gain is smaller in the other direction (¢*(Y, X)) = 0.32). Please note that (i is called ¢ in the R-package
qad.

and thus contributes to a more thorough exploration of data sets and the improved detection of

meaningful patterns compared to traditional methods.

6. Conclusion and future work

In this paper we constructed an estimator for the copula-based (hence scale-free), non-parametric
dependence measure (; and showed that this estimator is strongly consistent in full generality and,
additionally, exhibits a good small sample performance. The estimator was implemented in the
R-package gad to allow for a straightforward application throughout all disciplines. As one of the
next steps we will apply the developed estimator in order to quantify the influence of species on
other species.

Moreover, first simulation studies showed that the estimator (7' can also be used successfully
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for constructing alternative tests for independence - a power study of the resulting hypothesis test
will be executed in the near future. Figure 21 depicts probability histograms of 10.000 values of
/n ¢ for samples (z1,41), - - -, (T, yn) of size n € {10,100, 1.000} drawn from the product copula IT
(describing independence). Since for other underlying copulas A the resulting histograms insinuate

normality too we will tackle a formal proof for asymptotic normality of /n((}" — ¢1).

n=10 n=100 n=1000

0.5

00 05 10 15 20 25 2 3 4 4 5 6

Figure 21: Histograms summarizing 10.000 values of /n(}* for samples (1, Y1), . . ., (n, yn) of size n € {10,100, 1.000}

drawn from the product copula II.

Additionally, we want to prove or disprove the conjecture that (7' is also strongly consistent for
s € [%, 1). After answering the afore-mentioned questions the natural next step is to extend (}* to

the general multivariate setting estimating the influence of several variables on a target variable.
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Appendix A.

The following example shows that the maximal information coefficient (MIC) can be maximal

also outside the situation of complete dependence.
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Example Appendix A.1l. Recall that MIC is defined as (see [34, 36, 35])

MIC(X,Y) = sup LUE V)l6)

AL ie) Al
e e (A1)

where M T denotes the mutual information, G defines an arbitrary grid and ||G|| denotes the mini-
mum of the number of rows and columns of G. If the random vector (X,Y") has as joint distribution
function the ordinal sum X1 of IT (see Figure A.22) then we can obviously find a 2 x 2 grid for which

MI(X,Y)|e¢ = log(2). In other words MIC(X,Y) attains its maximum value 1 although Y is not
completely dependent on X.

> 0.50

0.25

0.004

0.00 025 0.50 0.75 1.00

Figure A.22: Density of the copula Xy considered in Example Appendix A.1. For (X,Y) ~ 3 we have MIC(X,Y) =
MIC(Y,X) =1 although X is not completely dependent. ¢; assigns this dependence structure the values (1 (X)) =
ath) = ¢

The next example shows the existence of copulas Ax and By for which inequality (5) in Lemma

3.8 is sharp.

Example Appendix A.2. Considering the checkerboard copulas depicted in Figure (A.23) for
N = 8 it is straightforward to verify that in this case we have equality in ineq. (5). Examples for
other values of N can be constructed in the same manner. Figure A.24 depicts the map y — P4, By

(left panel) and the map (z,y) — |An(2,y) — By (2,y)| (right panel) for the case N = 8.
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Figure A.24: The maps y — P4, By (y) (left panel) and (z,y) — |An(z,y) — By (z,y)| (right panel) for Ay and
By from Figure A.23 (top). In this case we have Doo (AN, By) = 7/8 and doo (AN, By) = 1/16.

Since the choice of the parameter s in Theorem 3.13 is key for the performance of the estimator
(1", we conducted a small simulation study illustrating the influence of s and justifying the choice
s =1/2 in the R-package gad. Doing so we calculate (] in two extreme settings - that of complete

dependence and that of independence.

Example Appendix A.3. Suppose that (X1,Y7), (X2,Y2),...,(X,,Y,) is a random sample of
size n from (X,Y) ~ A, € C, whereby Aj is the completely dependent copula induced by the
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A-preserving transformation h : [0,1] — [0, 1] given by

h(z)=(1- 233)]1(0 1] (x) + (22 — 1)]1(1 1} (z).

' 2

The support of 114, coincides with the graph of V' (see Figure A.25). To illustrate the performance

0.75-

> 050

Figure A.25: Support of pa, as considered in Example Appendix A.3.

of (7' for different choices of the parameter s we considered

c 123 7
S 8 ) 8 ) 8 PR 8 )
generated samples of size n € {50, 100, 500, 1.000}, considered N(n) = |n®|, and calculated

|C1(CBNm)(En)) — G1(An)| and [(1(CBnwm)(EBL)) — G(A4})]

These steps were repeated R = 100 times, the obtained results are depicted as boxplots in Figures
A.26 and A.27. As mentioned in Remark 3.14, the larger s the better the performance of {J* in the

case of Aj. In the case of A} considering s = % yielded the best results.

Example Appendix A.4. Suppose (X1,Y7),(Xo,Y2),...,(X,,Y,) is a sample of size n from
(X,Y) ~ 1II € C. Proceeding analogously as in Example Appendix A.3 yields the results depicted
in Figure A.28. Again in accordance with Remark 3.14, the smaller s the better the performance of

S
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Figure A.26: Boxplots summarizing the 100 obtained values for |C1 (CBnn)(En)) — G (Ah)| according to Example
Appendix A.3.
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Figure A.27: Boxplots summarizing the 100 obtained values for |C1(CBy(ny(EY)) — ¢1(A})| according to Example
Appendix A.3.
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