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Abstract

Kokol and Stopar (2023) recently studied the exact region €, , determined
by Spearman’s footrule ¢ and Spearman’s p and derived a sharp lower, as
well as a non-sharp upper bound for p given ¢. Considering that the proofs
for establishing these inequalities are novel and interesting, but technically
quite involved we here provide alternative simpler proofs mainly building
upon shuffles, symmetry, denseness and mass shifting. As a by-product of
these proofs we derive several additional results on shuffle rearrangements and
the interplay between diagonal copulas and shuffles which are of independent
interest. Moreover we finally show that we can get closer to the (non-sharp)
upper bound than established in the literature so far.
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1. Introduction

A standard approach for quantifying the extent of concordance or, more
generally, association of a pair (X, Y") of random variables X, Y is to consider
different measures of (weak) concordance or association such as Spearman’s
p, Kendall’s 7, Gini’s v, Spearman’s footrule ¢ or Blomqvist’s /3 (see [1L 2]).
Each of the just mentioned measures only depends on the dependence struc-
ture of (X,Y), so in the case of continuous marginals all these measures are
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functions of the (unique) copula C' underlying (X,Y’). Given two measures
of (weak) concordance k; and ko a seemingly natural question is, how much
the value of ko can vary given the value of k1, or vice versa. In other words:
one might naturally be interested in determining the region

ey = {(r1(C), k2(C)) : C € C},

where C denotes the family of all bivariate copulas. The larger the portion
of the rectangle

{r1(C) : C eC} x{ra(C):CeC}

covered by €, .,, the more different the measures k1, ko may be considered.

The presumably most well known question in this context was, whether
the inequality for Kendall’s 7 and Spearman’s p as established by Durbin and
Stuart in [3] is sharp. This very question and some related ones were ans-
wered in [4], where €2, , was characterized and shown to be compact but not
convex. Since then, various contributions have followed: Article [5] studies
the interrelations between Kendall’s 7 and Gini’s 7 / Spearman’s footrule ¢.
The lower and upper bound for Spearman’s p (Gini’s ) given Spearman’s
footrule ¢ were established in [6] ([7]). Finally, [2, 8] cover the relations
between Blomqvist’s § and all remaining measures of (weak) concordance
(see Table (1| for a quick overview).
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Table 1: Already studied pairs of measures of (weak) concordance, with the following
nomenclature: v ...exactly known region, —...partially known region, x...unknown region.

In what follows we focus on € ,, the region determined by Spearman’s
footrule ¢ and Spearman’s p. According to [0] the inequality

gﬁa +20(C))? =1 < p(C) <1 - § (6(C) — 1) (1)

holds for every copula C. Furthermore (again see [0]), the lower bound in
ineq. (/1)) is sharp while the upper bound is only known to be sharp in count-
ably many points (with only accumulation point (1,1)). Main objective of our
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contribution is to show that both, the lower and the upper inequality in ineq.
can be established alternatively by proceeding similarly as in [4]. In fact,
working with shuffles, symmetry and continuity, proving the right hand-side
of (1)) boils down to a straightforward application of classical Cauchy-Schwarz
inequality (which, in turn, even provides a simple characterization for those
shuffles, for which the inequality becomes an equality); and proving the lower
(sharp) bound to a rearrangement property of integrals/sums (which holds
in a very general setting). Apart from providing alternative simple proofs for
ineq. we also show that we can get closer to the upper bound than estab-
lished in [6]. In other words, our main contributions here are the following:
(i) Alternative methods for re-establishing the known inequalities (1] - a sim-
ple application of Cauchy-Schwarz for the upper inequality and a seemingly
novel observation on rearrangements of L2-functions on [0, 1], which might
also prove useful in the context of other problems/inequalities. (i) Getting
closer to the upper bound than established so far in the literature.

The rest of the contribution is organized as follows: Section [2] introduces
the necessary notation and preliminaries used in the sequel. Section [3| pro-
vides two alternative simple proofs for the upper bound: one working with
symmetric shuffles and the other one building upon maximality of diagonal
copulas within the family of all symmetric copulas with given diagonal, and
the interplay between diagonal copulas and symmetric shuffles. Section [4] re-
visits the lower sharp inequality and derives it via the afore-mentioned novel
rearrangement idea. Finally, working with ordinal sums and ‘interpolations’
of copulas, Section [5| extends the known subset of ()4 ,. Several examples
and graphics illustrate the main ideas and chosen approaches.

2. Notation and preliminaries

Given an arbitrary metric space (5, d), the Borel o-field on S will be de-
noted by B(S). Moreover, the one- and two dimensional Lebesgue measure
(on B(R) and B(R?), respectively) will be denoted by A and Ay, respectively.
The class of all bivariate copulas is denoted by C, for every C' € C we will
let 1o denote the corresponding doubly stochastic measure. Prominent ex-
amples of copulas are the independent copula II and the lower and upper
Frechet-Hoeffding bounds W and M. In the following C* will denote the
transpose of a copula C, i.e., C*'(u,v) = C(v,u) for all u,v € [0,1]. A copula
C'is called symmetric if C' = C* holds. The uniform metric d., on C is defined



by

deo(C, D) = (%glgé(’lp |C'(u,v) — D(u,v)|.
It is well known that (C,d) is a compact metric space (see [9]). For ev-
ery measurable function f : R — R we set || f|lc = supger |f(x)]. For
background on copulas and doubly stochastic measures we refer to [2, [9].

A mapping K : R x B(R) — [0,1] is a called a Markov kernel if x —
K(x, F) is measurable for every set F' € B(R) and F' +— K(x, F') is a proba-
bility measure for every z € R. Given two random variables X and Y on a
probability space (2, B(€2),P) a Markov kernel is called regular conditional
distribution of Y given X if

K(X(w),F)=E(QpoY|X) (w)

holds for every F' € B(R) and P-almost every w € 2. It is well known
that for every pair (X,Y) the Markov kernel K (x,-) is unique for PX-almost
every z € R. In the sequel we will write (U, V) ~ C if C is the distribution
function of (U,V) and U,V are uniform on [0,1]. For every C' € C there
exists a Markov kernel K¢ satisfying the disintegration property

po(G) = - Ko(u, Gy)dA(u)

for every G € B(|0,1)?), where G, := {v € [0,1] : (u,v) € G}. For more
information on disintegration and conditional expectations see [10, [11]; for
more background on Markov kernels and their applications in the context of
copulas we refer to [12 [13, [14].

A measurable transformation h : [0,1] — [0,1] is called A-preserving if
M(E) := Mh™Y(E)) = ME) holds for every E € B([0,1]), i.e., if the push
forward A" of A via h coincides with X\. A copula C is said to be completely
dependent if there exists a A-preserving transformation & : [0, 1] — [0, 1] such
that Ke(x, F) = 1p(h(z)) is a version of the Markov kernel of C. In other
words: A copula is called completely dependent if it allows a Markov kernel
whose conditional distributions are all degenerated. For alternative equiva-
lent definitions of complete dependence we refer to [I12] and the references
therein. For every A-preserving transformation h : [0,1] — [0, 1] we will let
C}, denote the corresponding (unique) copula and write C,; for the class of
all completely dependent copulas. If a copula C fulfills C' € C4 and C* € Cy
we will refer to it as mutually completely dependent. It is straightforward to
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verify that the latter is the case if, and only if the corresponding A-preserving
transformation is bijective outside a set of A-measure zero.

We call a A-preserving transformation h : [0,1] — [0,1] a (classical)
equidistant even shuffle (a.k.a. equidistant shuffle of M) with N € N stripes
if, and only if & is linear with slope 1 on each interval I%, := (%, %), injective
on Uf\il(%, %), and just permutes the intervals I%,,..., I¥. In the sequel
Yy will denote the set of all permutations of the set {1,..., N} and Sy
the family of all equidistant even shuffles with N stripes. It is well-known
and straightforward to check that for every N € N there is a one-to-one
correspondence between Xy and Sy (see [15]). Emphasizing the permutation
we will therefore frequently write S, € Sy.

In what follows we will work with the subclass of symmetric shuffles: A
shuffle S, € Sy is called symmetric if, and only if the corresponding com-
pletely dependent copula Cg € Cy is symmetric. It is straightforward to
verify that S; € Sy is symmetric if, and only if the corresponding permu-
tation 7 € X is an involution (a.k.a. self inverse), i.e., if m(7 (7)) = i holds
for every i € {1,...,N}. In accordance with shuffles in the sequel we will
simply refer to self inverse permutations as symmetric. The subclass of all
symmetric elements of Sy will be denoted by Sy/". Furthermore, to simplify
notation we will write

S=J 8y, svr=[]Js¥"

NeN NeN

and refer to elements of S (or S*¥™) as shuffles (or symmetric shuffles). As
commonly done in the literature we will also refer to the corresponding mu-
tually completely dependent copula C}, as shuffle (or symmetric shuffle) and
write

Cs:={Ch: h€S}, Csumi={Ch:heSVm} 2)

According to [I6] a mapping x : C — R is called a measure of concordance
if it satisfies the following properties:

(i) w(M) =1;
(i) (C") = k(C) for all C € C;
(ili) x(C") = —k(C) for all C' € C where C" is the reflection of C at u = 3,
ie., C"(u,v) :=v —C(1 — u,v) for all u,v € [0, 1];
(iv) kK(C) < k(D) whenever C' < D, i.e., whenever C' and D are ordered
pointwise;



(v) lim, 0 k(C,) = K(C) for any sequence (C,)nen of copulas converging
to C e C.

A mapping £ : C — R only satisfying (i), (ii), (iv) and (v) is called a weak
measure of concordance. It is well-known (see [2]) that Spearman’s p and
Spearman’s footrule ¢ can be expressed in terms of the underlying copula as
follows:

p(C) = 12/ C(u,v)dun(u,v) — 3 = 12/ C(u,v)dAa(u,v) =3, (3)
[0,1]2 [0,1]2

»(C)=6 Cu,v)dppr(u,v) —2 =6 C(u, u)dA(u) — 2. (4)

[0,1]2 [0,1]
Considering (M) = ¢(W) = —% # —1 = —®(M) Spearman’s footrule ¢ is

only a weak measure of concordance. To simplify notation, for S, € Sy we
will also write p(S;) := p(Cls, ) as well as ¢(Sz) := ¢(Cs,) in the sequel.

Finally, denoting the diagonal of a copula C' by d¢, i.e., dc(t) := C(¢,t)
for every ¢t € [0, 1], it is well known (see [2}, [I7]) that - satisfies the following
properties:

e 5c(0) =0 and 6c(1) =1,

e ¢ is non-decreasing,

e )¢ is Lipschitz continuous with Lipschitz constant L = 2 and
e 0c(t) <tforalltel0,1].

In the sequel D denotes the family of all diagonals of copulas (which is well
known to coincide with the class of all functions 0 : [0, 1] — [0, 1] fulfilling the
afore-mentioned four points). For every § € D, setting 6(t) := ¢t — (t) for all
t € [0,1] it follows that both § and 6 are differentiable A-almost everywhere
(see [1§]), hence there exist some measurable functions ws : [0,1] — [0, 2]
and 1wy : [0,1] = [—1,1] with ws(z) = & (x) as well as ws(t) = 1 — §'(t) for
A-almost every ¢ € [0, 1]. We will refer to ws and ws as measurable versions
of the derivative of § and & , respectively.



3. Novel proofs for the upper bound
We first tackle the upper bound

p(C) 12 (5(C) ~ 1) @

going back to [6] and established by working with diagonal copulas, suffi-
ciently smooth diagonals and Bernstein approximations (the technically quite
involved Lemma 9 being key). We provide two simple alternative proofs, one
purely based on Cauchy-Schwarz inequality, and the other one using maxi-
mality properties of diagonal copulas.

3.1. A simple proof via symmetric shuffles and Cauchy-Schwarz inequality
Building upon the fact that for every copula C' the symmetric copula
C* = (C + ¢ fulfills p(C*) = p(C) and ¢(C*) = ¢(C), it suffices to
prove ineq. for the class C*™ of all symmetric copulas. Moreover, using
continuity of p and ¢ w.r.t d, we can further reduce the problem to any
dense subclass of the family C**™. The following lemma will therefore be key.

Lemma 3.1. The family of all symmetric shuffies Cgsym is dense in (C*V™, dy).

Proof. Looking into the proof of the corresponding result for the full class
(C,ds) in [I5] reveals the fact that, starting with an arbitrary symmetric
copula C' the constructed approximating shuffle is symmetric as well. In
other words: the original proof directly yields Lemma [3.1] ]

Next we derive handy formulas for Spearman’s p and Spearman’s footrule
¢ for Cs, with S; € SY¥™ and work with the following sets:

I- = {ie{l,...,N}:w(i)<i}, I2:={ie{l,...,N}: (i) =i},

IF = {ie{l,....N}:n@)>i}. (6)

We will only write /=, 1° and I™ whenever no confusion can arise. Notice
that symmetry of S, € Sy implies that (i) ¢ € I~ if, and only if 7(:) € It
and that (ii) ¢ € I if, and only if 7(i) € I~.

Lemma 3.2. For every N € N and S, € SY™ the following identities hold:
12 i—n(i)\’
—1_2= E i
p(Sﬂ') N — ( N ) Y (7)

o5 =1 - 2 3 T ©)

iel—
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Proof. Fix N € N and S, € Sy. Then obviously (a version of) the Markov
kernel is given by Kg_(x, F') = 1p(Sz(z)) with

Sy (z) = i (x ! _err( )) 1 (2).

1=1 O _

~~

=:h;(z)

Using disintegration therefore yield a justification for the interchange

s (for
of the order of integration see, e.g., [16])

Sx)+2
% = / Cs, (’LL, U)dﬂM(U,U) = ]M('WU)CZNCS7r (u> U)
[0,1]2 [0,1]2
= [ M(u, S Z M (u, hiu))dA\(u)
[0,1]
i —7(
= udA(u / d)‘ u
’LT; /I;V Z I ( )
N
B 1 i —m(7)
_Z/p_ wdhw) - 5 >
i=1Y'N i (3)<d
11 i—7(i)
2 N N
el~

Proceeding analogously for Spearman’s p we get

S.)+3

% :/ Cs, (u, v)dpmn (u, v) :/ II(u, v)dpcs, (u, v)
[0’1]2 [071]2

N

- /[0 1]H(u, Sy (w))dA(u) = Z /1 1w, hi(u))dA(u)




Since m € Xy we have ZZ (i —7(i)) = 0, which altogether yields

_1_622—71' 2@—1_1 ﬁ (z;\;(z))

i=1

Finally, using symmetry of S, the last summand simplifies to

ZZZ—?T :Z z—7r +Z z—7r —|—Z 2—7r
=1

el— 1€l0 ielt
= Z i(i —mw(i)) + Z —7(7(5)))
el jel—
= > (i(i = 7 (@) + 7 (@) (x (i) — ) = Y _ (i — 7(i))?,
iel- iel-
which completes the proof. n

According to Lemma , the values of the permutation 7 on the set I~
contain all relevant information for calculating p and ¢. This simple obser-
vation opens the door for applying Cauchy-Schwarz inequality and deriving
a very simple proof for the upper inequality (#/~ denoting the cardinality
of I7):

Theorem 3.3. For every N € N and every symmetric shuffle S, € Sy the

inequality

p(S) <12 (1= 6(5,) )

holds. Furthermore we have equality in @D if, and only if i — (i) — i is
constant on I~ and #1~ = N holds.

Proof. Since the result is obvious for I~ = () it suffices to consider I~ # ().

Cauchy-Schwarz inequality implies
. ) 2\ 1/2
i — (i
> () ) , (10)

Z N ) < 1 )1/2<
iel—

iel—

so using eqs. (|7]) and ( . shows

(oo ()

—~

| =
—_
|
=
Z



which directly yields the desired inequality p(S;) <1— 2 (1 — d(Sx))°.
Turning toward sharpness, obviously ineq. is sharp if, and only if the

i— (i)

mapping i — —— is constant on /~. Furthermore the second part of ineq.
is sharp if, and only if #1~ = % O

For an even n € Nlet S;« € §:¥™ denote the shuffle corresponding to 7* € %,
fulfilling i —7*(i) = 1 foreveryi € I~ = {i € {1,...,n} : i even}; for the case
n = 6 see Figure . Then obviously the mapping i — # is constant on
1=, so we already know from Theorem |§| that ineq. @D becomes an equality
(compare with Example 12 in [6]).

Figure 1: The shuffle S+ € Sg¥™ for which ineq. @) becomes an equality.

Combining Theorem and Lemma [3.1] already yields the following in-
equality for all copulas:

Theorem 3.4 ([0]). For every copula C € C the following inequality holds:

§C) <12 (1-6(C)

3.2. A second alternative proof via diagonal copulas and their interrelation

with shuffles

It is well-known (see [I7, 19, 20]) that, given a diagonal § € D, the
diagonal copula Fs, given by



for all u,v € [0, 1] is the maximal element in the class of all symmetric copulas
with diagonal ¢, i.e., C' < Fs for all copulas C' € C*¥™ with diagonal § € D.

Before proceeding with the alternative proof of Theorem we recall
some properties of diagonal copulas going back to [I7], which will prove
useful in the sequel. Obviously the mapping ¢ : (D, | - [l«) — (C,dw),
defined by ¢(d) = FEjs is continuous. Moreover, for a given diagonal § € D set
g(t) := 2t — 6(t) and define

L(t) :=min{z € [0,1] : g(2) > ()} and U(t) := min{z € [0,1] : §(z) > g(¢)}.

It is straightforward to verify that both L and U are non-decreasing and that
L(t) <t < U(t) holds for every t € [0, 1]. Furthermore, it can be shown that
the diagonal copula Ejs distributes its mass on the graphs of the functions L
and U. More precisely, the following result holds:

Proposition 3.5 ([I7]). Suppose that § € D and let ws denote a measurable
version of its derivative. Then (a version of) the Markov kernel Kg, of Ejs
s given by

ws(1)

Kp,(t, F) = wéz(t) 1-(L(t)) + <1 N

JREGE

Moreover, Es is (mutually) completely dependent and concentrates its mass
on the graph of a A-preserving bijection h : [0, 1] — [0, 1] fulfilling hoh = id 1
if, and only if for A-almost every x € [0, 1] either §'(z) € {0,2} or é(z) = x
holds.

For every N € N we will let D?\}Z denote the family of all diagonals 6 € D
fulfilling that on each open interval % we either have that (i) ¢'(z) = 0 for
all x € I or that (ii) §'(z) = 2 for all z € I. Figure [2 depicts an example
of such a diagonal. Obviously D%* = @ for odd N € N and D?\}Z # () for even
N € N. To simplify notation set D% := |Jyey DN -

Using this notation Proposition |3.5|opens the door to the following alter-
native idea of proof for ineq. , which we will now tackle step by step:
(Step 1) Show that the family D%? is dense in (D, ||.||oo)-

(Step 2) Show that for every § € D?f the diagonal copula FEs is a symmetric,
equidistant even shuffle, i.e., E5 € Cgsym.
(Step 3) Use the maximality property of diagonal copulas (mentioned before)

and apply Theorem
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Lemma 3.6. D%2 is dense in (D, ||.||o0)-
Proof. Let 6 € Dand N € N be arbitrary but fixed. We construct an element
s Dgf, as follows: For every i € {1,...,2N} consider y; := 6(55) and define

2k k
o i=mindic {1,... > =
i mm{z e{l,...,2N} 1 y; > oSN N}

for every k € {1,..., N}. Setting iy := 0 this obviously yields 0 = iy < 2 <
11 <y < -+ <in_1 <iy=2N. Defining

it follows immediately that f is a probability density (w.r.t. A), so the
function ¢ : [0,1] — [0, 1], defined by

o(x) = ]f(t) dA(t)

[0,z

obviously is a Lipschitz continuous (Lipschitz constant L = 2) piecewise
linear distribution function fulfilling 6(0) = 0 and §(1) = 1. Furthermore
d > oy (otherwise (1) = 1 is impossible) and by construction of f we have

that
<[ i 2k i
O0|l=—0—=)===<wy, =0 —
<2N) o = i (QN)
holds for every k, implying § < & on [0, 1] since f is 0 outside UN_, (
Altogether § € Dyx follows. o '
Finally, considering that on the grid {0, 5%, 5%, - - -, “; ~

have a maximum distance of at most % % using monotonicity and the

fact that on each interval I%y the diagonal 0 has either slope 0 or 2 it follows
that

=1 i ).

2N 7 2N

1} the two diagonals

~ 1
— < .
16— bl <

This completes the proof since for sufficiently large N the quantity % is
smaller than any fixed € > 0. O
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We will now clarify under which conditions diagonal copulas are equidis-
tant even shuffles (and vice versa). Doing so we will call 7 € ¥ bi-monotone
if 7 restricted to I is strictly increasing. Notice that if 7 is symmetric and
bi-monotone then 7 restricted to I is strictly increasing too. The right panel
of Figure [2| depicts a shuffle S corresponding to a bi-monotone symmetric
permutation m € Yqs.

A i~

1 . 1

\ \
4 L4

1 1

Figure 2: Example of a diagonal § € D(1J’22 (left panel) and the corresponding diagonal co-
pula/shuffle Es = Cg_ with m = (3,5,1,6,2,4,8,7,11,12,9,10) and I, = {3,5,6,8,11,12}
(right panel).

Theorem 3.7. Suppose that N € N is even and that § € D?\f. Then the
diagonal copula Es is an equidistant even shuffle, i.e., Es € Csfv%”" C Cgsym
and the corresponding permutation m € X 1s symmetric, bi-monotone and

fulfills 10 = ().

Proof. We already know from Proposition that under the assumptions
of the theorem the corresponding diagonal copula Ejs is mutually completely
dependent and that there exists some A-preserving, bijective h : [0, 1] — [0, 1]
fulfilling hoh = id such that E5 = C,. It remains to show that h € S/ and
that the corresponding permutation 7 is bi-monotone (the fact that 7o 7 is
a direct consequence of symmetry of Es). Defining

JO = {ie{l,”,,N};5’(x):0f0revery$€1~}'\;},
J? = {i€{l,...,N}:§'(x) =2 for every x € Iy},
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we have J°U J? = {1,..., N}. Notice that on every interval ]{V with j € J°
the function L is constant, whereas U is constant on every interval [ ]]V with
j € J?. Furthermore interpreting § and g as distribution functions with
quasi-inverses 6~ and g~ , respectively, it follows that L = g~ o ¢ and that

g ([0,1) = |J Tn

jeJo

holds, whereby Ty denotes the closure of the open interval I%. As a direct
consequence, for every = € I, with j € J? we have that L(z) € Ujeo I,
Proceeding analogously for U shows that for every z € If;, with j € J° we
have that U(z) € ez 1 J.. Finally considering at every point of differentia-
bility L and U can only have slope 0 or 1 by the chain rule it follows that Ej is
indeed an equidistant even shuffle. Letting 7 € X denote the corresponding
permutation we get that m maps J° (bijectively) to J? and vice versa and that
I~ = J? holds. Furthermore, using the fact that L, U are non-decreasing,
is strictly increasing on J° and on J?, i.e., 7 is bi-monotone.

Finally, considering that according to [I7] 6(¢f) < ¢ implies L(t) < ¢ and
U(t) > t and that for § € DY obviously 6(¢) < t holds for all but at most N
points, we conclude that I° = () and the proof is complete. O

Now Step 3 is obvious - combining Lemma [3.6] and Theorem [3.7] directly
completes our second alternative proof for the upper inequality.

Considering that (to the best of our knowledge) the interplay between diag-
onal copulas and equidistant even shuffles hasn’t be studied yet we conclude
this section with the converse of Theorem [3.7

Proposition 3.8. Let N € N be even, m € X be a symmetric, bi-monotone
permutation with I° = 0, and S, denote the corresponding shuffle. Then the
shuffle Cs_ is a diagonal copula.

Proof. 1f m € ¥ fulfills the assumptions of the proposition, then letting S
denote the corresponding shuffle we have 0 := ¢, € D?\}Q, so according to
Theorem the induced diagonal copula Fs is an equidistant shuffle and the
corresponding permutation 7* is symmetric, bi-monotone and fulfills 7%, = ().
Furthermore (as shown in the proof of Theorem [3.7)) we have I. = J> = I_.
Considering the facts that 7 is strictly increasing on I, that 7* is strictly
increasing on /., and that the two sets coincide, the identity = = 7* follows
immediately, and the proof is complete. n
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4. A novel proof for the sharp lower bound

In this section we focus on the inequality
2
p(C) > SVA(1+26(C) "~ 1 (12)

In the original paper [6] the authors derived this very equality by first show-
ing it for the subclass of copulas assigning full mass to the main and second
diagonal (ie., P(X =Y)+P(Y =1—-X) =1 with (X,Y) ~ C) and then
extending the results to the full class. The chosen method of proof is in-
teresting and novel but at the same time technically quite involved. In the
sequel we show that working with shuffles, another (seemingly novel) mass
rearrangement idea, and denseness arguments allows for a shorter and less
technical alternative proof.

We start with some first observations on the lower inequality, motivate

the mass rearrangement idea, then prove a much more general mass rear-
rangement result for L, functions, and finally apply it to derive ineq. .
As in the previous section we will work with symmetric permutations m € X,
the shuffles S, and the corresponding sets I-. To simplify notation through-
out this section we will write k 1= #1~ < % For k = 0 we obviously have
Sy = idjo,s, implying Cs, = M, which yields equality in (12). It therefore
suffices to consider k > 1.
For £ > 1 we will let 0 < p; < --- < pi denote the order statistics of the
points W with [ € {1,...,k} and I = {iy,...,i} C {1,...,N}, and
will write p = (p1,...,px) € [0,1]*. Using this notation the formulas for
Spearman’s p and Spearman’s footrule ¢ (see Lemma simplify to

k
B 12 9 B _E ‘

Hence the desired inequality is equivalent to

k
(3__21’1) —1§1—1—]52p?
=1

which, in turn, simplifies to



In other words, ineq. boils down to showing that

. 3/2
Mak(P) i=1- %ZPZ (1 - ZPz) >0 (13)

for all symmetric permutations 7.
The following example illustrates the idea underlying the rearrangement,
which we will work with in this section:

Example 4.1. Consider N = 8 and the symmetric permutation 7 € g,

given by 7 = (4,7,8,1,6,5,2,3). Then we have I = {4,6,7,8}, k = 4,
i—vr(i)_3i—7r(i)_1i7r(z)_57, w(ia) _ 5

and G+ = 5, x> = 5 oN o - = 3, so the vector p

is given by p = £ -(1,3,5,5). The left panel of Figure (3 I depicts the

shuffle Cg_, the shaded squares illustrate p and I, their total number is
A = N- Zlepi = 14. Notice that S; in the right panel can be con-
structed from S by shifting the squares to the right below the main diagonal
while preserving the total number squares A. More precisely, starting (from

the right) with the last stripe we move the maximal possible N — 1 = 7

squares to [Z,1] x [0, ], then we shift the maximal possible N — 3 = 5
squares to [g, g] X [% g] and finally we move the remaining 14 — 7 — 5 = 2
squares to [2,8] x [5,2] (see Figure [3). Hence the permutation 7 is de-

fined for i € {6,7,8} and via symmetry extended to i € {1,...,5}. Alto-
gether in this case we obtain that the symmetric permutation 7 given by
T = (8,7,3,6,5,4,2,1) € ¥s. Denoting all quantities correspondlng to 7
with a hat, for 7 we have IZ = {6,7,8},k = 3, and p = £-(2,5,7), implying

A=N-TF p=14=A.

..... /

Figure 3: The mass rearrangement discussed in Example Starting from the shuffle S
in the left panel we construct the shuffle S for which Spearman’s footrule is the same but
Spearman’s p is strictly smaller.
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As a direct consequence, ¢(Sz) = ¢(Sz) = —5% holds, i.c., Spearman’s
footrule does not change when moving from S, to S;. Spearman s p, however
does change, it decreases: in fact, we get p(Sz) =1— 3.2 = —0.828125 <

—0.40625=1—2 - E = p(Sr). In terms of m, 4 this translates to

M (P) > mw,k(f))

and for showing m; ,(p) > 0 it suffices to show m_ ;(p) > 0.
The rearrangement from .S, to S; can be formahzed as follows: Defining the
functions f : [0,1] — [0,00) and ¢ : [0,1] — R by

4 4

-1 —1
S a2l
with (q1,42,43,q1) = % - (1,1,0,-2), it follows that p; — ¢ = 0 and p; —
¢; = pi—1 for i € {2,3,4}. Obviously f is non-decreasing whereas g is non-

increasing and fulfills f[o 1 g(x)d\(z) = %22121 ¢; = 0. Furthermore, letting
|| - |2 denote the Lo-norm with respect to A on B([0,1]) we have that

1 4
=y -’ =1 -l

= Hf”%’

[\Dll—l
[\Dlr—\

l 1
4 4

1
N

==
M- 1 M“
S

which yields the following equivalence:

4

3

1 . 1 : .

S 2_B% = > p if andonlyif |If —gll3 > || f]I3
1=1

i=1

The last inequality ||f — g||3 > ||f]|3 turns out to be a (very) special
case of a more general observation on Ly-norms of (almost) monotone func-
tions f,g. Considering that the result may also be useful in the context of
other problems we formulate and prove it directly for general finite measure
spaces and a non-decreasing function f in combination with a rearrangement
function g fulfilling the following (much weaker monotonicity) property:

Definition 4.2. A function g : [0,1] — R is called block rearrangement if
there exists some xy € [0,1] such that g(x) > 0 holds for every x € [0, x)
and g(x) < 0 holds for every x € (zo,1].
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Obviously every non-increasing ¢ : [0,1] — R is a block rearrangement.
Motivated by the previous example we will work with block rearrangements
also fulfilling f[o jj 9dp = 0 for some finite measure p on B([0, 1]).

Lemma 4.3. Suppose that p is a finite measure on B([0,1]) and that f,g €
Lo(p) fulfill the following properties:

1. f:]0,1] = [0,00) is non-decreasing.
2. g:[0,1] — R s a block rearrangement fulfilling f[o 1 gdp = 0.

Then the following inequality holds:

1F =gl > 1712 + llgll2- (14)

Proof. First of all we obviously have f — g € Ly(u) as well as

1f=glz = lfIz+lgllz —2 . }fgdu,
,1

=:1

so it suffices to show I < 0. We will prove the inequality assuming that
g(xo) < 0 - the case g(xg) > 0 can be handled in the same manner. Using

0= f[o,l] gdp = f[wo) gdu + f[‘ro’” gdy we have

/ gdp = —/ gduz/ (—g) dp. (15)
[0,330) [Cto,l} [:)30,1] S~~~

>0

Therefore, using monotonicity of f it follows that

fodu < flaw) [ gdu=fa) [ (~g)n< [ s(-g)du
[0,1‘0) [O,xo) [1‘0,1} [xo,l}
[.1:0,1]
implying I < 0, and the proof is complete. O

The previous lemma can be extended to finite sums of block rearrangements
gi - the following general result holds:

Theorem 4.4. Suppose that u is a finite measure on B([0,1]) and that the
functions f,q1,...,9n € Lo(u) fulfill the following properties:

18



1. f:]0,1] = [0,00) is non-decreasing.
2. Fach g; : [0,1] — R is a block rearrangement and fulfills f[o 1 gidp = 0.

Then the following inequality holds for g = > " | g;:

1f = gllz = 11£15 + [lgll3- (16)
Proof. From the proof of the previous lemma we know that f[o 3 fgidu <0
for every i € {1,...,n}. Having that and considering
f=) gi| dp = f2du+/ gi | du
/m ( Zl 0.1] [0,1] Zl
———

:g2

—2 foidp
2 o

=1
—_——
<0

frdp+ / gidp
[0,1] [0,1]

v

yields the desired result. O

Remark 4.5. Theorem[d.4]can further be generalized since sets of y-measure
0 can be ignored. However, for tackling the lower inequality we will work
with = A, and the version stated above will suffice.

Before proceeding with the proof of the lower inequality we illustrate
with an example, why working with sums ) " | ¢; is necessary for proving
the lower inequality via rearrangements.

Example 4.6. Consider N = 16 and the symmetric permutation © =
(15,2,16,14,11,12,7,8,10,9,5,6,13,4,1,3) € 34, for which we have I =
{10,11,12,14,15,16}, k = 6 and p = % - (1,6,6,10,13,14). Again fol-
lowing the previously described rearrangement yields the permutation 7 =
(16,15,14,13,5,6,7,8,9,12,11,10,4, 3,2, 1) with I = {12,13,14, 15, 16}, k=
5and p = 1—16 -(2,9,11,13,15). Figure {4 illustrates the two shuffles and the
mass rearrangement while Figure |5 depicts the functions f and f , respec-

tively.
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4

Figure 4: The original shuffle (left panel) and its rearrangement (right panel) as discussed
in Example @

Figure 5: The functions f and f as considered in Example

We show that f — f can be expressed as a sum of block rearrangements ful-
filling the properties of the previous theorem and proceed as follows: Define
the functions g;; : [0,1] = R fori < j and 4,j € {1,...,k} by

gij(x) = 1p () — 1y (x),

with I} and [ ,i as in Section [2| Obviously each g;; is a block rearrangement
and satisfies f[o 1 gi;d\ = 0. Notice that the function f —¢-g;; corresponds to
shifting ¢ masses from I} to I ,i (i.e., shifting to the right). Finally, considering
g := gs6 + a5 + 2934 + 5ga3 + g12 We have

f:f_g7
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so applying ineq. yields [|f — gl|3 > || f]|3 + |lg]|3, which in turn shows
that p(Sy) > p(Si) as well as

mﬂ',k’(p) > mﬁ-,fg(f))

hold. Notice that g can alternatively be represented as g := g16 + 3923 + 924,
i.e., the representation of ¢ = f — f in terms of the functions g;; is not
necessarily unique.

We finally return to proving ineq. for symmetric shuffles. To this end,
we apply Lemma and proceed in two steps: (i) Using the rearrangement
idea reduce the problem to a handy subclass of symmetric shuffles. (ii) Prove
the inequality for all elements of the subclass and again use the fact, that
symmetric shuffles are dense (Lemma [3.1)).

The subclass consists of all symmetric shuffles/permutations of the type 7
considered in the two previous examples. We will define these permutations
7 only on the sets I~ since, using symmetry their extension to I " and I? is
unique. In what follows, N € N will be arbitrary but fixed. For each such N
define

Sh o= {7 € Ly : & symmetric, I; = {N} and #(N) € {1,...,N — 1}}

f]?v = {ﬁ'EEN:frsymmetric,1%22,[;:{N—IA§+1,N—/%+2,...,N}
such that #(N —k+1) € {k,...,N — k} and
fr(N—z'H):z‘forz'e{1,...,/%—1}},

set Yy = 2L USZ, and let Sy, Sk, S% C Si¥™ denote the correspond-

ing families of shuffles. The following result formalizes the afore-mentioned
reduction and shows that it suffices to prove ineq. for all shuffles in Sy.

Lemma 4.7. Suppose that N € N with N > 4 and that S, € SY™. Then
there exists some shuffle Sz € Sy such that my (p) > m ;(p) holds.

Proof. Let N be as in the theorem, 7 € XY™ be arbitrary but fixed, and
k = #1_. Setting

k k
f@) = 5 3P 1@

i
'k
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with p € [0,1]* corresponding to the shuffle Sy, it follows that f is non-
decreasing. Writing A = N Zle p; define

P if ASN —1,
S | max{j e {1,..., k}: >0, (N—(2i—1)) <A}, else.

(i) In case of ¢ = 0 we consider the symmetric permutation 7 € i}v with
I; ={N} and #(N) := N — A. Then p = £ and setting

f@) = 5 P 1t (@)

yields that g := f — f satisfies f[o I gdA = 0 and g is a block rearrangement.

Applying Lemma [4.3] yields || f — g[|2 > || f||2 or, equivalently, p(S:) > p(Sz).
By construction we have ¢(S;) = ¢(Sz) and therefore m, x(p) > mz1(p)
holds.

(i) Let £ > 1 and set A* = 320 N—(2i—1). (a) Suppose that A—A* >
0. Setting k := £+ 1 < k we consider # € ¥y with I- = Uzz1{N —i+ 1},
#(N—k+1) = N—k+1—(A—A*) and #(N—i+1) = ifori e {1,..., k—1}.
Then # € 3% with p = (A;VA*, No@el) Nt

have ¢(S,) = ¢(S3). Setting

and, by construction, we

kk
N%f

yields that g := f — f satisfies f[o 1 gdA = 0. Considering that ¢g can be
expressed as finite sum of bock rearrangements g; of satisfying f 0.1] gid\ =0
(see Example E 4.6| for illustration), applying Theorem {4.4 . yields ||f — g3 >
LF1I2; e, p(Sx) = p(Sz) and max(p) = m (D).

(b) Finally, suppose that A — A* = 0. Set k := { and consider 7 € Xy with
IZ=U_ {N—i+1} and #(N—i+1)=iforie{l,...,k}. Then 7 € ¥%

™

with p = (N_(ka_l), ceey N ) Setting

w|s,

e

k
Z it
i—1 k
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as well as g :== f — f and proceeding analogously to the previous case con-
cludes the proof. O

As second and ultimate step we show that ineq. holds for all shuffles
within the subclass Sy. Building upon the fact that ¢(S;) > —3 implies

Zle pi < 1/4 for any symmetric shuffle S,, we define My, := {x € [0,1]" :
=~ Zle x; < 1/4} and interpret m, j as function on My .

Theorem 4.8. For every shuffle Sz € Sy with resolution N € N and N > 4
the following inequality holds:

p(Sz) > S\/§(1 +20(5:))% 1.

Proof. We show that under the assumptions of the theorem m,_ ;(p) > 0
holds and proceed as follows: For x € M), ;, calculating the first and second
partial derivative w.r.t. z; yields

0
3. Mak(X) = =
J
as well as

02 12 1

—m. i (X) = ——
V N =17

for every j € {1,..., fc} As a direct consequence, the mapping

+1]1 <0

t— mﬁ’,;(:cl, ce ,$j,1,t,$j+1, R ,.%];)

is concave on the convex polytope M, ;.
We again distinguish two cases: (i) if S; € S}V then k = 1 and concavity
of ms, implies that ms1(p) > msz1(0) = 0 or ms1(p) > ma1 (5. A

N
straightforward calculation yields
_ 6(N —1)2 4(N —1) 3/2
3 N 3
Noms 1 (P5F) = N (1—T— <1—T

)> — (N2 —4(N — 1))*?

> — (N —-2)° =2,
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implying the assertion.
(ii) In case that S; € 312\, we have p = (%, N_(2(’;V_1)_1),...,N];1> with
je{l,...,N — (2k —1)}. Now, setting

A N—(2(k—=1)-1
Py 1= (0, 2GR, 0T € My,

A N—(2k—1) N—(2(k—1)—
p1::< (N )7 (Q(N)l),...,Nl)EMNk,

concavity of m_ ; in each coordinate implies that m, ;(p) > m; ;(P;) holds

~

for at least one j € {0, 1}. Therefore, considering k: =k+j—1 and k < N/2
it follows that

3 kj . A
4 4 AN—(2i—1) (N —2k)?
- i=1—-= = ;
P v
as well as
i kj
6 . 6 (N —(2i—1)) 2k (N —2k;)
1—— 21— — ——
N ZZI I N ZZI N2 N3 N3
Therefore m_ ;(p;) > 0 and the proof is complete. ]

Following the idea of the proof of Theorem the copula C, depicted in
Figure |§| for a € 0, %] seems a very natural suspect for attaining the lower
bound.

@ 1-a @3

Figure 6: The copula C, (left panel) for which the lower inequality is sharp, and its
corresponding diagonal d,, (right panel).
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In fact, it was already shown in [6] that for this copula

H(Cy) = 6a* — 6a + 1,
p(Cy) = —160° + 24a” — 12a + 1,

holds, so p(Cy) = 2\/_(1 + 2¢(C, ))3/2 — 1 for every a € [0, %}

5. Getting closer to the non-sharp upper bound

We now return to the upper bound for €y , which was already shown not
to be (globally) sharp by the authors in [6]. The natural question therefore is,
how non-sharp it is, i.e., how close one can get to the upper bound. In [6] the

authors also tackled this question, derived the function 7 : [—%, 1] = [-1,1],
defined by
2x+%—%§(1+2x)%, if v € [—3,—3],
(2) iz + L, if v € [—34,1],
) = n n2—2n :
72L2i7lzx + 22n2<2k2:1’ itz e [ B 2i 2(113+1)]7
1, =1,

and showed that for every point (z,7(z)) there exists some copula C' with
¢(C) =z and p(C) = r(x). Notice that r is piecewise linear on the interval
[—%, 1] and is, for arbitrary x € [ , 1] quite close to the upper bound given
by 1—2(1 - a:)2.

The goal of this section is to prove that on the interval [—¢, 1] - outside the
countably many points on which the upper inequality is known to be sharp
- the function r can be exceeded. Using convexity of €y , we will work with
even n € N and the shuffles S} := S« with 7* € ¥, fulfilling i — 7%(i) = 1
for every i € I. = {i € {1,...,n} : i even}. As mentioned in Section 3,
these shuffles constitute points at which the upper inequality is sharp (see
Figure (1] I 1| for an example). Our idea consists in ‘interpolating’ between two
consecutive shuffles S and S, . Illustrating the approach we start with the
pair S5 and S} and then extend to S and S, for arbitrary even n € N.

5.1. Special case: Interpolating between S5 and S}

We show that for every z € (—%, Z) there exists some copula C with

¢(C) = z fulfilling that p(C') > r(z) and proceed as follows:
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Given a € [4, 3] and b € [0, 1] define the two diagonals §] and 5y by (see

Figure [7| and [§| for an illustration)

0, if x € [0, al,
i)y =z —a, ifzelal—ad),
20 —1, ifzxell—a,l,

and
(0, if € [0, 1],
2z —1), ifaxell it
Gy(x)=Qqax+b—1 ifxell+b -0,
%, if$€[%—b,§l],
2r — 1, if z € [3,1],
\

and consider the corresponding diagonal copulas Ey and E5§

A

~

a 1 a 1
2

Figure 7: The diagonal ! (left panel) and the support of the corresponding diagonal
copula Eg+ (right panel).
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+b

~

NI
N

b+ b

Figure 8: The diagonal 6# (left panel) and the support of the induced diagonal copula E 5t
b
(right panel).

Note that ! coincides with the diagonal d, studied in Example 14 in [6] (and
the copula Kj, considered there with the diagonal copula 52)7 so we obtain

¢(Eyp) = 6a® — 6a+ 1,

3
p(Eg) = 8a° — 6a + >

as well as p(Eyr) = 2¢(Eg) + I- ‘/Tg(l + 2¢(E52))3/2. Furthermore, tedious
but simple calculations (see Appendix) yield

1
O(Ey) = —6b% + 3b — 3

9 1
P 2
p(Ey) = 86 — 126+ Sh+ o,
which altogether implies p(Eéi) = qﬁ(Eéi) +3- ‘3/—66(1 4¢(E; ¢))3/2.
Hence, defining the concave function h : [—4, 1] = [0,1] by
h(z) = g bz gu g,
we obtain p(Eéi) = h(p(Es )) Varying the values of a € [3,3] and b € [0, 1],

the copulas £ and Ey y1eld an ‘interpolation’ from the copula S5 to S} in
a b
the following sense:

a—1/4 b—1/4
’ EéT 5t ’ Eai
1/4 0 1/4

9F — ; — = g*
2 51/2 4
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Recall that for x € [—— —] the graph of function r is the linear interpolation
between (¢ ) p(Eéi)) and (¢(S}), p(S5)). Considering ¢(E O) = —% and

(Es
¢(En ) =1, strict, concavity of h implies that h(x) > r(z) for z € (—3, 1),

1/4
so the afore-mentioned construction exceeds r on the interval (—%, 7).

5.2. General case: Interpolating between S); and S .,

We show that for every x € (1 — %, 1-— ni-l—Q) , where n > 4 is even, there
exists some copula C' with ¢(C') = z fulfilling that p(C') > r(x). Doing so
we again consider the copulas Eg from the previous subsection, work with
finite ordinal sums and start with quickly recalling their construction (for
more information on ordinal sums and patchworks see [9] and the references

therein).
Suppose that n € N, that (ay,b), (az,b2), ..., (an,b,) are pairwise dis-
joint, non-degenerated intervals in [0,1] and that Cy,...,C, are copulas.

Then the ordinal sum O = ({(ag, bx), Cx)),_, is the copula defined by

u—a v—a . 2
O(U, U) = a, + (bk - ak)ck (bk—aljc’ bk—akk) ) if (U, U) € (a’ka bk) 5
M (u,v), elsewhere.

It is straightforward to express ¢(O) and p(O) in terms of the correspond-
ing values of the copulas Cj.

Lemma 5.1. Suppose that O = ({(ax,by),Ck))r_, is the ordinal sum of
Cy, ..., C, with respect to (a1,b1), (ag,b2), ..., (an,b,) . Then the following
formulas hold:

Z k_ak _p(ck))a

N
k=1

Z (6ay (b — ar) + (be — ar)*($(Cy) +2)) — 2.

k=1

Proof. The first identity was already shown in [6]. Concerning the second
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one, using change of coordinates, yields

M: C(u,u)d(u
5= [ Clmwde

Uu—ar U—ag

WE

abe — ai) + /

[ak 7bk}

2 (bk — CLk)Ok (bk — ak, bk — ak) d)\(u)

Il
-

[
WE

ar(by — ay) + (bx — ak)Q/ Che(u, u)dA(u)

k=1 [0,1]
N
Cr) +2
= Z ak(bk — @k) + (bk — ak)Z%.
k=1
This completes the proof. O

Suppose now that n > 4 is even and set N = n/2. Then according to
N
Lemma for the ordinal sum OY := <((%, £), E(ST)) we get
o/ k=1
N 1
p(Oa ) =1- m(l - IO(E5Z))7
1
HON) =1 - (1~ 6(Ey).
In order to ‘interpolate’ between S and S;, we will work with the ordinal
sum O with ay := 535 € (5, 3). The following result holds:

Lemma 5.2. For every even n > 4 we have p(OY ) > r(¢(OL)).

Proof. As before we set N = n/2. According to [6], on the compact interval

[1—5%,1— m] the function r is given by r(z) = %z + 2%\,’21]\%1
Considering
1
p(O))=1- ~ (- (6a% — 6ay + 1))
2N?+ N —4
S A NS R e
yan(l—aw) TRESE
it follows that
3 .3

1- AN+ $(Oay) = m>0
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and

3 3
P(ON)—(1— W) = mﬂJ,

which directly yields QS(O(JZ\I]V) € (1 -2 1

2N Furthermore a straight-
forward calculation shows

)

2N* +6N3 +3N2—-7N -3

N
rlotog ) = BT SIS,
PO ) = 2N° + 6N* + 3N3 — TN? — 3N + 1
2N2(N +1)3 ’
implying p(OY ) —r(¢(OY.)) = m > 0. O

Summing up, and using convexity of 2 , we have shown the following result
for the function s : [—3,1] — [—1, 1], defined by

(20 +1/2 — 3(1 4 22)%/2, if v €[5, 3,
x+§—;{—§(1—4x)3/2, if z € [, 1],
(O )—p(S5x) " " . "
s(x) = { o amn (@ — 0(Sin) +p(S5y), iz € [6(S5x), S(ON)] N =2,
a2 POuy) ON )+ p(OY,), i ON ), 6(Sinsa)] N > 2
o( 2N+2) (ON )( _¢( aN))+p( aN)7 Lre [¢( aN)’¢( 2N+2)] ) = 4
L1, if v =1.
Theorem 5.3. For everyx € (—3,1) withx & {1—5% : N > 2} the function

s fulfills s(x) > r(z) and there ezists some copula C, fulfilling ¢(C,) = = and
p(Cr) = s(x).

We conjecture that the upper bound s is not best possible, i.e., that for
every x € (—g,1) with = ¢ {1 — 5% : N > 2} there exists some Copula B,
fulfilling ¢(B,) = x and p(B,) > s( ), so deriving a globally sharp upper
inequality is still an open question.
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Appendix: Complementary calculations for Section

In the sequel we derive the formulas for ¢(F (%) and p(E %). The definition
of 5lf implies

/[O Al = /

[1/4,1/44b]

2(u — 3)dA(u) + /

[1/44b,3/4—b]

+ / Td\(u) + / (2u — 1)dA(u)
[3/4—b,3/4] [3/4,1]
=0 +1-20"+3b+ 3,

(u+b— )d\(w)

so ¢(Fy) = —6b% 4 3b — %. The diagonal copula Ej distributes its mass as
b b
depicted in Figure [9], we therefore obtain

|t ) = [
[071}2 b

[0,0]

u(u+ 3)dA(u) + /

[b,1/4]
—I—/ u(u — H)dA(u) + %/ u(zu+ 2 — 1b)dA(u)
(1/4,1/4+b] [1/44b,3/4—b]

+ %/ u(zu — 3 + 3b)dA(u) +/
[1/4+b,3/4—b]

[3/4—b,3/4]
+/ u(2u — 2 + b)dA(u) +/ u(u = 3)dA(u)
[3/4,1—b] [1—b,1]
= Lb?(8b+ 3) + 155 (—64b> — 486° — 12b + 7)+

155 (—64b° + 1440° — 204b + 43) + Lb(8b> — 21b + 18)
= 5 (64b> — 96b* + 36b + 25).

u(2u + 1 — b)dA(u)
u(u+ 3)d\(u)
Altogether, this yields p(Eabi) = 8b* — 120 4+ 3b + . Finally, considering

§¢(E5b¢) - %
follows that

(145 and & (2 30(E i))g/2 = G(E.) — p(E.) + 2 it
s \3 — 3P\bs 5 5t) T8
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