HIGHLY TEMPERING INFINITE MATRICES II:
FROM DIVERGENCE TO CONVERGENCE VIA
TOEPLITZ-SILVERMAN MATRICES
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ABSTRACT. It was recently proved [6] that for any Toeplitz—Silverman matrix A, there exists a dense
linear subspace of the space of all sequences, all of whose nonzero elements are divergent yet whose
images under A are convergent. In this paper, we improve and generalize this result by showing that,
under suitable assumptions on the matrix, there are a dense set, a large algebra and a large Banach
lattice consisting (except for zero) of such sequences. We show further that one of our hypotheses on
the matrix A cannot in general be omitted. The case in which the field of the entries of the matrix
is ultrametric is also considered.

1. INTRODUCTION

This paper extends (and provides a more precise statement) of a result from [6] concerning
algebrability of certain subsets of sequences related to the class of the so-called Toeplitz-Silverman

matrices. Suppose that x = (z1,2,...) is a sequence in R and that A = (a; ;)i jen € RV is an
o0

infinite dimensional matrix. If Zam-:cj exists as a real number «; for every ¢ € N then we shall
j=1
represent the sequence (a1, aq,...) by Ax, and we shall refer to it as the A-transform of x.

Which conditions does the matrix A have to fulfill in order to assure that it preserves convergence
in the sense that if x converges then so does Ax? Toeplitz and Silverman (see [20] or [24]) provided
a full characterization of all matrices A which not only preserve convergence but also the limit, and
showed that the class of such matrices coincides with the class of all matrices fulfilling the following
three conditions:

o0
(1) supz la; ;| < oo,
ieN 53

—00

(o)
(2) lim Zam = 1, and
j=1
(3) lim a;; =0 for every j € N.
1—00

These matrices will be referred to as TS-matrices in the sequel. We remark here that Toeplitz—
Silverman’s conditions also work for the complex field C. Throughout this paper we shall only consider
the real setting.

On the other hand, let us recall that a Schur matrix is an infinite matrix A with the property that,
given any x € o, (the space of bounded sequences), the sequence Ax is convergent. Let us denote
by S the vector space consisting of all Schur matrices. Schur showed (see, e.g.,[3]) that if the matrix
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o0 o0
A = (a; ;)i jen satisfies that lim Zai’j always exists and Z |a; ;| is uniformly convergent on i,
1—00 = =
then A € S. This result was completed by Steinhaus, who showed that there is no matrix which is
simultaneously both TS and Schur, that is, T'S NS = @. Therefore, given any TS-matrix A, we can

always find non-convergent bounded sequences x such that Ax is also non-convergent.

Hence, the natural question is whether a T'S-matrix A could also map some divergent sequences
x to convergent ones. The authors of [6] tackled this question and showed that, given a TS-matrix
A, the space of all such sequences is very large in the sense of lineability. In fact, they showed the
following result:

Theorem 1.1 ([6]). Assume that A = (a; ;)i j>1 is an infinite matric over the scalar field R satisfying
the following properties:

(a) For every j € N the sequence (a; ;)i>1 converges.

(b) There is a subsequence (ng)r>1 C N such that, for each subsequences (mi)r>1 C (nk)k>1 we
have:
(bl) the sequence (@im,)k>1 s summable for every i € N, and

o0
b2) the sequence ( a; ) converges.
(b2) q ;; bk ) g g
Then there exists a dense c-dimensional (hence mazximal dimensional) vector subspace of RY all of
whose nonzero members diverge but their A-transforms converge.

As usual, we have denoted by ¢ the cardinality of the continuum, and RY stands for the topological
vector space of all real sequences endowed with the product topology. If we let €24 denote the family of
all sequences X = (7,,)nen € RN for which the sequence Ax is convergent but the sequence x is not,
then, with the terminology of lineability (see Section 2), Theorem 1.1 tells us that, under appropriate
conditions, the set Q4 is mazximal dense-lineable.

Our main aim in this short note is to continue on giving information about the “size” of 4 in
terms of “minimal generating” structures. To be more precise, we shall prove a sharper version of
Theorem 1.1 concerning denseness of 24 and the existence of large algebras as well as of large
Banach lattices inside 4, under appropriate assumptions on the matrix A. Moreover, we shall show

that, if we drop the condition (a) of existence of lim a;; for every j € N, then, in spite of Theorem
71— 00

1.1, even if condition (b) is satisfied, the denseness property does not necessarily hold.

The rest of this note is organized as follows. In Section 2 we fix some basic notation that will be used
throughout the note and recall the notions of lineability, algebrability and latticeability. Additionally,
we translate the conditions in Theorem 1.1 into weak convergence of signed measures. Section 3
contains the main result, its proof, and an illustrative example. Finally, in Section 4 we shall make a
number of considerations regarding the ultrametric setting.

2. PRELIMINARY NOTIONS AND NOTATIONS

Let us, briefly, recall the (by now) known notion of lineability and some of its variants (see, e.g.,
[1,2,4,5,8-12,14,23] for an account and state of the art of this topic). Roughly speaking, lineability
is the existence of linear structures inside a family of mathematical objects that are not necessarily
linear.

Let X be a vector space, a be a cardinal number, and Q C X. Then Q is called lineable if there
is an infinite vector space M such that M \ {0} C Q. If, in addition, X is a topological vector space,
then Q is called

o a-dense-lineable provided that there is an a-dimensional vector space M with M \ {0} C €;
o mazimal dense-lineable in X if it is a-dense-lineable with a = dim (X).
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Finally, if X if the vector space X is contained in some (linear) algebra L, them 2 is called

e algebrable if there is an algebra M such that M \ {0} C Q and is infinitely generated, that
is, the cardinality of any generating system is infinite;

o «-algebrable if there is an a-generated algebra M (that is, any minimal generating system of
M has cardinality «) fulfilling M \ {0} C Q.

Of course, algebrability implies lineabiliy. The reverse implication is not true. In our terminology,
algebrability equals Ng-algebrability.

Also, let us present the notion of latticeable (introduced in [19] and later studied in [7,15]). Before
that, recall that a Riesz space, also called a vector lattice, is a partially ordered (with, say, the order
=) vector space X where the order structure is a lattice. That is, the order < satisfies the following
properties for every pair of vectors x,y € X: there is a supremum z Vy € X; for any z € X and any
scalar a > 0, the fact * < y implies z + 2z < y + z and ax =< ay. Then the existence of infimum
x Ay € X is automatically satisfied; namely, z Ay = —((—x) V (—y)).

Definition 2.1. Let X be a Riesz space, ) a subset of X, and a a cardinal number. Then € is
said to be a-latticeable if QU {0} contains a Riesz space of dimension c.

In other order of ideas, suppose that £ C N has cardinality Ny and that ZjeE la;,;| < oo holds
for every i € N. Then the mapping uF : 2F — R defined by
pE ()= ai;
jeJ
is a (finite) signed measure, and so we can consider its corresponding Hahn—-Jordan decomposition
pE = (pE)Y* — (uF)~ (see [13,22]). We shall say that a sequence (u;)ien converges weakly on E
(endowed with the discrete topology) to a signed measure p on 2F if and only if the corresponding

positive and negative parts converge, it is straightforward to verify that condition (b2) in Theorem 1.1
coincides with weak convergence of (uf);en, where E = {ny,n2,na,...}.

3. DIVERGENT SEQUENCES X FOR WHICH AxX IS CONVERGENT

The following lemma is a slightly new version of a result from Set Theory (see [21]) and will be a
crucial tool for the proof of the main result of this note. As usual, we denote D¢:=N\ D if D C N.
Also, if D, E are sets then their symmetric difference is defined as DA E := (D \ E) U (E \ D).

Lemma 3.1. There exists a family D = (Dy)ier of pairwise different subsets of N having the following
three properties:

(P1) For alln,m € N with n < m and pairwise different real numbers

ti,t2, s tn, tng1s -5 tm
we have

(3.1) Dy, N...N0 Dy, ND§

tnt1

N...ND; #2.

(P2) The intersections in equation (3.1) have cardinality Ro.

(P3) For every i € N we have D, N {1,2,...,i} = {i}.
Proof. The first assertion was already established in [21]. Going through the details of the proof of
the result in [21] it becomes clear to the reader that the assertion (P2) also holds.

In order to prove (P3), we define a new family D’ = (D})icr by setting
) {Dt t¢N

=

T D\ {L,...,t—1}) Ut} teN.
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The construction of D’ implies that D, AD; = & if t ¢ N while D,AD; C {1,...,t} if t e N. If
n,m € N with n < m and and t1,%9,...,th, tnt1,. .., tm are pairwise different real numbers then the
fact that

B:=D; Nn...nD; N(D;

i) M0 (D; )¢
has cardinality Ng is trivial for the case that {t1,t2,...,tn, tnt1,---,tm} C N¢ and straightforward for
the case
{ti,t2, .. tnstngts . tm} NN # 2.
Indeed, setting
t:=max{t;:j€{l,...,m} and t; € N}
then we have Dy, AD; C {1,...,t} for all j € {1,...,m}. Hence, if

Dy, N...NDy, ND{ N...ND§

tnt1

contains infinitely many points then so does B. This completes the proof. O

We are now ready to state and prove our main result. Observe that an infinite set £ C N plays
an important role in it. Roughly speaking, the assumptions concerning F in the next theorem tell
us that matrices presenting a rather “tamed” behavior for many columns satisfy the conclusion of the
theorem, even if the remaining columns behave chaotically. In the proof we shall be assuming the
continuum hypothesis.

Theorem 3.2. Let A = (aij); jey € RN be a matriz such that

o lim ay; exists for every j € N.
1—+00

Suppose that there exists an infinite subset E of N such that
. Z la;, ;| < oo for every i € N.
JjEE
o The sequence (uF)ien of associated signed measures converges weakly on 2%.
Then

o Oy is c-algebrable and dense in RY.
o (4 is also Ng-latticeable.

Proof. Without loss of generality we may assume that FE¢ is countably infinite too: indeed, if this
were not the case, then we would consider a subset of E having countably infinite complement and
proceed analogously.

Let ¢ : N - E and ¢ : N\ {1} — E° denote the strictly increasing bijections between the
corresponding sets, and suppose that the family D = (D;)er fulfills the three properties from Lemma
3.1. Construct a new family £* = {E} : t € R} of subsets of N by setting E; = ¢(D;) for every
t € R. Notice that property (P3) implies that Ef N {1,...,¢(i)} = {¢(?)} holds for every i € N.
Finally, define the family & = (E;):cr by

EtZ{Et** 1 1 %ftg{%’%".'h
(Br\{1,2,....9(3) = 1) u{e(})} ifte{z35,...}
At the end of the proof we shall use the fact that the equalities
min(FE;) = ¢(i) and min(Ey ;) = (i)
hold for every i € N.
Now, for every t € R, let us define the binary sequence s’ = (s},s},s%,...) by
s; = 15,(3),

where 1 denotes the characteristic function of a set C. Considering that s® contains infinitely many
zeroes and infinitely many ones it is clear that s is not convergent.
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Let us set S := {s’: t € R}, a family whose cardinality is ¢. This family is linearly independent.
Indeed, assume that Ai,..., A, t1,...,¢, are reals such that the ¢;’s are pairwise different and s :=
A1sf4- -4 X\,s' = 0. For every fixed j € {1,...,p}, theset Ey, Q(Ule{lv.“p}\{l} Etl)C has cardinality
Rp; in particular, it is nonempty, so that we can select an element Iy in it. Then if s = (s1, s9, s3,...),
we get 0 = s;; = A; - 1. Hence A; = 0 for all j, which yields the claimed linear independence. It
follows that dim(spanS) = c.

Let us now consider the algebra A(S) generated by S. This algebra is c-generated because, if this
were not true, then A(S) would be generated by some countable set C C RY, which means that A(S)
is the linear span of the collection of all finite products of natural powers of the members of C. But
this collection is countable, which entails that the vector dimension of A(S) would be at most Rg.
This is a contradiction with the fact dim(A(S)) > dim(spanS) = .

Thus, in order to prove that (24 is c-algebrable, our task reduces to show that every
s = (s1,82,83,...) € A(S)\ {0} belongs to Q4. To this end, take an s as before. Then there
exist a nonzero polynomial p: R¥ — R without constant term and different elements ¢;,...,t;, € R
such that s = p(s’,s'2,...,s'). Denote by F the (finite) collection of all nonempty subsets of
{1,2,...,k}. Then there exist constants c; (J € F') with cj, # 0 for some Jy € F such that s can

be expressed as
s = E cy H sl

JeF  jeJ

where we have used the property that every sequence s’ is idempotent (i.e. (s')™ = s for all m € N).
The construction of £ implies that both sets

k
Li=()E,n ()| Ef and L:=[)E;
j€Jo je{1,....k}N\Jo j=1

have cardinality Ny. Moreover, for every n € I; we have s, = cj, # 0, while for every n € I, we
have s, = 0. Hence s cannot be convergent.

To verify that As is convergent, first notice that the i-th coordinate (As); of As is given by
o0
(As); =) aijs;.
j=1

Let pf denote the signed measure to which (uf);en converges weakly, where E is the set given in
the hypothesis (see the notation in the final paragraph of Section 2). At this point, we distinguish two
cases:

(i) If {t1,...,tx} C {%, %, ...}¢ holds then E;, C FE for every i € {1,...,k} and we get
(AS)/L':ZGML‘_’]‘S]‘:/ sduf =% /sduE.
Py E E
(ii) If {t1,....tx} N {3, 3,...} # @ then setting m = max {w(tl) c1<i<k tie{s 1,..}} it
follows that

(AAS)Z = Z a; S5 + Z Qi 585 = Lsdﬂf + Z Q555 -

jER jEEN{1,....m} —— JEE°N{l,...m}

=T

=Yi
E . . . .
The sequence (z;);en converges to |, psdu” and (y;)ien converges since it is a finite sum of
convergent sequences. Hence As converges.

Altogether we have shown that s € 4, as desired.
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Next, in order to prove that Q4 is dense in RY, it suffices to show that the linear hull of the set
{s':teNU{LL )

is dense in RY. The latter property, however, is a direct consequence of the construction of the family
€. Indeed, suppose that x = (21,2, ...) is a sequence in R. Set y! = z;-s' if 1 € E and y' = a4 ¥
if 1 € E°. By using the afore-mentioned fact that min(E;) = (i) and min(E;,;) = ¢ (i) hold for
every i € N, we can proceed analogously for all other coordinates in order to construct a sequence
(y"™)nen which converges to x in the product topology.

Finally, to obtain the desired Ny-latticeability, it suffices to divide FE into subsets FE, of infinite

cardinality (n € N). It is easy to see (we spare the reader the details) that the sequences of indicator
functions of the FE,,’s generate a linear subspace that is, precisely, the lattice we need. O

If A is a TS-matrix then it obviously fulfills the conditions of Theorem 3.2; indeed, take F = N, in
which case the limiting measure p¥ is the zero measure. In other words, we have shown the following
result:

Corollary 3.3. If A is a TS-matriz then Q4 is c-algebrable, No-latticeable and dense in RY.
Let us finish this section with the following very illustrative example.
Example 3.4. If, in Theorem 3.2, we suppressed the condition of existence of ‘lig_n ai; for every
11— 1+00

j € N and we used the sequences
s; = 1p; (i),
we would still have that Q4 is c-algebrable. However, it would not be possible to guarantee that the
algebra we obtained is dense in RY as the following construction shows. Let A be a matriz such that
=D dfi=,

dij = 0 otherwise.
We have weak convergence of measures in N\ {1} since we always have the identically zero measure.
We can take E to be the set of even natural integers and obtain c-algebrability.

Finally, let s = (s1,...,8,...) be the sequence given by s; = (—1)". We have that it is not
convergent and it does mot belong to the closure of Qa4 either. Indeed, if we supposed the opposite,
then we would have that there is a sequence (s")nen of elements of Qa converging to s. Thus, the
sequence (As™)nen = (—1)"s? must converge. In other words, s7 = 0. However, this is not possible,
since it must happen that lirf st =—1.

n—-+0o0

4. FINAL REMARKS ON THE ULTRAMETRIC SETTING

The properties studied in the preceding sections are valid for the real field. But it may be of
interest to analyze them in the case of ultrametric fields, also called nonarchimedian valued fields. In
fact, infinite matrices with entries belonging to such a field have been studied in the literature (see
[18]).

Recall (see e.g. [17, Chapter II]) that an ultrametric field is a field K equipped with a function
|| : K — [0,400) —called absolute value— with the the following properties, which hold for all x,y € K:
(a) |z| =0 if and only if z =0.
(b) |yl = |z[lyl.
(c) |z +yl < max{|z], |y[}.
0 ifxz=0
1 ifx=#0.
If K is an ultrametric field then the expression d(z,y) = |x — y| defines a distance on K. We say
that K is complete if the metric space (K,d) is complete. Note that in such a case the product space
KN is a completely metrizable topological space.

The so-called trivial absolute value is defined as |z| = {
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Assume that the absolute value on K is not the trivial one. As in the cases K = R or C, we denote
by TS the set of infinite matrices A such that, given any convergent sequence x, the sequence Ax
exists and converges to the same limit as x. And S will stand for the set of infinite matrices A
enjoying the property that, for every bounded sequence x, the sequence Ax exists and converges.
The basic properties of these matrices are described in detailed in [18] and we provide a brief account
of them here below.

Theorem 4.1. Assume that A = (a;;)i;>1 1S an infinite matriz over the ultrametric field K with
nontrivial absolute value. Then we have:

i,jEN i—00

oo
(a) AeTS if and only if sup |a; ;| < oo, llgl(;lo a;; =0 for every j €N and lim Zam =1
j=1

(b) A€ S if and only if lim a,; =0 for every i € N and lim (sup lait1,; — aij|) =0.
j—oo n—00\>( ? ’
(¢c) SNTS =w2.

Item (c) in the previous theorem is similar to Steinhaus’ theorem for the real or complex case. Thus,
the following question pops up: Do there exist matrices A in T'S satisfying that the set Q4 is “large”?
By using the same ideas as in the previous section and with the help of this last theorem we obtain a
positive answer. If we have an infinite subset £ C N whose complement is also infinite and an infinite
matrix A, then Ag will stand for the infinite matrix resulting after eliminating the columns whose
indexes j are not in E.

We assume that K is a complete ultrametric field with nontrivial absolute value.

Theorem 4.2. Assume that A = (a;;)i;>1 is an infinite matriz over the ultrametic field K and
E C N is an infinite subset whose complement is also infinite. Let A be a matriz in KN, If
Ag € S then we have that Q4 is c-algebrable and dense in K.

Corollary 4.3. Suppose that A is a TS-matriz, that E C N has cardinality RXg and that Ag € S.
Then Qg4 is c-algebrable and dense in KN,

Recall that, following the same ideas as in the proof of Theorem 3.2, we obtain that for every
ultrametric field K, the set £y \ ¢ is c-algebrable. A similar result to the one in this very last
comment, but on the real or complex setting and for the set ¢o(I") \ ¢o(T") (where T' is an infinite set),
was shown in [16, Prop. 2.1].

Acknowledgements. The authors are grateful to the referees for helpful comments and suggestions.
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