Some properties of double shuffles of bivariate copulas and

(extreme) copulas invariant with respect to Liiroth double
shuffles
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Abstract

Considering the well-known shuffling operation in z- and in y-direction yields
so-called double shuffles of bivariate copulas. We study continuity properties
of the double shuffle operator St induced by pairs T' = (T} x T3) of measure
preserving transformations on ([0, 1], B([0,1]), ) on the family C of all bi-
variate copulas, analyze its interrelation with the star/Markov product, and
show that for each left- and for each right-invertible copula A the set of all
possible double shuffles of A is dense in C with respect to the uniform metric
deo. After deriving some general properties of the set Qp of all Sp-invariant
copulas we focus on the situation where 77, T5 are strongly mixing and show
that in this case the product copula Il is an extreme point of Q2. Moreover,
motivated by a recent paper by Horanska and Sarkoci (Fuzzy Sets and Sys-
tems 378, 2018) we then study double shuffles induced by pairs of so-called
Liiroth maps and derive various additional properties of Qr, including the
surprising fact that {7 contains uncountably many extreme points which
(interpreted as doubly stochastic measures) are pairwise mutually singular
with respect to each other and which allow for an explicit construction.

Keywords: Copula, Double shuffle, strongly mixing, fixed point, Markov
product, Iterated Function System

1. Introduction

The study of shuffles of bivariate copulas probably goes back to some
seminal work of Vitale (see [20 27]) as well as Kimeldorf and Sampson [13].
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Formally, shuffles were introduced by Mikusinski et al. in 1992 (see [17]),
where the authors constructed new copulas from the minimum copula M by
(1) cutting [0,1]? vertically into a finite number of strips and (2) shuffling
(and possibly flipping) the strips. The resulting family of all shuffles of M is
easily shown to be a dense subset of the family of all bivariate copulas C en-
dowed with the uniform metric do,, which proved very handy in the context
of various problems (see [8, [I8]), in particular in the study of the relation-
ship of Kendall’s 7 and Spearman’s p (see [20]). The concept of shuffling was
extended by Durante et. al to arbitrary copulas A € C (see [0, [7]) and later
by Trutschnig and Ferndndez Sénchez in [23]. In the general setting, letting
T:1[0,1] — [0,1] denote a general A-preserving transformation on [0, 1] the
T-shuffle Sp(A) of A € C is defined in terms of the corresponding doubly
stochastic measure by

psp(a)(E X F) = pa(T~H(E) x F)

for all Borel-sets E and F' of [0, 1].

In the current paper we study the natural extension to so-called double
shuffles, i.e., shuffles in both directions. Letting 77, 7> denote A-preserving
transformations on [0,1] and setting T := (T} x T3): [0,1]?> — [0, 1]> where
(Ty x Ts)(x,y) == (Th(x),T2(y)), then for every copula A € C the double
shuffle St (A) of A is defined by

psp(a)(E x F) = pa(Ty H(B) x Ty ' (F)) (1)

for all E, F' € B([0,1]). It is straightforward to verify that Sy (A) maps C into
itself. Moreover, expressing St(A) in terms of the star/Markov product al-
lows to derive several continuity properties of the mapping (71,75, A) —
Sy x1)(A), whereby we consider the usual Lj-distance of A-preserving
transformations as well as the metrics dos and D; (see [21]) on C.
Triggered by [I1] we then focus on the set Qp of all Sp-invariant copu-
las, show that Qr is convex, compact in (C, d) but not in (C, D1). Moving
away from full generality and having in mind Choquet’s famous represen-
tation theorem (see [19]) we then focus on extreme points of Qr and show
that IT is an extreme point of Qp whenever T}, T are strongly mixing (see
[28]). Going one step further and considering so-called Liiroth maps as
transformations 77,75 opens the door to the construction of uncountably
many extreme points of Q. In fact, using a construction method studied in
[11] in the context of tent maps (or reflected tent maps) and working with
so-called Iterated Function Systems with Probabilities makes it possible to
construct those extreme points explicitly. Using another mixing property
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of the induced bivariate Liiroth map T'gp going back to [24] additionally
allows to prove the surprising fact that these extreme points are pairwise
mutually singular with respect to each other.

The rest of the paper is organized as follows. Section 2 gathers some
preliminaries and notations that will be used throughout the paper. Section
3 studies general continuity properties of double-shuffles as well as the afore-
mentioned interrelation with the star/Markov product. Section 4 focuses on
the set Q7 of all Sp-invariant copulas and shows that II is an extreme point
of Qr whenever T7,T5 are strongly mixing. After recalling basic properties
of Iterated Function Systems with Probabilities and Liiroth transformations
in Section 5 we then construct uncountably many extreme points of Qr
and show that they are pairwise mutually singular with respect to each
other. Various examples and graphics illustrate the construction methods
and obtained results.

2. Notation and Preliminaries

For every metric space (£2,d) the Borel o-field will be denoted by B(f2),
A will denote the Lebesgue measure on B(R). 7 will denote the class of all
measurable A-preserving transformations on [0, 1], i.e.,

T ={T:[0,1] = [0,1] and N(T"YE)) = \(E) VE € B(|[0,1])},

and 7, the subclass of all bijective T' € 7. Writing u! for the push-forward of
a measure y under a (measurable) transformation we have that 7" € T if and
only if AT = X. Throughout the whole paper C will denote the family of all
two-dimensional copulas, P the family of all doubly-stochastic measures (for
background on copulas and doubly stochastic measures we refer to [ [1§]
and the references therein). M denotes the minimum copula, IT the product
copula, W the lower Fréchet Hoeffding bound. Additionally, the completely
dependent copula induced by a measure-preserving transformation 7" € T
will be denoted by Cr (see [21], Definition 9). For every copula C € C the
corresponding doubly stochastic measure will be denoted by uc. As usual,
ds (A, B) denotes the uniform metric on C, i.e.,

doo(A,B) = max |A(x,y) — B(z,y)|.
(A.B)i= max |A(r.y) - Blz.y)

It is well known that (C,d) is a compact metric space.
We will call two probability measures pi,pe on B(2) singular with
respect to each other (and write p; L p9) if there exist disjoint Borel
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sets E,F € B(Q) with u1(E) = 1 = po(F). Considering the Lebesgue-
decomposition of 4 € P with respect to the two-dimensional Lebesgue mea-
sure \y (or, equivalently, with respect to ) we will write pgq = uf + ,uj and
denote the mass of the singular component p by sing(A) = p%([0,1]?) and
the mass of the absolutely continuous component x5 by m$ = u5([0, 1]2).

Given A-preserving transformations 77,75, we define the (generalized)
(T x Ty)-double shuffle of A implicitly via the corresponding doubly stochas-
tic measures by

Hsiry ey () (B X F) = pa(T7H(E) x Ty Y(F)) = p " (Ex F)  (2)

for all E,F € B([0,1]). In other words: ISz, 1y (4) 18 the push-forward
of pa via (Th x Ty): [0,1]? — [0,1)? with (T} x T2)(x,y) = (Ti(x), Ta(y)).
In the next section we will derive properties of double shuffles in terms of
mixing properties if the transformations 77,75 € 7. A measure-preserving
transformation 7" on a probability space (€2, A, ) is called strongly mixing
(see [3 28]) if for all E, F' € A we have
Jim p(T7(E) N F) = p(E)u(F).

Using standard measure-theoretic arguments we easily obtain the following
useful equivalence:

Lemma 2.1. Let T be a measure preserving transformation on a prob-
ability space (0, A, ). Then T is strongly mizing if, and only if for all
feLYQ,A ) and E € A we have

[ 1@ (e ot @) du 2= w(E)- | fan (3)
Q Q

In what follows Markov kernels will play an important role. A mapping
K:Rx B(R) — [0,1] is called a Markov kernel from (R, B(R)) to (R, B(R))
if the mapping = — K (x, B) is measurable for every fixed B € B(R) and the
mapping B — K(z, B) is a probability measure for every fixed x € R. A
Markov kernel K : Rx B(R) — [0, 1] is called regular conditional distribution
of a (real-valued) random variable Y given (another random variable) X if
for every B € B(R)

K(X(w), B) =E(1p o Y[X)(w)

holds P-a.s. It is well known that a regular conditional distribution of Y
given X exists and is unique PX-almost sure (where PX denotes the distri-
bution of X i.e., the push-forward of P via X). For every A € C (a version



97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

of) the corresponding regular conditional distribution (i.e. the regular condi-
tional distribution of Y given X in the case that (X,Y’) ~ A) will be denoted
by Ka(-,-). Note that for every A € C and Borel sets E, F' € B([0,1]) we
have

/JEKA(as,F)d)\(:c) = pa(E x F).

For more details and properties of conditional expectations and regular con-
ditional distributions we refer to [12], [14]. Expressing copulas in terms
of their corresponding regular conditional distribution leads to a metric
stronger than do, (see [21]) and defined by

Di(A, B) = /[ } /[Ovl]rKAm 0, 4]) — Kz, [0, y])] dA(z)dAw).

It can be shown that (C, D) is a complete and separable metric space and
that the (minimal) topology induced by D; is strictly finer than the one
induced by ds. For more properties and extensions of D; we refer to [8, O,
21].

Given A, B € C a new copula denoted by A x B can be constructed via the
so-called star/Markov product A B (see [4]):

(Ax B)(x,y) = - Ap(z,t)Bi,(t,y) dA(t). (4)

The star product A * B is always a copula, i.e., no smoothness assumptions
on A, B are required. Translating to the Markov kernel setting the star
product is nothing new, it corresponds to the well known composition of
Markov kernels:

Lemma 2.2 (Trutschnig and Fernandez Sénchez, 2012). Suppose that A, B €
C and let K4, Kp denote the Markov kernels of A and B, respectively. Then
the Markov kernel K o Kp, defined by

(KqoKp)(x,F) = o Kp(y, F) Ka(x,dy) (5)

s a regular conditional distribution of A x B.

In the sequel we will use the fact that a copula B is completely dependent
(see [2I] and the references therein for equivalent formulations) if and only
if it is left-invertible w.r.t. the star-product (see [4]), i.e., if there exists a
copula A such that A x B = M holds.
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3. Properties of double shuffles and interrelations with the star
product

We start with the following simple and useful lemma that expresses the
double shuffle S, x7,)(A4) in terms of the star product and in terms of a
transformation of the corresponding Markov kernel K 4. For T3 := id|g 1) the
lemma coincides with Lemma 2 in [23].

Lemma 3.1. Suppose that 11,15 € T and that A € C. Then
S(T1 ><T2)(A) = (CT1)t * A x Cry, (6)

where (Cr,)! denotes the transpose of Cr,. Furthermore, for every F €
B([0,1]) the following equation holds for A-almost every x € [0,1]:

d _
KS(TleQ)(A)(x F) daz /1([011) KA(t,T2 1(F)) d)\(t) (7)

Proof. Equation follows directly from equation by setting E := [0, z]
and using disintegration (see [12]). To prove the first assertion we use Lemma
and proceed as follows: For every E, F' € B(]0,1]) we have

Koy, wason,) (@, F) = o Kascr, (y, F)Key, (2, dy)

= / [ ]KcT (2 F)K A(y.4) Ky, (x.dy)
0,1

/ / Y KA(y,dZ)Kct (x,dy)
0,1] J[0,1] 5
= KCtTl*A(x7T2 (F))

In the same way we obtain
KA*CTl (z,F) = Kx(x, Tl_l(E))

Altogether we therefore get

s EX )= [ Kala, T (E) dAa)
T, (F)

:/1 Katucy, (v, E) dA(2)
T (F)

= parecn, (T (F) % B) = pgy oa(E x T3 1 (F))
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- /E Key oa(@, Ty ' (F)) dA(@)

= [ Koy recn, (o P aX@)
= Koy, wasor, (B X F)
which completes the proof. ]

Following [23], we can express the Markov kernel of the double-shuffle
S(Tleg)(A) of A with Ty € 7;; and To € T by

() (@, F) = KA(T{ (2), Ty ' (F)). (8)

S(1y xTy)

The following result gathers some properties of double shuffles concerning
singularity and continuity.

Theorem 3.2. Let S,51,5,...,1T,11,15,... € T and A, A1, As,... € C.
Then the following assertions hold:

1. sing(Sisx1)(A)) < sing(A).
2. If limy 00 doo(Ap, A) = 0 and if we have lim,_,||S, — S|l1 = 0 as

well as limy,_,o0|| Ty, — T'||1 = 0, then

n—o0

3. If limy oo ||T — T'lJ1 = 0 as well as limy, oo D1(Ap, A) = 0 then we
have

lim D; (S(SXTn)(An)ps(SXT) (A)) =0.

n—oo

If, additionally, lim, Dl(CtSn, C%) = 0 holds then it follows that

lim Dl(S(SnxTn)(An),S(SXT)(A)) = 0.

n—o0

Proof. The first assertion is a direct consequence of Theorem 7 in [23].

To prove the second assertion we proceed as follows: According to Lemma
3.1 we can write Sigxr)(An) = C§ * A, * Cp. Since the star product is
continuous in each argument (but not jointly) with respect to d (see [5])
we get

Jim. doo(S(sx1)(An), S(sx1)(A4)) = 0. 9)

7
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According to the Portmanteau Theorem (see [25], page 6) it is enough to
show that

lim
n—oo

F@ s @) = [ Fag)dns s, ()| =

[0,1]2 [0,1]2

holds for every Lipschitz continuous f: [0,1]> — R (the class of all these
f is denoted by £([0,1]%)). For f € £([0,1]?), considering the definition of
IS gy (A) and applying the triangle inequality yields

|/ fd SnxTn _/ fdllffXT) < / fdﬂginXTn) _/ f AS:><T
0,1]2 [0,1]2 [0,1]2 [0,1]2
[0,1]2 [0,1]2
F[ g - / "
[0,1]2 [0,1]2

=L+ I+ 1.

Using change of coordinates, letting L denote the Lipschitz constant of f,
and considering E € B([0,1]) we obtain

Iifébﬁn]2!f(Sh(w)yih(y))—-f(SE(x)vay))ldﬂAn(I7y)
0,1
<L [ B0 - T da, (2.0
0,1]2
=i [ ) - Tl = LT =T
0,1
Proceeding analogously for 12 yields I2 < L -||S,, — S||1. Since according to
eq. @ If; converges to 0 altogether we have shown that
£&Q+ﬁ+ﬁza
which completes the proof of the second assertion.
For showing the third assertion first recall that the star product is jointly
continuous with respect to the metric D; (see [22] or [5]) and that L-
convergence of the sequence (T, )nen to T € T is equivalent to Dj-convergence

of the sequence of completely dependent copulas Cr,, to Cr (again see [21]).
Having this the desired assertion follows from Lemma ]




170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

186

187

188

189

190

191

The subsequent example shows that the assumption
lim D;(C§ ,C%) =0
n—0o0

in the third assertion of Theorem [3.2] can not be omitted or replaced by

Example 3.3. Let S: [0,1] — [0, 1] be defined by S(z) = 2z(modl) and
Sy [0,1] — [0, 1] by
x + % if v e |2

n

andje{l,...,%}
andje{%—i—l,...,n}

J
‘n
Sp(x) = x—l—i—% ifx € jfl,%

n

1 ifx=1

for all n € 2N (see Figure . Obviously the transformations S, and S are
A-preserving. It is straightforward to verify that for every n € 2N,

1
IS0 = Sl = 5

holds, which implies lim,_,o||Sn, — S||1 = limy 00 D1(Cs,,,Cs) = 0. Since
each C’gn is completely dependent and the set of all completely dependent
copulas is closed in the metric space (C, D) any potential D;-limit of the
sequence (Cé’n)neN is completely dependent too (see [2I], Proposition 15).
Considering that Cfg is not completely dependent, Cg can not be the limit
of (C§ Jnen. Setting T,, = T = idjgy) for every n € N and considering
S(Snxid[o,l])(M) = C’gn * M« M = Cfgn we see that the double shuffle
S(Snxid[oyl])(M) fails to converge to Sigyiay, (M) = C§ with respect to
D;.

[0,1])

Corollary 3.4. For every copula A the set {S(sx1y(A): S,T € T} only
contains copulas whose singular component has mass at most sing(A).

Corollary 3.5. For every left- and for every right-invertible copula C' € C
the set

{S(SXT)(C): S, TeT}
is dense in (C,dx).
Proof. Suppose that the copula C' is left-invertible. Then (see [21]), C' can
be expressed as C' = C}, for some h € T. According to [4] we can ex-

press the Minimum copula M as M = C} * Cj, x Cjq. Since the compo-
sition of A-preserving transformations is A-preserving and since obviously
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n=4 n=8

1.004 1.00+

0.75 0.75

0.50 0.50

0.254 0.25+

0.004 0.00+
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
n=16 n=32

1.00 1.00

0.754 0.75+

0.50 1 0.50

0.254 0.25+

0.00 0.00
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

Figure 1: The A-preserving transformations S, (black) for n € {4,8,16,32} and S (ma-
genta), defined in Example

88108 xT10T) (A) = S5, 1) (S5, x13)(A)) holds for every A € C the desired
result now follows from the fact that the family of all shuffles of M are dense
in (C,ds) (see [8, [1§]). The case that C' is right-invertible can be handled
analogously. O

In the next section we study double-shuffles induced by strongly mixing
transformations 77 and 75 and derive some properties of copulas invariant
with respect to double-shuffles of this kind.

10
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4. Copulas invariant with respect to double shuffles induced by
strongly mixing transformations

In the sequel, given Ty, Ty € T we will write T == (T} x Ty): [0,1]? — [0,1]2
and study the family of all Sp-invariant copulas, defined by

Qr == {A € C: Sp(A) = A}. (10)

Each copula A € Qp will be called Sp-invariant. We start with a simple
first result which will be refined for special classes of transformations 77, 7o
throughout the rest of the paper.

Theorem 4.1. The family Qr is a convex and compact subset of (C,dso)-

Proof. Convexity is obvious, to prove compactness we may proceed as fol-
lows: Considering that (C,ds) is compact it suffices to prove that Qp is
closed. Letting (Ap)nen denote a sequence of Sp-invariant copulas with
doo-limit A € C according to Lemma [3.2] we have

doo(A,ST(A)) = li_>m doo(An, ST(A)) = li_>m doo(ST(AR),ST(A)) =0,
so A € Q. O

Remark 4.2. Lemma also yields completeness of (0, D1). In fact,
considering that (C,D;) is complete and that convergence w.r.t. D; im-
plies convergence w.r.t. ds, Theorem immediately yields completeness.

However, as illustrated by the subsequent example, Qr is not compact in
(C’ Dl)

Example 4.3. Let (Ap, )nean be a sequence of completely dependent copu-
las, whereby the A-preserving transformations hy,: [0, 1] — [0, 1] are defined
by

hpn(x) == 2nx (modl)

for every n € N and z € [0,1] (see Figure [2)).

Considering Dy (A}, ,1T) < 5- it follows immediately that (A}, Jnen con-
verges to Il w.r.t. ds and, using the fact that d,(A?, B') = doo (A, B) holds
for all A, B € C, the same is true for (Ap, )nen. Define the transformations
T, T €T by T =Ty =15 := hy. It is well known that T is isomorphic to a
Bernoulli shift (see [3, 28]) and hence strongly mixing. Using disintegration
and change of coordinates we get

St(An,)(#,y) = / Ly-1(jo)) © "n(t)dAR)
T ([0.2)

11
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1.001 1.001
0.754 0.754
0.50 4 0.50 4
0.254 0.25
0.00+ 0.00 4
O.IOO 0 I25 0 :30 O.I75 1.‘00 O.bO 0.‘25 0.:50 0.‘75 l.IOO

Figure 2: The A-preserving transformations h, for n € {4, 16} considered Example

B /[0 1] (Lo, 0 T (1)) - (Lo ) © T 0 hn(t)) dA(2)
B /[0 1] (Lo, 0 T (1)) - (Ljo) © hn 0 T(t)) dA(2)
- /[0 1] o4 (t) - (o) © ha(t)) dA(t) = Ap,, (2, 1)

for all z,y € [0,1], i.e., Ay, € Qp. If (Qr, D1) were compact then we could
find a Di-convergent subsequence (Ahnj) . with limit Ay, for some h € T.
je

Again using the fact that Dj-convergence implies dso.-convergence and the
afore-mentioned d..-invariance with respect to transposition the property
Ay, = II would follow. The latter, however, is impossible since Ay, is singular
and II is absolutely continuous (see Theorem 14 in [21]).

In the sequel we assume that T7,T» € T are strongly mixing transforma-
tions on ([0,1], B([0,1]), A). It is easy to verify (see for instance [2]) that in
this case the map T = (T} x Ty): [0,1]> — [0, 1]? is strongly mixing on the
product space ([0,1]%,B([0,1]?), A2). The following theorem states that ev-
ery Sr-invariant copula A exhibiting an absolute continuous component can
be expressed as convex combination of the product-copula IT and a (purely)
singular Sp-invariant copula.

Theorem 4.4. Suppose that T1,Te € T are strongly mizing and let A € C

be St-invariant with ms > 0. If m$§ = 1 then A = II, otherwise there

12
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exists a singular St-invariant copula B € C fulfilling
A=mSH+ (1-m$)B.

Proof. Suppose that A € C be Sp-invariant. Then for every G' € B([0,1]?)
and every n € N we have

14(G) = psp(a)(G) = pa(T™"(G)) = px(T~(G)) + p (T7(G))

Zldﬂj‘n«3)+l/ ka(z,y) (g 0 T(z,9)) dha(z, ),
[0,1]2

=1,

where ka(z,y) denotes (a version of) the Radon-Nikodym density of p§
Applying Lemma yields limy, oo I, = mS - XA2(G). In the case that
mS = 1 we have ,uA(G) = X\o(G) for every G € B([0,1)?), hence A =
II. In case of m$ € (0,1) the sequence (uj(T*”(G)))neN converges to
1a(G) — m$A2(G) and we can proceed as follows.

Defining 9(G) = lim,_,00 u (T~ "(G)) for every G € B([0,1]?) we obtain
a non-negative measure on B([0, 1]?) fulfilling 9¥([0,1]*) = 1 — m<. Setting
wp = % it follows that pp is doubly stochastic. Since Sp-invariance
of B is a direct consequence of the fact that A and II are Sp-invariant it
remains to show that up is singular w.r.t. A2. Choose G € B([0,1]?) such
that A2(G) = 1 and p(G) = 0. Such a set G # [0, 1]% exists since m§ < 1
by assumption. Altogether we have

19(G) ~ palG) - <<>\2(G) uf(GHuj(G) my

nB(G) = = =
1 - A 1 - A 1 - A
_uE@ = pf 01 —ms
l-mg  ~ 1—m3
which completes the proof. O

Remark 4.5. Theorem states that the product copula II is the only ab-
solutely continuous Sp-invariant copula for strongly mixing transformations
Ty, T>. Note that Theorem 3.2 in [I1] is a special case of Theorem

Theorem 4.6. Suppose that T1,To € T are strongly mizing. Then the
family Qr is a conver and compact subset of (C,d~) and the product copula
IT is an extreme point of Q.

Proof. Suppose that « € (0,1), that A, B € Qp and that Il = aA+(1—«)B
holds. Then w4, up are absolutely continuous w.r.t. pumg = A2, so Theorem
4.4 implies A = B = II, which shows that II is extremal in Q7. O
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Deriving a full analytic characterization of all elements or of all extreme
points of Q for arbitrary strongly mixing transformations 77,75 € T seems
intractable. For special transformations, however, various results can be
derived. In [II] Horanska and Sarkoci constructed numerous Sp-invariant
copulas for the case that 17,75 are so-called tent-maps. In the sequel we
show that the essential property of tent maps assuring the construction of
various Sp-invariant copulas as done in [I1] is that each transformation
maps each element of a finite partition of [0,1] into intervals linearly onto
[0,1]. Since this very property is also fulfilled by all so-called Liiroth-maps
we will work with those transformations in the sequel and construct among
other things uncountably many extreme points of Q.

5. Copulas invariant with respect to Liiroth double shuffles and
related results

Before focusing on Liiroth double shuffles we will recall the definition
of Iterated Function Systems with Probabilities (IFSP) and Liiroth maps.
Following [I}, 15), [16] we can summarize the basic construction as follows: Let
(Q,d) be a complete metric space. A function w:  — € is a contraction if
there exists L < 1 such that d(w(x),w(y)) < L-d(z,y) for all z,y € Q. A
family of contractions {wy,...,wy,} with n > 2 is called an Iterated Function
System (IFS) and we will denote it by {€, (w;)?_;}. An IFS together with
probabilities (p;)I; withp; > O0foralli=1,...,nand ) ;| p; = 1is called
an Iterated Function System with Probabilities (IFSP) and is denoted by
{Q, (wi)_1, (pi)?_1 }. Every IFSP induces the so-called Hutchinson operator
‘H, defined by

H: K(Q) = K(Q) with H(K) = | ] wi(K),
pi>0
where IC(£2) denotes the family of all nonempty, compact subsets of 2. The
map H is a contraction w.r.t. the Hausdorff-metric 6z on K(£2). According
to Banach’s Fixed Point Theorem there exists a unique K* € K(€2) with
H(K*) = K* such that limy, oo 0 (H"(K), K*) = 0 holds for every K €
K(2). K* is called the attractor of the IFSP. Furthermore letting P(£2)
denote the family of all probability measures on B(f2), each IFSP induces a
so-called Markov operator V: P(Q2) — P(Q2), defined by

V(p) = pip,
i=1
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where p“i denotes the push-forward of p via w;. Notice that this operator
has nothing to do with the Markov operators on L*([0, 1], B([0, 1]), \) that
are in one-to-one correspondence with the class of bivariate copulas (see
5, 21]). We nevertheless stick to the name Markov operator since it is
common in the literature and since no confusion will arise in the sequel. It
can be shown that V is a contraction on (P(f2),dx ), where dx denotes the
Kantorovich metric (see [22]), defined by

Or(u,v) = sup{/ﬂfd,u—/ﬂfdu: feLipl(Q,R)}

and Lip;(Q,R) == {h: @ — R: |h(z) — h(y)| < d(z,y) for all z,y € Q}.

Again by Banach’s Fixed Point Theorem there exists a unique p* € P()
fulfilling V(u*) = p* and

lim (V" (), ") =0

n—oo
holds for all 1 € P(§2). Moreover the attractor K* is the support of the
unique invariant measure p*. For more background information on the
Markov and the Hutchinson operator see [I, 15, [16] and the references
therein.

In the sequel we focus on double shuffle induced by pairs of so-called
finite Liiroth maps (where finite refers to the cardinality of the underlying
partition of [0,1]). Let {I, I2, ..., I,} denote a partition of the unit interval
for 0 < n € N, induced by a strictly increasing vector a = (ag, a1, ...,a,) €
[0, 1]+ fulfilling ag = 0, a, = 1, i.e., we have I = [ag, a1], I := (a1,as),

.+, Iy = (ap—1, ay]. For each such partition the a-Liiroth map Tg: [0,1] —
[0, 1] is defined by

Ta(z) = ;;*_“Tﬂf_ll forz € Ij and j € {1,2,...,n}.

Figure [3| depicts some examples of a-Liiroth maps. Obviously each Liiroth
map Ty is A-preserving. Furthermore 7T, is isomorphic to the shift operator
o on the code space ¥, := {1,...,n}" endowed with the product measure
P induced by the point probabilities p; = A(I;),i € {1,...,n}. In other
words, the dynamical system ([0, 1], B(]0, 1]), A, Tg) is a Bernoulli shift (see
[3, 28]), hence strongly mixing. In the sequel we will write

Tap(r,y) = (Ta x To)(2,y) = (Ta(2), Tp(b))

and refer to Tqp: [0,1]> — [0,1]? as bivariate Liiroth map (corresponding
to a,b) and to St , as Liiroth double shuffle.
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Figure 3: Three examples of a-Liiroth maps T, corresponding to a = (0,0.5,1) (first
panel), a = (0,0.2,0.6,1) (second panel) and a = (0,0.1,0.2,0.5,0.7,1) (third panel).

Following the ideas from [I1] we are now going to study the family of all
S, ,-invariant copulas and derive results analogous to the ones from [11]
as well as various novel properties.

Remark 5.1. As already mentioned, in [11] double shuffles induced by tent
maps (corresponding to partitions of [0,1] into two subintervals) and not
induced by Liiroth maps are studied. Nevertheless our results imply the
ones in [I1I]. In fact, considering @ = (0,a1,1),b = (0,b1,1) and letting

tap = (ta x tp): [0,1]* — [0,1]?

denote the bivariate tent map composed by the univariate tent maps ¢, and
tp: [0,1] — [0,1] it is straightforward to verify that there is a one-to-one
correspondence between STa’b—invariant and Sta’b-invariant copulas (direct
consequence of the fact that the dynamical systems ([0, 12, B([0,1]2, A2, Ta p)
and ([0, 1]%, B([0,1]%, A2, tqp) are isomorphic since both are isomorphic to the
same Bernoulli shift). We chose to work with Liiroth maps since assuming
that the maps are increasing on each interval keeps notation simple.

Theorem [£.4] implies that II is the only absolutely continuous copula
invariant with respect to the double shuffle St, , =: Sqp. Dropping absolute
continuity opens the door for constructing rich families of S, p-invariant
copulas. Following [I1I] we first construct a transformation which acts as
right inverse of the double shuffle S5 3. To simplify notation we work with
transformation matrices introduced in [10] (also see [22]).

Definition 5.2. A k x [ matrix T" = (t;5)i=1,...kj=1,. is called transfor-
mation matrix if it fulfills i) k,I > 2, ii) all entries are non negative, iii)
Zle Zé’:l ti; = 1 and iv) no row or column has all entries 0.
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Let R;j = [a;— 1,az] X [b] 1,b0] for 1 <i <k and 1 < j <1 be rectangles

in [0, 1]2, whereby UZJ L Rij = [0,1]2, and w;;: [0, 1% - R;; are defined by

wij(z,y) = (ai-1 + x(a; — a;i—1),bj—1 + y(bj — bj_1)),

forallie {1,2,...,k} and j € {1,2,...,1}.
If a transformation matrix 6 := (6;;) € [0, 1}’”1 satisfies the properties

1. Vie {1,,k} 22:161']' =a; — a;—1

2. Vj e {1,,l} Zleﬂij = bj _bj—l
then we will refer to 8 as compatible with Tj, .

Remark 5.3. It is straightforward to verify (see Definition 5 and the sub-
sequent paragraph in [24]) that for each T, p we can find uncountably many
compatible transformation matrices. In fact, it is possible to construct un-
countably many compatible transformation matrices consisting of strictly
positive entries and, in the case that a or b has length > 4 uncountably
many containing at least one 0.

Example 5.4. Consider the a-Liiroth maps T, with a = (0,0.3,1) and T
with b = (0,0.25,0.75,1). Then two compatible transformation matrices are

given by
o _ (0 03 0 g, (01 01 01
71025 02 025)° 7?27 \015 04 015)°
To simplify notation, in the sequel we will write I = {(i,7): ;5 > 0}

and consider the IFSP {[0,1]?, (wij) i jyeis (0ig) i I} The induced Markov
operator Vg,b is then defined by

V) = 350 = X (1)

=175=1 (i)l

for all doubly stochastic measures p4. Since Vg,b maps doubly stochastic
measures into itself if @ is compatible with Tg p (if not, Vg,b(HA) is not
necessarily doubly stochastic since the affine transformations w;; are defined
according to a, b) we may view V‘g b also as operator on C. Considering that
Vg’b is a contraction on the complete metric space (C,Dp) the following
proposition follows (see [21), 24]):
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Proposition 5.5. Let Vg’b be defined according to equation . Then

there exists a unique copula Cy fulfilling Veb(C*) = Cp. Furthermore for
every copula C we have

Jim Dy ((vE,)"(0).G5) =

The following lemma shows that ngb works as right-inverse of Sq 5 and is
therefore of interest for finding S, p-invariant copulas.

Lemma 5.6. Let Vg,b be defined according to equation . Then for every
copula A € C we have Sg (VS (114)) = pa.

a,

a

T
Proof. Tt suffices to show (Vg,b(MA)> ° (ExF)=pas(ExF)forall E, F €

B([0,1]) and arbitrary A € C. The latter, however is a direct consequence,
of the following straightforward calculation:

Ta,b
T, ;s
(Veolua) " ExF) = | Y 0’| (ExF)

(i)el

= > Oip’ (T, (E x F))
(ig)el

= 3 Oy <wi;1(T;j,(E x F)))
(i-f)€l

= 7 g (W5 TE) x Ty (F)))
(i)l
=) 9mm< T H(E) x Ty (F )ﬂRm‘))
(ig)el

= Y OipalE x F) = pa(E x F),
(i)l

O]

Combining Proposition [5.5| and Lemma [5.6] we obtain the following very
useful implication for copulas C' € C and compatible transformation matrices
0 already established by Horanska and Sarkoci in [11] in the context of tent
maps:

V8 (k) = ne = Sap(C) = C (12)

The next proposition is the Liiroth version of Proposition 3.3. in [I1]:
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Proposition 5.7. Let ng be defined according to equation Then
the unique copula Cy from Proposztzonn 5.9 is Sg p-invariant. Moreover the
following assertions hold:

1. ]f@w = (az- - ai_l)(bj - bj_l) for alli € {1,.. .,k} and j € {1,...,[}
then Cy =11

2. If ;5 > 0 for all i,j and if there exists at least one (i,j) such that
0i; # (a; — a;—1)(bj — bj_1) then Cj is singular and has full support.

3. If at least one entry of 0 is zero then Cy is singular and the support
K} of Cy fulfills A\2(Kj) = 0.

Proof. The invariance property of Cy is a direct consequence of equation
|D The first assertion is a direct consequence of V b(MH) = ur. Con-
sidering the fact that the support of the invariant copula Cy coincides with
the corresponding fixed point of the Hutchinson operator ’Hg,b the second
assertion follows from the fact that

Hop([0,1%) = | wi([0,1)*) = [0, 1%
(i,9)el

Hence the support of Cj is [0, 1]2 and, using the results in [24], singularity
of Cp follows. In the third situation Ap(Kj) = 0 is easily verified. Having
this, singularity of Cy is trivial. O

As next step we take a look at the entropy of the dynamical system
(Ko, B(Kg), icys Ta,p) and start with a direct consequence of Theorem 3 in
[24]:

Corollary 5.8. The dynamical system (K;,B(Kg),ucg,Ta,b) is Bernoulli,
hence strongly mizing, and its entropy hy .. (Tap) is given by
2]

ney(Tap) = — > - log(6ij).

(i,5)el

h

Obviously, given an arbitrary s € (0, 00) it is always possible to find a, b
and a transformation matrix 6 such that the corresponding Sr, ,-invariant
copula Cp has entropy s. On the other hand, given a 2-dimensional Liiroth
map T'qp it does not seem straightforward to determine A, o (Ta,p) for all
compatible transformation matrices 8. The following remark provides a
sharp upper bound and a lower bound which may not be attained except in
special cases.
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Remark 5.9. Let T, b(i an arbitrary 2-dimensional Liiroth map. Then
setting a@; = a; — a;—1 and b]’ = bj — bj,1 we have

l
hues (Tab) € —Zm?X(9ij}-10g(m?X(9ij)),— > aib; - log(aiby)
=1 (ig)el

It is straightforward to verify that the upper bound is attained by considering
the transformation matrix 6, j = @;b;,i € {1,...,k},j € {1,...,1}, in which
case we have Cj = II. The lower bound is obvious, and it is attained if the
invariant copula Cj is mutually completely dependent (see [2I] for properties
of completely dependent copulas). Notice that the latter can only be the case
if there exists a permutation 7 of {1,...,k} such that for all i € {1,...,k}
we have a; — Q;—1 = bT(Z) - b'r(i)—l'

In the following examples we illustrate Proposition and Corollary
and plot the density of the probability measure <Vg’b> (IT) for various

choices of @ and b and compatible transformation matrices 6. In the setting
considered in Example the invariant copula has full support in Example
and Example the support of the copulas is a set of Ago-measure 0.

Example 5.10. Set a = (0,0.1,0.4,0.8,1), b = (0,0.3,0.7,1) and consider
the compatible transformation matrix @ given by

0.02 0.03 0.05
0.07 0.14 0.09
0.18 0.15 0.07
0.03 0.08 0.09

0:

Figure [4] depicts the Liiroth-maps T, and T}, respectively, Figure [5| depicts
the densities of (Vg’b)n (IT) for n € {1,2,3,5}. According to Proposition
the invariant copula Cj is singular and has full support. Moreover, the
entropy of T'q,p W.r.t. to ucy is hucg (Tap) ~ 2.315.

Example 5.11. Set a = (0,0.3,0.7,1), b = (0,0.2,0.4,1) and consider the
compatible transformation matrix 8, defined by

0 013 0.17
6=1012 0 0.28
0.08 0.07 0.15

Figure [6] contains the Liiroth-maps T, and Tp, respectively, Figure [7] de-
n
picts the densities of the first iterations of (Vg,b) (IT) for n € {1,2,3,5}.
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Figure 4: Liroth-maps T, (left panel - a) and Tp (right panel - b) according to Example
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Figure 5: Image plot of the (natural) logarithm of the density of (Vg,b)(n) (II) for n €
{1,2,3,5} with 8, a and b according to Example
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According to Proposition the invariant copula Cp is singular and the
support Kp of Cy fulfills A\o(Kpz) = 0. Moreover, the entropy of T'qp w.I.t.
to pcy is by, (Ta,p) ~ 1.85.

2]

a 100 b 100
0.75 0.75
0.50 0.50
0.25 0.25
0.00 0.00
000 025 050 075  1.00 000 025 050 075  1.00

Figure 6: Liiroth-maps T, (left panel - a) and Tp (right panel - b) according to Example
EI1

Example 5.12. Set a = (O, é, %, 1), b= (O, %, %, 1) and consider the com-

patible transformation matrix 8 given by

0 =

O wl— O
o= O o=
S wi= O

Figure [0] shows the Liiroth-maps T and Ty, respectively, Figure [7] de-
n
picts the densities of the first iterations of (Vg’b) (I) for n € {1,2,3,5}.

According to Proposition the invariant copula Cj is singular and the
support Kj of Cj fulfills A\y(Kj) = 0. Moreover, the entropy of T'qp w.r.t.
to Hey is hMc* (Ta,b) ~ 1.33.

]

For Liiroth double shuffles we can derive stronger versions of Theorem [£.4]
and Theoremm As direct consequence of Theorem 3 in [24] the dynamical
system ([0, 1]2, B([0, 1]?), ey Ta,p) is isomorphic to a Bernoulli shift and as

such strongly mixing. For every A € C we will let pg = ,ufo‘; +uj0‘; denote

the Lebesgue decomposition of 14 w.r.t. ey and set mfo‘; = ,uffc‘;([(), 1]?).
The following theorem can be proved in completely the same manner as
Theorem [4.4]- instead of the fact that Tqp is strongly mixing w.r.t. Ay = un

this time we use that T'q p is strongly mixing w.r.t. pcs.
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Figure 7: Image plot of the (natural) logarithm of the density of (vg,b)" (II) for n €
{1,2,3,5} with 8, a and b according to Example
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Figure 8: Liiroth-maps T, (left panel - a) and Ty (right panel - b) according to Example
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Figure 9: Image plot of the (natural) logarithm of the density of (vg,b)” (II) for n €
{1,2,3,5} with 8, a and b according to Example

Theorem 5.13. Suppose that A € C is Sq p-invariant. If mfcg =1 then

A = Cy, if not then there exists a Sqp-invariant copula B € C fulfilling the
following two properties:

1. B is singular with respect to Cy.
2. A=m5% . Ch+ (1-m5s%). B.

Using the results from [24] as well as the above theorem yields the fol-
lowing stronger version of Theorem

Theorem 5.14. Suppose that Tap is a bivariate Liiroth map and suppose
that 0,01, 02 with 61 # 04 are transformation matrices compatible with Tg p.
Then the following assertions hold:

1. Cyg, and Cg, are singular with respect to each other.
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2. Cy is an extreme point of Qr, .

Proof. Since the first assertion is a direct consequence of Theorem 3 and
Theorem 7 in [24] it suffices to prove the second one. Suppose there exist
two copulas A, B € Qr,, and a € (0,1) such that C = aA + (1 — a)D
holds. Considering that A and B are absolutely continuous with respect to
Cp it follows that mfcg =1= mﬁcg, hence applying Theorem yields
A = B = Cg. In other words, Cy is an extreme point of Qr,, . O

Remark 5.15. Notice that according to Theorem each copula Cy is
an extreme point of Qr, ,, it is however, only an extreme point of the whole
family C if, and only if @ (or its transpose 8%) only contains rows having
exactly one entry not equal to zero. In the latter case the resulting invariant
copula Cj (or its transpose) is completely dependent.

Considering Remark [5.3] yields the following nice corollary:

Corollary 5.16. For each Top the set Qr, , contains uncountably many
extreme points which are pairwise singular with respect to each other.

Having in mind Choquet’s famous theorem (see [19]) which implies that
(in the current setting) for every A € Qr, , there exists some probability
measure ¥4 supported on the set of all extreme points of Qr, , that ‘re-
presents’ A and taking into account Remark one might conjecture that
we have already found ALL extreme points of {r, ,. The latter, however, is
not true as the following examples show. To simplify notation we will write

Aap = {Cy € C: 0 compatible with T p}.

Example 5.17. We show that in general A4 is not necessarily convex

. . . _ _ 1
(compare with Example 3.5 and 3.6 in [I1]) and consider a = b = (0, 3,1).

In this case the only two compatible transformation matrices containing a
0 are 01,05 given by

L 0 1%
0 % 3 0

In this case we obviously have M = Cg as well as W = Cp,. Figure

depicts the density plots of <V23b>” (I1) and (ngb)n (IT) for n = 5.
Obviously C := %W + %M is also Sg p-invariant, however C' € Ag p.
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Figure 10: Image plot of the density of (VZ}b)n(H) for n = 5 (left panel) and of

(ngb)n (IT) (right panel), whereby a = b are as in Example [5.17]

Example 5.18. We consider the same situation as in the previous ex-
ample. Then, letting A; denote the completely dependent copula with
h(z) = 2xz(modl), according to Example Ay, is Sq p-invariant. The cop-
ula A, however, is not a convex combination of M and W, hence it is not
contained in the convex hull of the set Agp.
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