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Abstract

Considering the well-known shuffling operation in x- and in y-direction yields
so-called double shuffles of bivariate copulas. We study continuity properties
of the double shuffle operator ST induced by pairs T = (T1×T2) of measure
preserving transformations on ([0, 1],B([0, 1]), λ) on the family C of all bi-
variate copulas, analyze its interrelation with the star/Markov product, and
show that for each left- and for each right-invertible copula A the set of all
possible double shuffles of A is dense in C with respect to the uniform metric
d∞. After deriving some general properties of the set ΩT of all ST -invariant
copulas we focus on the situation where T1, T2 are strongly mixing and show
that in this case the product copula Π is an extreme point of ΩT . Moreover,
motivated by a recent paper by Horanská and Sarkoci (Fuzzy Sets and Sys-
tems 378, 2018) we then study double shuffles induced by pairs of so-called
Lüroth maps and derive various additional properties of ΩT , including the
surprising fact that ΩT contains uncountably many extreme points which
(interpreted as doubly stochastic measures) are pairwise mutually singular
with respect to each other and which allow for an explicit construction.

Keywords: Copula, Double shuffle, strongly mixing, fixed point, Markov
product, Iterated Function System

1. Introduction1

The study of shuffles of bivariate copulas probably goes back to some2

seminal work of Vitale (see [26, 27]) as well as Kimeldorf and Sampson [13].3
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2Grupo de Investigación Teoŕıa de Cópulas y Aplicaciones, Universidad de Almeŕıa,
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Formally, shuffles were introduced by Mikuśınski et al. in 1992 (see [17]),4

where the authors constructed new copulas from the minimum copula M by5

(1) cutting [0, 1]2 vertically into a finite number of strips and (2) shuffling6

(and possibly flipping) the strips. The resulting family of all shuffles of M is7

easily shown to be a dense subset of the family of all bivariate copulas C en-8

dowed with the uniform metric d∞, which proved very handy in the context9

of various problems (see [8, 18]), in particular in the study of the relation-10

ship of Kendall’s τ and Spearman’s ρ (see [20]). The concept of shuffling was11

extended by Durante et. al to arbitrary copulas A ∈ C (see [6, 7]) and later12

by Trutschnig and Fernández Sánchez in [23]. In the general setting, letting13

T : [0, 1] → [0, 1] denote a general λ-preserving transformation on [0, 1] the14

T -shuffle ST (A) of A ∈ C is defined in terms of the corresponding doubly15

stochastic measure by16

µST (A)(E × F ) := µA(T−1(E)× F )

for all Borel-sets E and F of [0, 1].17

In the current paper we study the natural extension to so-called double18

shuffles, i.e., shuffles in both directions. Letting T1, T2 denote λ-preserving19

transformations on [0, 1] and setting T := (T1 × T2) : [0, 1]2 → [0, 1]2 where20

(T1 × T2)(x, y) := (T1(x), T2(y)), then for every copula A ∈ C the double21

shuffle ST (A) of A is defined by22

µST (A)(E × F ) = µA(T−1
1 (E)× T−1

2 (F )) (1)

for all E,F ∈ B([0, 1]). It is straightforward to verify that ST (A) maps C into23

itself. Moreover, expressing ST (A) in terms of the star/Markov product al-24

lows to derive several continuity properties of the mapping (T1, T2, A) 7→25

S(T1×T2)(A), whereby we consider the usual L1-distance of λ-preserving26

transformations as well as the metrics d∞ and D1 (see [21]) on C.27

Triggered by [11] we then focus on the set ΩT of all ST -invariant copu-28

las, show that ΩT is convex, compact in (C, d∞) but not in (C, D1). Moving29

away from full generality and having in mind Choquet’s famous represen-30

tation theorem (see [19]) we then focus on extreme points of ΩT and show31

that Π is an extreme point of ΩT whenever T1, T2 are strongly mixing (see32

[28]). Going one step further and considering so-called Lüroth maps as33

transformations T1, T2 opens the door to the construction of uncountably34

many extreme points of ΩT . In fact, using a construction method studied in35

[11] in the context of tent maps (or reflected tent maps) and working with36

so-called Iterated Function Systems with Probabilities makes it possible to37

construct those extreme points explicitly. Using another mixing property38
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of the induced bivariate Lüroth map T a,b going back to [24] additionally39

allows to prove the surprising fact that these extreme points are pairwise40

mutually singular with respect to each other.41

The rest of the paper is organized as follows. Section 2 gathers some42

preliminaries and notations that will be used throughout the paper. Section43

3 studies general continuity properties of double-shuffles as well as the afore-44

mentioned interrelation with the star/Markov product. Section 4 focuses on45

the set ΩT of all ST -invariant copulas and shows that Π is an extreme point46

of ΩT whenever T1, T2 are strongly mixing. After recalling basic properties47

of Iterated Function Systems with Probabilities and Lüroth transformations48

in Section 5 we then construct uncountably many extreme points of ΩT49

and show that they are pairwise mutually singular with respect to each50

other. Various examples and graphics illustrate the construction methods51

and obtained results.52

2. Notation and Preliminaries53

For every metric space (Ω, d) the Borel σ-field will be denoted by B(Ω),
λ will denote the Lebesgue measure on B(R). T will denote the class of all
measurable λ-preserving transformations on [0, 1], i.e.,

T = {T : [0, 1]→ [0, 1] and λ(T−1(E)) = λ(E) ∀E ∈ B([0, 1])},

and Tp the subclass of all bijective T ∈ T . Writing µf for the push-forward of54

a measure µ under a (measurable) transformation we have that T ∈ T if and55

only if λT = λ. Throughout the whole paper C will denote the family of all56

two-dimensional copulas, P the family of all doubly-stochastic measures (for57

background on copulas and doubly stochastic measures we refer to [8, 18]58

and the references therein). M denotes the minimum copula, Π the product59

copula, W the lower Fréchet Hoeffding bound. Additionally, the completely60

dependent copula induced by a measure-preserving transformation T ∈ T61

will be denoted by CT (see [21], Definition 9). For every copula C ∈ C the62

corresponding doubly stochastic measure will be denoted by µC . As usual,63

d∞(A,B) denotes the uniform metric on C, i.e.,64

d∞(A,B) := max
(x,y)∈[0,1]2

|A(x, y)−B(x, y)|.

It is well known that (C, d∞) is a compact metric space.65

We will call two probability measures µ1, µ2 on B(Ω) singular with66

respect to each other (and write µ1 ⊥ µ2) if there exist disjoint Borel67
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sets E,F ∈ B(Ω) with µ1(E) = 1 = µ2(F ). Considering the Lebesgue-68

decomposition of µA ∈ P with respect to the two-dimensional Lebesgue mea-69

sure λ2 (or, equivalently, with respect to µΠ) we will write µA = µ�A +µ⊥A and70

denote the mass of the singular component µ⊥A by sing(A) := µ⊥A([0, 1]2) and71

the mass of the absolutely continuous component µ�A by m�A := µ�A ([0, 1]2).72

Given λ-preserving transformations T1, T2, we define the (generalized)73

(T1×T2)-double shuffle of A implicitly via the corresponding doubly stochas-74

tic measures by75

µS(T1×T2)
(A)(E × F ) := µA(T−1

1 (E)× T−1
2 (F )) = µT1×T2A (E × F ) (2)

for all E,F ∈ B([0, 1]). In other words: µS(T1×T2)
(A) is the push-forward76

of µA via (T1 × T2) : [0, 1]2 → [0, 1]2 with (T1 × T2)(x, y) := (T1(x), T2(y)).77

In the next section we will derive properties of double shuffles in terms of78

mixing properties if the transformations T1, T2 ∈ T . A measure-preserving79

transformation T on a probability space (Ω,A, µ) is called strongly mixing80

(see [3, 28]) if for all E,F ∈ A we have81

lim
n→∞

µ(T−n(E) ∩ F ) = µ(E)µ(F ).

Using standard measure-theoretic arguments we easily obtain the following82

useful equivalence:83

Lemma 2.1. Let T be a measure preserving transformation on a prob-84

ability space (Ω,A, µ). Then T is strongly mixing if, and only if for all85

f ∈ L1(Ω,A, µ) and E ∈ A we have86 ∫
Ω
f(x) ·

(
1E ◦ Tn(x)

)
dµ

n→∞−−−→ µ(E) ·
∫

Ω
f dµ. (3)

In what follows Markov kernels will play an important role. A mapping87

K : R×B(R)→ [0, 1] is called a Markov kernel from (R,B(R)) to (R,B(R))88

if the mapping x 7→ K(x,B) is measurable for every fixed B ∈ B(R) and the89

mapping B 7→ K(x,B) is a probability measure for every fixed x ∈ R. A90

Markov kernel K : R×B(R)→ [0, 1] is called regular conditional distribution91

of a (real-valued) random variable Y given (another random variable) X if92

for every B ∈ B(R)93

K(X(ω), B) = E(1B ◦ Y |X)(ω)

holds P-a.s. It is well known that a regular conditional distribution of Y94

given X exists and is unique PX -almost sure (where PX denotes the distri-95

bution of X, i.e., the push-forward of P via X). For every A ∈ C (a version96
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of) the corresponding regular conditional distribution (i.e. the regular condi-97

tional distribution of Y given X in the case that (X,Y ) ∼ A) will be denoted98

by KA(·, ·). Note that for every A ∈ C and Borel sets E,F ∈ B([0, 1]) we99

have100 ∫
E
KA(x, F )dλ(x) = µA(E × F ).

For more details and properties of conditional expectations and regular con-101

ditional distributions we refer to [12, 14]. Expressing copulas in terms102

of their corresponding regular conditional distribution leads to a metric103

stronger than d∞ (see [21]) and defined by104

D1(A,B) :=

∫
[0,1]

∫
[0,1]
|KA(x, [0, y])−KB(x, [0, y])| dλ(x)dλ(y).

It can be shown that (C, D1) is a complete and separable metric space and105

that the (minimal) topology induced by D1 is strictly finer than the one106

induced by d∞. For more properties and extensions of D1 we refer to [8, 9,107

21].108

Given A,B ∈ C a new copula denoted by A ∗ B can be constructed via the109

so-called star/Markov product A ∗B (see [4]):110

(A ∗B)(x, y) :=

∫
[0,1]

A,2(x, t)B1,(t, y) dλ(t). (4)

The star product A ∗B is always a copula, i.e., no smoothness assumptions111

on A,B are required. Translating to the Markov kernel setting the star112

product is nothing new, it corresponds to the well known composition of113

Markov kernels:114

Lemma 2.2 (Trutschnig and Fernández Sánchez, 2012). Suppose that A,B ∈115

C and let KA,KB denote the Markov kernels of A and B, respectively. Then116

the Markov kernel KA ◦KB, defined by117

(KA ◦KB)(x, F ) :=

∫
[0,1]

KB(y, F )KA(x, dy) (5)

is a regular conditional distribution of A ∗B.118

In the sequel we will use the fact that a copula B is completely dependent119

(see [21] and the references therein for equivalent formulations) if and only120

if it is left-invertible w.r.t. the star-product (see [4]), i.e., if there exists a121

copula A such that A ∗B = M holds.122
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3. Properties of double shuffles and interrelations with the star123

product124

We start with the following simple and useful lemma that expresses the125

double shuffle S(T1×T2)(A) in terms of the star product and in terms of a126

transformation of the corresponding Markov kernel KA. For T2 := id[0,1] the127

lemma coincides with Lemma 2 in [23].128

Lemma 3.1. Suppose that T1, T2 ∈ T and that A ∈ C. Then129

S(T1×T2)(A) = (CT1)t ∗A ∗ CT2 , (6)

where (CT1)t denotes the transpose of CT1. Furthermore, for every F ∈130

B([0, 1]) the following equation holds for λ-almost every x ∈ [0, 1]:131

KS(T1×T2)
(A)(x, F ) =

d

dx

∫
T−1
1 ([0,x])

KA(t, T−1
2 (F )) dλ(t). (7)

Proof. Equation (7) follows directly from equation (2) by setting E := [0, x]132

and using disintegration (see [12]). To prove the first assertion we use Lemma133

2.2 and proceed as follows: For every E,F ∈ B([0, 1]) we have134

KCt
T1
∗(A∗CT2

)(x, F ) =

∫
[0,1]

KA∗CT2
(y, F )KCt

T1
(x, dy)

=

∫
[0,1]

∫
[0,1]

KCT2
(z, F )KA(y, dz)KCt

T1
(x, dy)

=

∫
[0,1]

∫
[0,1]

1T−1
2 (F )(z)KA(y, dz)KCt

T1
(x, dy)

= KCt
T1
∗A(x, T−1

2 (F )).

In the same way we obtain135

KA∗CT1
(x,E) = KA(x, T−1

1 (E)).

Altogether we therefore get136

µS(T1×T2)
(A)(E × F ) =

∫
T−1
2 (F )

KAt(x, T−1
1 (E)) dλ(x)

=

∫
T−1
2 (F )

KAt∗CT1
(x,E) dλ(x)

= µAt∗CT1
(T−1

2 (F )× E) = µCt
T1
∗A(E × T−1

2 (F ))
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=

∫
E
KCt

T1
∗A(x, T−1

2 (F )) dλ(x)

=

∫
E
KCt

T1
∗(A∗CT2

)(x, F ) dλ(x)

= µCt
T1
∗A∗CT2

(E × F )

which completes the proof.137

Following [23], we can express the Markov kernel of the double-shuffle138

S(T1×T2)(A) of A with T1 ∈ Tp and T2 ∈ T by139

KS(T1×T2)
(A)(x, F ) = KA(T−1

1 (x), T−1
2 (F )). (8)

The following result gathers some properties of double shuffles concerning140

singularity and continuity.141

Theorem 3.2. Let S, S1, S2, . . . , T, T1, T2, . . . ∈ T and A,A1, A2, . . . ∈ C.142

Then the following assertions hold:143

1. sing(S(S×T )(A)) ≤ sing(A).144

2. If limn→∞ d∞(An, A) = 0 and if we have limn→∞‖Sn − S‖1 = 0 as145

well as limn→∞‖Tn − T‖1 = 0, then146

lim
n→∞

d∞(S(Sn×Tn)(An),S(S×T )(A)) = 0.

3. If limn→∞‖Tn − T‖1 = 0 as well as limn→∞D1(An, A) = 0 then we147

have148

lim
n→∞

D1(S(S×Tn)(An),S(S×T )(A)) = 0.

If, additionally, limn→∞D1(CtSn
, CtS) = 0 holds then it follows that149

lim
n→∞

D1(S(Sn×Tn)(An),S(S×T )(A)) = 0.

Proof. The first assertion is a direct consequence of Theorem 7 in [23].150

To prove the second assertion we proceed as follows: According to Lemma151

3.1 we can write S(S×T )(An) = CtS ∗ An ∗ CT . Since the star product is152

continuous in each argument (but not jointly) with respect to d∞ (see [5])153

we get154

lim
n→∞

d∞(S(S×T )(An),S(S×T )(A)) = 0. (9)
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According to the Portmanteau Theorem (see [25], page 6) it is enough to155

show that156

lim
n→∞

∣∣∣∣∣
∫

[0,1]2
f(x, y)dµS(Sn×Tn)(An)(x, y)−

∫
[0,1]2

f(x, y)dµS(S×T )(A)(x, y)

∣∣∣∣∣ = 0

holds for every Lipschitz continuous f : [0, 1]2 → R (the class of all these157

f is denoted by L([0, 1]2)). For f ∈ L([0, 1]2), considering the definition of158

µS(S×T )(A) and applying the triangle inequality yields159 ∣∣∣∣∣
∫

[0,1]2
fdµ

(Sn×Tn)
An

−
∫

[0,1]2
fdµ

(S×T )
A

∣∣∣∣∣ ≤
∣∣∣∣∣
∫

[0,1]2
fdµ

(Sn×Tn)
An

−
∫

[0,1]2
fdµ

(Sn×T )
An

∣∣∣∣∣
+

∣∣∣∣∣
∫

[0,1]2
fdµ

(Sn×T )
An

−
∫

[0,1]2
fdµ

(S×T )
An

∣∣∣∣∣
+

∣∣∣∣∣
∫

[0,1]2
fdµ

(S×T )
An

−
∫

[0,1]2
fdµ

(S×T )
A

∣∣∣∣∣
=: I1

n + I2
n + I3

n.

Using change of coordinates, letting L denote the Lipschitz constant of f ,160

and considering E ∈ B([0, 1]) we obtain161

I1
n ≤

∫
[0,1]2

|f(Sn(x), Tn(y))− f(Sn(x), T (y))| dµAn(x, y)

≤ L ·
∫

[0,1]2
|Tn(y)− T (y)| dµAn(x, y)

= L ·
∫

[0,1]
|Tn(y)− T (y)| dλ(y) = L · ‖Tn − T‖1.

Proceeding analogously for I2
n yields I2

n ≤ L · ‖Sn − S‖1. Since according to162

eq. (9) I3
n converges to 0 altogether we have shown that163

lim
n→∞

I1
n + I2

n + I3
n = 0,

which completes the proof of the second assertion.164

For showing the third assertion first recall that the star product is jointly165

continuous with respect to the metric D1 (see [22] or [5]) and that L1-166

convergence of the sequence (Tn)n∈N to T ∈ T is equivalent toD1-convergence167

of the sequence of completely dependent copulas CTn to CT (again see [21]).168

Having this the desired assertion follows from Lemma 3.1.169
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The subsequent example shows that the assumption

lim
n→∞

D1(CtSn
, CtS) = 0

in the third assertion of Theorem 3.2 can not be omitted or replaced by170

limn→∞‖Sn − S‖1 = 0.171

Example 3.3. Let S : [0, 1] → [0, 1] be defined by S(x) := 2x(mod1) and172

Sn : [0, 1]→ [0, 1] by173

Sn(x) =


x+ j−1

n if x ∈
[
j−1
n , jn

)
and j ∈

{
1, . . . , n2

}
x− 1 + j

n if x ∈
[
j−1
n , jn

)
and j ∈

{
n
2 + 1, . . . , n

}
1 if x = 1

for all n ∈ 2N (see Figure 1). Obviously the transformations Sn and S are174

λ-preserving. It is straightforward to verify that for every n ∈ 2N,175

‖Sn − S‖1 =
1

2n

holds, which implies limn→∞‖Sn − S‖1 = limn→∞D1(CSn , CS) = 0. Since176

each CtSn
is completely dependent and the set of all completely dependent177

copulas is closed in the metric space (C, D1) any potential D1-limit of the178

sequence (CtSn
)n∈N is completely dependent too (see [21], Proposition 15).179

Considering that CtS is not completely dependent, CtS can not be the limit180

of (CtSn
)n∈N. Setting Tn = T = id[0,1] for every n ∈ N and considering181

S(Sn×id[0,1])(M) = CtSn
∗ M ∗ M = CtSn

we see that the double shuffle182

S(Sn×id[0,1])(M) fails to converge to S(S×id[0,1])(M) = CtS with respect to183

D1.184

Corollary 3.4. For every copula A the set {S(S×T )(A) : S, T ∈ T } only185

contains copulas whose singular component has mass at most sing(A).186

Corollary 3.5. For every left- and for every right-invertible copula C ∈ C
the set

{S(S×T )(C) : S, T ∈ T }

is dense in (C, d∞).187

Proof. Suppose that the copula C is left-invertible. Then (see [21]), C can188

be expressed as C = Ch for some h ∈ T . According to [4] we can ex-189

press the Minimum copula M as M = Cth ∗ Ch ∗ Cid. Since the compo-190

sition of λ-preserving transformations is λ-preserving and since obviously191
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Figure 1: The λ-preserving transformations Sn (black) for n ∈ {4, 8, 16, 32} and S (ma-
genta), defined in Example 3.3.

S(S1◦S2×T1◦T2)(A) = S(S1×T1)(S(S2×T2)(A)) holds for every A ∈ C the desired192

result now follows from the fact that the family of all shuffles of M are dense193

in (C, d∞) (see [8, 18]). The case that C is right-invertible can be handled194

analogously.195

In the next section we study double-shuffles induced by strongly mixing196

transformations T1 and T2 and derive some properties of copulas invariant197

with respect to double-shuffles of this kind.198
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4. Copulas invariant with respect to double shuffles induced by199

strongly mixing transformations200

In the sequel, given T1, T2 ∈ T we will write T := (T1× T2) : [0, 1]2 → [0, 1]2201

and study the family of all ST -invariant copulas, defined by202

ΩT := {A ∈ C : ST (A) = A}. (10)

Each copula A ∈ ΩT will be called ST -invariant. We start with a simple203

first result which will be refined for special classes of transformations T1, T2204

throughout the rest of the paper.205

Theorem 4.1. The family ΩT is a convex and compact subset of (C, d∞).206

Proof. Convexity is obvious, to prove compactness we may proceed as fol-207

lows: Considering that (C, d∞) is compact it suffices to prove that ΩT is208

closed. Letting (An)n∈N denote a sequence of ST -invariant copulas with209

d∞-limit A ∈ C according to Lemma 3.2 we have210

d∞(A,ST (A)) = lim
n→∞

d∞(An,ST (A)) = lim
n→∞

d∞(ST (An),ST (A)) = 0,

so A ∈ ΩT .211

Remark 4.2. Lemma 3.2 also yields completeness of (ΩT , D1). In fact,212

considering that (C, D1) is complete and that convergence w.r.t. D1 im-213

plies convergence w.r.t. d∞ Theorem 4.1 immediately yields completeness.214

However, as illustrated by the subsequent example, ΩT is not compact in215

(C, D1).216

Example 4.3. Let (Ahn)n∈2N be a sequence of completely dependent copu-217

las, whereby the λ-preserving transformations hn : [0, 1]→ [0, 1] are defined218

by219

hn(x) := 2nx (mod1)

for every n ∈ N and x ∈ [0, 1] (see Figure 2).220

Considering D1(Athn ,Π) ≤ 1
2n it follows immediately that (Athn)n∈N con-221

verges to Π w.r.t. d∞ and, using the fact that d∞(At, Bt) = d∞(A,B) holds222

for all A,B ∈ C, the same is true for (Ahn)n∈N. Define the transformations223

T1, T2 ∈ T by T = T1 = T2 := h1. It is well known that T is isomorphic to a224

Bernoulli shift (see [3, 28]) and hence strongly mixing. Using disintegration225

and change of coordinates we get226

ST (Ahn)(x, y) =

∫
T−1([0,x])

1T−1([0,y]) ◦ hn(t)dλ(t)
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Figure 2: The λ-preserving transformations hn for n ∈ {4, 16} considered Example 4.3.

=

∫
[0,1]

(
1[0,x] ◦ T (t)

)
·
(
1[0,y] ◦ T ◦ hn(t)

)
dλ(t)

=

∫
[0,1]

(
1[0,x] ◦ T (t)

)
·
(
1[0,y] ◦ hn ◦ T (t)

)
dλ(t)

=

∫
[0,1]

1[0,x](t) ·
(
1[0,y] ◦ hn(t)

)
dλ(t) = Ahn(x, y).

for all x, y ∈ [0, 1], i.e., Ahn ∈ ΩT . If (ΩT , D1) were compact then we could227

find a D1-convergent subsequence
(
Ahnj

)
j∈N

with limit Ah for some h ∈ T .228

Again using the fact that D1-convergence implies d∞-convergence and the229

afore-mentioned d∞-invariance with respect to transposition the property230

Ah = Π would follow. The latter, however, is impossible since Ah is singular231

and Π is absolutely continuous (see Theorem 14 in [21]).232

In the sequel we assume that T1, T2 ∈ T are strongly mixing transforma-233

tions on ([0, 1],B([0, 1]), λ). It is easy to verify (see for instance [2]) that in234

this case the map T = (T1 × T2) : [0, 1]2 → [0, 1]2 is strongly mixing on the235

product space ([0, 1]2,B([0, 1]2), λ2). The following theorem states that ev-236

ery ST -invariant copula A exhibiting an absolute continuous component can237

be expressed as convex combination of the product-copula Π and a (purely)238

singular ST -invariant copula.239

Theorem 4.4. Suppose that T1, T2 ∈ T are strongly mixing and let A ∈ C240

be ST -invariant with m�A > 0. If m�A = 1 then A = Π, otherwise there241
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exists a singular ST -invariant copula B ∈ C fulfilling242

A = m�A Π + (1−m�A )B.

Proof. Suppose that A ∈ C be ST -invariant. Then for every G ∈ B([0, 1]2)243

and every n ∈ N we have244

µA(G) = µST (A)(G) = µA(T−n(G)) = µ⊥A(T−n(G)) + µ�A (T−n(G))

= µ⊥A(T−n(G)) +

∫
[0,1]2

kA(x, y) (1G ◦ T n(x, y)) dλ2(x, y)︸ ︷︷ ︸
=:In

,

where kA(x, y) denotes (a version of) the Radon-Nikodym density of µ�A .245

Applying Lemma 2.1 yields limn→∞ In = m�A · λ2(G). In the case that246

m�A = 1 we have µA(G) = λ2(G) for every G ∈ B([0, 1]2), hence A =247

Π. In case of m�A ∈ (0, 1) the sequence
(
µ⊥A(T−n(G))

)
n∈N converges to248

µA(G)−m�A λ2(G) and we can proceed as follows.249

Defining ϑ(G) := limn→∞ µ
⊥
A(T−n(G)) for every G ∈ B([0, 1]2) we obtain250

a non-negative measure on B([0, 1]2) fulfilling ϑ([0, 1]2) = 1 −m�A . Setting251

µB := ϑ
1−m�

A

it follows that µB is doubly stochastic. Since ST -invariance252

of B is a direct consequence of the fact that A and Π are ST -invariant it253

remains to show that µB is singular w.r.t. λ2. Choose G ∈ B([0, 1]2) such254

that λ2(G) = 1 and µ⊥A(G) = 0. Such a set G 6= [0, 1]2 exists since m�A < 1255

by assumption. Altogether we have256

µB(G) =
ϑ(G)

1−m�A
=
µA(G)−m�A λ2(G)

1−m�A
=
µ�A (G) + µ⊥A(G)−m�A

1−m�A

=
µ�A (G)−m�A

1−m�A
≤
µ�A ([0, 1]2)−m�A

1−m�A
= 0,

which completes the proof.257

Remark 4.5. Theorem 4.4 states that the product copula Π is the only ab-258

solutely continuous ST -invariant copula for strongly mixing transformations259

T1, T2. Note that Theorem 3.2 in [11] is a special case of Theorem 4.4.260

Theorem 4.6. Suppose that T1, T2 ∈ T are strongly mixing. Then the261

family ΩT is a convex and compact subset of (C, d∞) and the product copula262

Π is an extreme point of ΩT .263

Proof. Suppose that α ∈ (0, 1), that A,B ∈ ΩT and that Π = αA+(1−α)B264

holds. Then µA, µB are absolutely continuous w.r.t. µΠ = λ2, so Theorem265

4.4 implies A = B = Π, which shows that Π is extremal in ΩT .266
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Deriving a full analytic characterization of all elements or of all extreme267

points of ΩT for arbitrary strongly mixing transformations T1, T2 ∈ T seems268

intractable. For special transformations, however, various results can be269

derived. In [11] Horanská and Sarkoci constructed numerous ST -invariant270

copulas for the case that T1, T2 are so-called tent-maps. In the sequel we271

show that the essential property of tent maps assuring the construction of272

various ST -invariant copulas as done in [11] is that each transformation273

maps each element of a finite partition of [0, 1] into intervals linearly onto274

[0, 1]. Since this very property is also fulfilled by all so-called Lüroth-maps275

we will work with those transformations in the sequel and construct among276

other things uncountably many extreme points of ΩT .277

5. Copulas invariant with respect to Lüroth double shuffles and278

related results279

Before focusing on Lüroth double shuffles we will recall the definition
of Iterated Function Systems with Probabilities (IFSP) and Lüroth maps.
Following [1, 15, 16] we can summarize the basic construction as follows: Let
(Ω, d) be a complete metric space. A function ω : Ω→ Ω is a contraction if
there exists L < 1 such that d(ω(x), ω(y)) ≤ L · d(x, y) for all x, y ∈ Ω. A
family of contractions {ω1, . . . , ωn} with n ≥ 2 is called an Iterated Function
System (IFS) and we will denote it by {Ω, (ωi)ni=1}. An IFS together with
probabilities (pi)

n
i=1 with pi ≥ 0 for all i = 1, . . . , n and

∑n
i=1 pi = 1 is called

an Iterated Function System with Probabilities (IFSP) and is denoted by
{Ω, (ωi)ni=1, (pi)

n
i=1}. Every IFSP induces the so-called Hutchinson operator

H, defined by

H : K(Ω)→ K(Ω) with H(K) =

n⋃
i=1
pi>0

wi(K),

where K(Ω) denotes the family of all nonempty, compact subsets of Ω. The
map H is a contraction w.r.t. the Hausdorff-metric δH on K(Ω). According
to Banach’s Fixed Point Theorem there exists a unique K? ∈ K(Ω) with
H(K?) = K? such that limn→∞ δH(Hn(K),K?) = 0 holds for every K ∈
K(Ω). K? is called the attractor of the IFSP. Furthermore letting P(Ω)
denote the family of all probability measures on B(Ω), each IFSP induces a
so-called Markov operator V : P(Ω)→ P(Ω), defined by

V(µ) :=
n∑
i=1

piµ
ωi ,
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where µωi denotes the push-forward of µ via ωi. Notice that this operator
has nothing to do with the Markov operators on L1([0, 1],B([0, 1]), λ) that
are in one-to-one correspondence with the class of bivariate copulas (see
[5, 21]). We nevertheless stick to the name Markov operator since it is
common in the literature and since no confusion will arise in the sequel. It
can be shown that V is a contraction on (P(Ω), δK), where δK denotes the
Kantorovich metric (see [22]), defined by

δK(µ, ν) := sup

{∫
Ω
f dµ−

∫
Ω
f dν : f ∈ Lip1(Ω,R)

}
and Lip1(Ω,R) := {h : Ω → R : |h(x) − h(y)| ≤ d(x, y) for all x, y ∈ Ω}.
Again by Banach’s Fixed Point Theorem there exists a unique µ? ∈ P(Ω)
fulfilling V(µ?) = µ? and

lim
n→∞

δK(Vn(µ), µ?) = 0

holds for all µ ∈ P(Ω). Moreover the attractor K? is the support of the280

unique invariant measure µ?. For more background information on the281

Markov and the Hutchinson operator see [1, 15, 16] and the references282

therein.283

In the sequel we focus on double shuffle induced by pairs of so-called284

finite Lüroth maps (where finite refers to the cardinality of the underlying285

partition of [0, 1]). Let {I1, I2, . . . , In} denote a partition of the unit interval286

for 0 ≤ n ∈ N, induced by a strictly increasing vector a = (a0, a1, . . . , an) ∈287

[0, 1]n+1 fulfilling a0 = 0, an = 1, i.e., we have I1 := [a0, a1], I2 := (a1, a2],288

. . ., In = (an−1, an]. For each such partition the a-Lüroth map Ta : [0, 1]→289

[0, 1] is defined by290

Ta(x) =
x−aj−1

aj−aj−1
for x ∈ Ij and j ∈ {1, 2, . . . , n}.

Figure 3 depicts some examples of a-Lüroth maps. Obviously each Lüroth
map Ta is λ-preserving. Furthermore Ta is isomorphic to the shift operator
σ on the code space Σn := {1, . . . , n}N endowed with the product measure
Pa induced by the point probabilities pi = λ(Ii), i ∈ {1, . . . , n}. In other
words, the dynamical system ([0, 1],B([0, 1]), λ, Ta) is a Bernoulli shift (see
[3, 28]), hence strongly mixing. In the sequel we will write

T a,b(x, y) := (Ta × Tb)(x, y) = (Ta(x), Tb(b))

and refer to T a,b : [0, 1]2 → [0, 1]2 as bivariate Lüroth map (corresponding291

to a, b) and to STa,b as Lüroth double shuffle.292
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Figure 3: Three examples of a-Lüroth maps Ta corresponding to a = (0, 0.5, 1) (first
panel), a = (0, 0.2, 0.6, 1) (second panel) and a = (0, 0.1, 0.2, 0.5, 0.7, 1) (third panel).

Following the ideas from [11] we are now going to study the family of all293

STa,b-invariant copulas and derive results analogous to the ones from [11]294

as well as various novel properties.295

Remark 5.1. As already mentioned, in [11] double shuffles induced by tent
maps (corresponding to partitions of [0, 1] into two subintervals) and not
induced by Lüroth maps are studied. Nevertheless our results imply the
ones in [11]. In fact, considering a = (0, a1, 1), b = (0, b1, 1) and letting

ta,b = (ta × tb) : [0, 1]2 → [0, 1]2

denote the bivariate tent map composed by the univariate tent maps ta and296

tb : [0, 1] → [0, 1] it is straightforward to verify that there is a one-to-one297

correspondence between STa,b-invariant and Sta,b-invariant copulas (direct298

consequence of the fact that the dynamical systems ([0, 1]2,B([0, 1]2, λ2, Ta,b)299

and ([0, 1]2,B([0, 1]2, λ2, ta,b) are isomorphic since both are isomorphic to the300

same Bernoulli shift). We chose to work with Lüroth maps since assuming301

that the maps are increasing on each interval keeps notation simple.302

Theorem 4.4 implies that Π is the only absolutely continuous copula303

invariant with respect to the double shuffle STa,b =: Sa,b. Dropping absolute304

continuity opens the door for constructing rich families of Sa,b-invariant305

copulas. Following [11] we first construct a transformation which acts as306

right inverse of the double shuffle Sa,b. To simplify notation we work with307

transformation matrices introduced in [10] (also see [22]).308

Definition 5.2. A k × l matrix T = (tij)i=1,...,k,j=1,...,l is called transfor-309

mation matrix if it fulfills i) k, l ≥ 2, ii) all entries are non negative, iii)310 ∑k
i=1

∑l
j=1 tij = 1 and iv) no row or column has all entries 0.311
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Let Rij = [ai−1, ai]× [bj−1, bj ] for 1 ≤ i ≤ k and 1 ≤ j ≤ l be rectangles312

in [0, 1]2, whereby
⋃k,l
i,j=1Rij = [0, 1]2, and ωij : [0, 1]2 → Rij are defined by313

ωij(x, y) := (ai−1 + x(ai − ai−1), bj−1 + y(bj − bj−1)),

for all i ∈ {1, 2, . . . , k} and j ∈ {1, 2, . . . , l}.314

If a transformation matrix θ := (θij) ∈ [0, 1]k×l satisfies the properties315

1. ∀i ∈ {1, . . . , k} :
∑l

j=1 θij = ai − ai−1316

2. ∀j ∈ {1, . . . , l} :
∑k

i=1 θij = bj − bj−1317

then we will refer to θ as compatible with Ta,b.318

Remark 5.3. It is straightforward to verify (see Definition 5 and the sub-319

sequent paragraph in [24]) that for each Ta,b we can find uncountably many320

compatible transformation matrices. In fact, it is possible to construct un-321

countably many compatible transformation matrices consisting of strictly322

positive entries and, in the case that a or b has length ≥ 4 uncountably323

many containing at least one 0.324

Example 5.4. Consider the a-Lüroth maps Ta with a = (0, 0.3, 1) and Tb325

with b = (0, 0.25, 0.75, 1). Then two compatible transformation matrices are326

given by327

θ1 =

(
0 0.3 0

0.25 0.2 0.25

)
, θ2 =

(
0.1 0.1 0.1
0.15 0.4 0.15

)
.

To simplify notation, in the sequel we will write Ĩ := {(i, j) : θij > 0}328

and consider the IFSP {[0, 1]2, (ωij)(i,j)∈Ĩ , (θij)(i,j)∈Ĩ}. The induced Markov329

operator Vθa,b is then defined by330

Vθa,b(µA) :=

k∑
i=1

l∑
j=1

θijµ
ωij

A =
∑

(i,j)∈Ĩ

θijµ
ωij

A (11)

for all doubly stochastic measures µA. Since Vθa,b maps doubly stochastic331

measures into itself if θ is compatible with Ta,b (if not, Vθa,b(µA) is not332

necessarily doubly stochastic since the affine transformations wij are defined333

according to a, b) we may view Vθa,b also as operator on C. Considering that334

Vθa,b is a contraction on the complete metric space (C, D1) the following335

proposition follows (see [21, 24]):336
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Proposition 5.5. Let Vθa,b be defined according to equation (11). Then

there exists a unique copula C?θ fulfilling Vθa,b(C?θ) = C?θ. Furthermore for
every copula C we have

lim
n→∞

D1

((
Vθa,b

)n
(C), C?θ

)
= 0.

The following lemma shows that Vθa,b works as right-inverse of Sa,b and is337

therefore of interest for finding Sa,b-invariant copulas.338

Lemma 5.6. Let Vθa,b be defined according to equation (11). Then for every339

copula A ∈ C we have Sa,b(Vθa,b(µA)) = µA.340

Proof. It suffices to show
(
Vθa,b(µA)

)Ta,b
(E×F ) = µA(E×F ) for all E,F ∈341

B([0, 1]) and arbitrary A ∈ C. The latter, however is a direct consequence,342

of the following straightforward calculation:343

(
Vθa,b(µA)

)Ta,b
(E × F ) =

 ∑
(i,j)∈Ĩ

θijµ
ωij

A

Ta,b (E × F )

=
∑

(i,j)∈Ĩ

θijµ
ωij

A (T−1
a,b(E × F ))

=
∑

(i,j)∈Ĩ

θijµA

(
ω−1
ij (T−1

a,b(E × F ))
)

=
∑

(i,j)∈Ĩ

θijµA

(
ω−1
ij (T−1

a (E)× T−1
b (F ))

)
=
∑

(i,j)∈Ĩ

θijµA

(
ω−1
ij

(
T−1
a (E)× T−1

b (F ) ∩Ri,j
))

=
∑

(i,j)∈Ĩ

θijµA(E × F ) = µA(E × F ),

344

Combining Proposition 5.5 and Lemma 5.6 we obtain the following very345

useful implication for copulas C ∈ C and compatible transformation matrices346

θ already established by Horanská and Sarkoci in [11] in the context of tent347

maps:348

Vθa,b(µC) = µC =⇒ Sa,b(C) = C (12)

The next proposition is the Lüroth version of Proposition 3.3. in [11]:349
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Proposition 5.7. Let Vθa,b be defined according to equation (11). Then350

the unique copula C?θ from Proposition 5.5 is Sa,b-invariant. Moreover, the351

following assertions hold:352

1. If θij = (ai − ai−1)(bj − bj−1) for all i ∈ {1, . . . , k} and j ∈ {1, . . . , l}353

then C?θ = Π.354

2. If θij > 0 for all i, j and if there exists at least one (i, j) such that355

θij 6= (ai − ai−1)(bj − bj−1) then C?θ is singular and has full support.356

3. If at least one entry of θ is zero then C?θ is singular and the support357

K?
θ of C?θ fulfills λ2(K?

θ) = 0.358

Proof. The invariance property of C?θ is a direct consequence of equation
(12). The first assertion is a direct consequence of Vθa,b(µΠ) = µΠ. Con-
sidering the fact that the support of the invariant copula C?θ coincides with
the corresponding fixed point of the Hutchinson operator Hθa,b the second
assertion follows from the fact that

Hθa,b([0, 1]2) =
⋃

(i,j)∈I

ωij([0, 1]2) = [0, 1]2.

Hence the support of C?θ is [0, 1]2 and, using the results in [24], singularity359

of C?θ follows. In the third situation λ2(K?
θ) = 0 is easily verified. Having360

this, singularity of C?θ is trivial.361

As next step we take a look at the entropy of the dynamical system362

(K?
θ,B(K?

θ), µC?
θ
,T a,b) and start with a direct consequence of Theorem 3 in363

[24]:364

Corollary 5.8. The dynamical system (K?
θ,B(K?

θ), µC?
θ
,T a,b) is Bernoulli,

hence strongly mixing, and its entropy hµC?
θ
(T a,b) is given by

hµC?
θ
(T a,b) = −

∑
(i,j)∈Ĩ

θij · log(θij).

Obviously, given an arbitrary s ∈ (0,∞) it is always possible to find a, b365

and a transformation matrix θ such that the corresponding STa,b-invariant366

copula C?θ has entropy s. On the other hand, given a 2-dimensional Lüroth367

map T a,b it does not seem straightforward to determine hµC?
θ
(T a,b) for all368

compatible transformation matrices θ. The following remark provides a369

sharp upper bound and a lower bound which may not be attained except in370

special cases.371
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Remark 5.9. Let T a,b be an arbitrary 2-dimensional Lüroth map. Then372

setting ai = ai − ai−1 and bj = bj − bj−1 we have373

hµC?
θ
(T a,b) ∈

− l∑
j=1

max
i

(θij} · log(max
i

(θij)),−
∑

(i,j)∈Ĩ

aibj · log(aibj)

 .
It is straightforward to verify that the upper bound is attained by considering374

the transformation matrix θi,j = aibj , i ∈ {1, . . . , k}, j ∈ {1, . . . , l}, in which375

case we have C?θ = Π. The lower bound is obvious, and it is attained if the376

invariant copula C?θ is mutually completely dependent (see [21] for properties377

of completely dependent copulas). Notice that the latter can only be the case378

if there exists a permutation τ of {1, . . . , k} such that for all i ∈ {1, . . . , k}379

we have ai − ai−1 = bτ(i) − bτ(i)−1.380

In the following examples we illustrate Proposition 5.7 and Corollary381

5.8 and plot the density of the probability measure
(
Vθa,b

)n
(Π) for various382

choices of a and b and compatible transformation matrices θ. In the setting383

considered in Example 5.10 the invariant copula has full support in Example384

5.11 and Example 5.12 the support of the copulas is a set of λ2-measure 0.385

Example 5.10. Set a = (0, 0.1, 0.4, 0.8, 1), b = (0, 0.3, 0.7, 1) and consider386

the compatible transformation matrix θ given by387

θ =


0.02 0.03 0.05
0.07 0.14 0.09
0.18 0.15 0.07
0.03 0.08 0.09

 .

Figure 4 depicts the Lüroth-maps Ta and Tb, respectively, Figure 5 depicts388

the densities of
(
Vθa,b

)n
(Π) for n ∈ {1, 2, 3, 5}. According to Proposition389

5.7 the invariant copula C?θ is singular and has full support. Moreover, the390

entropy of T a,b w.r.t. to µC?
θ

is hµC?
θ
(T a,b) ≈ 2.315.391

Example 5.11. Set a = (0, 0.3, 0.7, 1), b = (0, 0.2, 0.4, 1) and consider the392

compatible transformation matrix θ, defined by393

θ =

 0 0.13 0.17
0.12 0 0.28
0.08 0.07 0.15

 .

Figure 6 contains the Lüroth-maps Ta and Tb, respectively, Figure 7 de-394

picts the densities of the first iterations of
(
Vθa,b

)n
(Π) for n ∈ {1, 2, 3, 5}.395
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Figure 4: Lüroth-maps Ta (left panel - a) and Tb (right panel - b) according to Example
5.10.

Step 3 Step 5

Step 1 Step 2

0 0.3 0.7 1 0 0.3 0.7 1

0

0.2

0.4

1

0

0.2

0.4

1
−2

0

2

ln(dens)

Figure 5: Image plot of the (natural) logarithm of the density of
(
Vθa,b

)(n)
(Π) for n ∈

{1, 2, 3, 5} with θ,a and b according to Example 5.10.
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According to Proposition 5.7 the invariant copula C?θ is singular and the396

support K?
θ of C?θ fulfills λ2(K?

θ) = 0. Moreover, the entropy of T a,b w.r.t.397

to µC?
θ

is hµC?
θ
(T a,b) ≈ 1.85.398
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Figure 6: Lüroth-maps Ta (left panel - a) and Tb (right panel - b) according to Example
5.11.

Example 5.12. Set a =
(
0, 1

6 ,
5
6 , 1
)
, b =

(
0, 1

3 ,
2
3 , 1
)

and consider the com-399

patible transformation matrix θ given by400

θ =

0 1
6 0

1
3 0 1

3
0 1

6 0

 .

Figure 6 shows the Lüroth-maps Ta and Tb, respectively, Figure 7 de-401

picts the densities of the first iterations of
(
Vθa,b

)n
(Π) for n ∈ {1, 2, 3, 5}.402

According to Proposition 5.7 the invariant copula C?θ is singular and the403

support K?
θ of C?θ fulfills λ2(K?

θ) = 0. Moreover, the entropy of T a,b w.r.t.404

to µC?
θ

is hµC?
θ
(T a,b) ≈ 1.33.405

For Lüroth double shuffles we can derive stronger versions of Theorem 4.4406

and Theorem 4.6. As direct consequence of Theorem 3 in [24] the dynamical407

system ([0, 1]2,B([0, 1]2), µC?
θ
,T a,b) is isomorphic to a Bernoulli shift and as408

such strongly mixing. For every A ∈ C we will let µA = µ
�C?

θ
A +µ

⊥C?
θ

A denote409

the Lebesgue decomposition of µA w.r.t. µC?
θ

and set m
�C?

θ
A = µ

�C?
θ

A ([0, 1]2).410

The following theorem can be proved in completely the same manner as411

Theorem 4.4 - instead of the fact that T a,b is strongly mixing w.r.t. λ2 = µΠ412

this time we use that T a,b is strongly mixing w.r.t. µC?
θ
.413
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Figure 7: Image plot of the (natural) logarithm of the density of
(
Vθa,b

)n
(Π) for n ∈

{1, 2, 3, 5} with θ,a and b according to Example 5.11.
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Figure 8: Lüroth-maps Ta (left panel - a) and Tb (right panel - b) according to Example
5.12.
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Figure 9: Image plot of the (natural) logarithm of the density of
(
Vθa,b

)n
(Π) for n ∈

{1, 2, 3, 5} with θ,a and b according to Example 5.12.

Theorem 5.13. Suppose that A ∈ C is Sa,b-invariant. If m
�C?

θ
A = 1 then414

A = C?θ, if not then there exists a Sa,b-invariant copula B ∈ C fulfilling the415

following two properties:416

1. B is singular with respect to C?θ.417

2. A = m
�C?

θ
A · C?θ + (1−m�C

?
θ

A ) ·B.418

Using the results from [24] as well as the above theorem yields the fol-419

lowing stronger version of Theorem 4.6:420

Theorem 5.14. Suppose that Ta,b is a bivariate Lüroth map and suppose421

that θ,θ1,θ2 with θ1 6= θ2 are transformation matrices compatible with Ta,b.422

Then the following assertions hold:423

1. C?θ1 and C?θ2 are singular with respect to each other.424
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2. C?θ is an extreme point of ΩTa,b.425

Proof. Since the first assertion is a direct consequence of Theorem 3 and426

Theorem 7 in [24] it suffices to prove the second one. Suppose there exist427

two copulas A,B ∈ ΩTa,b and α ∈ (0, 1) such that C?θ = αA + (1 − α)D428

holds. Considering that A and B are absolutely continuous with respect to429

C?θ it follows that m
�C?

θ
A = 1 = m

�C?
θ

D , hence applying Theorem 5.13 yields430

A = B = C?θ. In other words, C?θ is an extreme point of ΩTa,b .431

Remark 5.15. Notice that according to Theorem 5.14 each copula C?θ is432

an extreme point of ΩTa,b , it is however, only an extreme point of the whole433

family C if, and only if θ (or its transpose θt) only contains rows having434

exactly one entry not equal to zero. In the latter case the resulting invariant435

copula C?θ (or its transpose) is completely dependent.436

Considering Remark 5.3 yields the following nice corollary:437

Corollary 5.16. For each Ta,b the set ΩTa,b contains uncountably many438

extreme points which are pairwise singular with respect to each other.439

Having in mind Choquet’s famous theorem (see [19]) which implies that
(in the current setting) for every A ∈ ΩTa,b there exists some probability
measure ϑA supported on the set of all extreme points of ΩTa,b that ‘re-
presents’ A and taking into account Remark 5.16 one might conjecture that
we have already found ALL extreme points of ΩTa,b . The latter, however, is
not true as the following examples show. To simplify notation we will write

Λa,b := {C?θ ∈ C : θ compatible with Ta,b}.

Example 5.17. We show that in general Λa,b is not necessarily convex440

(compare with Example 3.5 and 3.6 in [11]) and consider a = b =
(
0, 1

2 , 1
)
.441

In this case the only two compatible transformation matrices containing a442

0 are θ1,θ2 given by443

θ1 =

(
1
2 0
0 1

2

)
, θ2 =

(
0 1

2
1
2 0

)
.

In this case we obviously have M = C?θ1 as well as W = C?θ2 . Figure444

10 depicts the density plots of
(
Vθ1a,b

)n
(Π) and

(
Vθ2a,b

)n
(Π) for n = 5.445

Obviously C := 1
2W + 1

2M is also Sa,b-invariant, however C 6∈ Λa,b.446
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Figure 10: Image plot of the density of
(
Vθ1a,b

)n

(Π) for n = 5 (left panel) and of(
Vθ2a,b

)n

(Π) (right panel), whereby a = b are as in Example 5.17.

Example 5.18. We consider the same situation as in the previous ex-447

ample. Then, letting Ah denote the completely dependent copula with448

h(x) = 2x(mod1), according to Example 4.3 Ah is Sa,b-invariant. The cop-449

ula Ah, however, is not a convex combination of M and W , hence it is not450

contained in the convex hull of the set Λa,b.451
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