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Abstract

Despite the fact that copulas are commonly considered as analytically smooth/regular
objects, derivatives of copulas have to be handled with care. Triggered by a recently
published result characterizing multivariate copulas via (d — 1)-increasingness of their
partial derivative we study the bivariate setting in detail and show that the set of
non-differentiability points of a copula may be quite large. We first construct examples
of copulas C' whose first partial derivative 0,C(x,y) is pathological in the sense that for
almost every x € (0,1) it does not exist on a dense subset of y € (0,1), and then show
that the family of these copulas is dense. Since in commonly considered subfamilies more
regularity might be typical, we then focus on bivariate Extreme Value copulas (EVCs) and
show that a topologically typical EVC is not absolutely continuous but has degenerated
discrete component, implying that in this class typically 9,C(x,y) exists in full (0,1)2.
Considering that regularity of copulas is closely related to their mass distributions we then
study mass distributions of topologically typical copulas and prove the surprising fact that
topologically typical bivariate copulas are mutually completely dependent with full support.
Furthermore, we use the characterization of EVCs in terms of their associated Pickands
dependence measures ¢ on [0, 1], show that regularity of ¥ carries over to the corresponding
EVC and prove that the subfamily of all EVCs whose absolutely continuous, discrete and
singular component has full support is dense in the class of all EVCs.
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1. Introduction

Constituting the link between multivariate distribution functions and their univariate
marginals (see [41]) as well as their resulting prominent role in the context of modeling
stochastic dependence (see |7, 16, 17, 18, 28, 31, 32, 39]), over the past decades copulas
have become an essential tool in probability theory and statistics, both from a theoretical
as well as from an applied perspective. Considering that bivariate copulas are Lipschitz
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continuous, Rademacher’s Theorem guarantees the existence of their partial derivatives
almost everywhere in the sense of the two-dimensional Lebesgue-measure \y. The exception
set in Rademacher’s Theorem applied to copulas can, however, be large in the sense of
even having full support, a property that sometimes seems to have been overlooked or not
handled with sufficient care.

The afore-mentioned exception set is also relevant in the context of a recently published
paper (see [37, Corollary 4.2]) characterizing copulas in terms of (d — 1)-monotonicity of
their partial derivative. It is straightforward to show that in general there exists no set
D C I with A(D) = 1 (X denoting the one-dimensional Lebesgue measure) such that for
every x € D the partial derivative 0;C(x,y) of a bivariate copula C' exists for all y € D.
We therefore first show the existence of bivariate copulas C fulfilling that for A-almost every
x € I there exists some ¥, € I such that the partial derivative 0,C(x,y,) does not exist and
then construct more pathological examples exhibiting the property that for A-almost every
x € I there exists a countable dense set Q, C I such that 0,C(z,y) does not exist for any
y € Q,. Hlustrating the fact that such pathological behavior might not be as uncommon as
expected we then prove that the family of all such copulas is dense in the full class C of all
bivariate copulas equipped with the standard uniform metric d.

Turning towards mixed partial derivatives 0,02C and 0,0,C of a copula C' and recalling [32,
Theorem 2.2.8.] it is a direct consequence of Schwarz’s theorem from calculus that in the case
that 9,0,C and 9,0,C exist and are continuous everywhere on (0, 1)2, they coincide. Since in
the general setting the mixed partial derivatives do not even exist everywhere, the interplay
between 0;0,C' and 0,0,C' is less obvious in general. Working with Markov kernels (regular
conditional distributions) we clarify this interrelation and present a generalized version of
Schwarz’s theorem for copulas extending [32, Theorem 2.2.8.].

Viewing the family of copulas from a purely topological perspective and considering
that the above-mentioned pathological examples are completely dependent (or convex
combinations of completely dependent) copulas the question naturally arises, whether the
family of completely dependent copulas is ‘small’ or ‘large’ in the sense of being atypical
or typical. Working with Baire categories (see e.g. [34]), topology offers a natural way to
differentiate between ‘small’ and ‘large’ sets. We call a given subset of a topological space
(7, 7) nowhere dense if, and only if the interior of its closure is empty. A subset of (7, 7)
is referred to as meager/of first (Baire) category, if it can be covered by a countable union
of nowhere dense sets. A set is of second (Baire) category if it is not meager. Moreover,
a set is called co-meager if it is the complement of a meager set. Proceeding as in [2]| and
returning to the concept of ‘small’ and ‘large’ sets, in a complete metric space meager sets
are the ‘small’ sets, sets of second category are interpreted as ‘not small’ and co-meager
sets are the ‘large’ sets. Following this very interpretation, in what follows we will refer to
elements of a co-meager set as typical and to elements of a meager set as atypical.
Working with the afore-mentioned topological concepts C.W. Kim (see [23]) proved the
striking result that a typical bivariate copula is (mutually) completely dependent (see the
subsequent section for a definition). Building upon his result, in Section 3 we prove a slightly
stronger result: A typical copula C' is mutually completely dependent and (its associated
doubly stochastic measure p¢) has full support. For a variety of manuscripts studying
copulas in the context of Baire categories we refer to [4, 5, 6, 10] and the references therein.



Returning to the existence of 0;C(x,y) one might naturally conjecture that in commonly

considered subclasses more regularity might be typical. Here we therefore consider the
well-known family of bivariate Extreme-Value copulas C., (EVC, for short) and study
regularity in this class. Due to their simple algebraic form and practical aspects EVCs are
particularly applied in finance and hydrology (see, e.g., [29, 40]). Tackling regularity results
and mass distributions of EVCs we first study the projection of the spectral measure H,
defined on the unit simplex (see [1, 8, 14, 42]), to I, refer to this measure 9 as Pickands
dependence measure, and then show how singularity /regularity properties of ¥ carry over
to the corresponding EVC. Doing so now allows to derive some of the results given in [27]
and [45] in a simplified manner but also opens the door to proving the fact that EVCs
whose discrete, singular and absolutely continuous component have full support are dense
in (Ceyp, doo)-
Finally, again working with Pickands dependence measures we prove that - contrasting the
fact that typical copulas in (C,d.) are mutually completely dependent and hence discrete
in the sense introduced in the next section - typical EVCs have degenerated discrete
component, are not absolutely continuous, but have full support. In particular, for typical
EVCs 0,C(z,y) exists in full (0,1)%; EVCs can therefore be considered as typically quite
regular.

The remainder of this paper is organized as follows: Section 2 contains notation and
preliminaries that are used throughout the text. Section 3 studies differentiability of
bivariate copulas and shows that the family of all bivariate copulas exhibiting the property
that for A-almost every x € (0,1) there exists a countable dense set Q, C I such that
0,C(x,y) does not exist for any y € Q,, is dense in (C,d). The afore-mentioned
extension of Schwarz’s theorem for bivariate copulas is proved and the surprising and
counter-intuitive fact, saying that a topologically typical copula C in (C,d,) is mutually
completely dependent and has full support, is established. Section 4 focuses on Extreme
Value copulas, first recalls and then slightly extends the one-to-one-to-one interrelation
between EVCs, Pickands dependence functions and Pickands measures. It is proved that
various properties of the Pickands dependence measure ¢ carry over to the corresponding
EVC and that the family of all EVCs whose discrete, singular and absolutely continuous
component have full support are dense in (Ce,,d,). Establishing the result that typical
EVCs have degenerated discrete component, are not absolutely continuous, but have full
support, concludes Section 4. The latter results also close the circle since they imply that
for typical EVCs C' the partial derivative 9,C(z,y) exists in full (0,1)2.

In order to simplify reading some technical lemmas and proofs have been shifted to the
Appendix. Several additional examples and graphics illustrate the chosen procedures and
some underlying ideas.



2. Notation and Preliminaries

In the sequel C denotes the family of all bivariate copulas. Given a copula C' € C, as usual
the corresponding doubly stochastic measure will be denoted by e, i.e., uc ([0, 2] x [0,y]) :=
C(z,y) for all (z,y) € I with I := [0,1]. A copula C' € C is called exchangeable if the
transposed copula C* coincides with C| i.e., if C'(x,y) := C(y,x) = C(x,y) holds for all
xz,y € I. C, denotes the family of all exchangeable copulas.

For an arbitrary topological space (S, 7) we denote the Borel o-field on S by B(.S), and let
P(S) denote the family of all probability measures on B(.S). Considering weak convergence
of probability measures, we denote the topology induced by the afore-mentioned notion of
convergence by 7,. Moreover, for an arbitrary measure v on B(S) the support of v, i.e., the
complement of the union of all open sets U with the property that v(U) = 0, will be denoted
by supp(v). Considering a set E C S, we write E for the topological closure of the set E
and int(E) for the interior of E. Throughout this contribution, the support of a copula
C' € C by definition will be the support of its corresponding doubly stochastic measure pc.
Considering the uniform metric do, on C it is well-known that (C,d.,) is a compact metric
space. For more background on copulas and doubly stochastic measures we refer to |7, 32|.

The Lebesgue-measure on B(I?) is denoted by Mo, for the univariate Lebesgue measure
we will simply write A\. For every x € S we denote the Dirac measure in € S by
dz. Furthermore, the space of all Lebesgue integrable functions on I¢ will be denoted
by LY(I¢,B(1¢), \;) for every d € N. Considering two metric spaces (S,d) and (S, d'),
a Borel-measurable transformation 7': S — S’ and a probability measure v € P(S), the
push-forward (measure) v of v via T is defined by v*(F) := v(T~(F)) for all F € B(S5").

Throughout this contribution conditional distributions and Markov kernels will play a
prominent role. A Markov kernel from R to R is a map K : R x B(R) — I fulfilling that (i)
for every fixed £ € B(R) the function z — K(z, E) is Borel-measurable and (ii) for every
x € R the map F — K(z, F) is a probability measure on B(R). If in (ii) we only have that
the measure £ — K(z, F) fulfills K(z,I) < 1 (instead of K(x,I) = 1), then K is called
sub-Markov kernel.

Suppose that (X,Y) is a random vector on a probability space (2, A,P). Then a Markov
kernel K (-,-) will be called a regular conditional distribution of Y given X if for every set
E € B(R) the equation

K(X(w),E)=E(1goY|X)(w)

holds for P-almost every w € ). It is a well-established fact that for each pair (X,Y)
of random variables, a regular conditional distribution K(-,-) of Y given X exists and is
unique for PX-almost every x € R. Assuming that (X,Y’) has distribution function C' € C
(more precisely, the natural extension of C' to R? is the distribution function of (X,Y)), we
will write (X,Y) ~ C, let K¢ : I x B(I) — I denote (a version of) the regular conditional
distribution of Y given X and call it the Markov kernel of C'. Fixing x € I and defining the
z-section G, of an arbitrary set G € B(I?) by G, :== {y € I : (x,y) € G} € B(I) applying
disintegration (see [19, Section 5| and [24, Section 8]) yields that

elG) = [ Kolw, ) aAa). 2.1)



In what follows, a measure v on (14, B(1?)) with d € N will be called singular (with respect
to A\g) if, and only if (i) » has no point masses and (ii) there exists some set G € B(I%)
with A\y(G) = 0, v(G) = v(I%). Obviously the doubly stochastic measure uc associated
with a copula C' € C always has degenerated discrete component (in the sense that pc has
no point masses). Following [21], however, and using the Lebesgue-decomposition of the

Markov kernel K¢(z,-) of C' into absolutely continuous, discrete and singular sub-kernels
Kb (), K&s(-, ), KG™(-,-) : I x B(I) — 1, respectively, i.e.,

Ke(a, F) = K& (2, F) + K& (2, F) + K&™(a, F) (2.2)

for x € I and F' € B(I), see [25], allows for a very natural definition of the absolutely
continuous, the discrete and the singular component of C. In fact, working with
disintegration and equation (2.2), we can define the absolutely continuous, the discrete

and the singular components p%*, u%* and p™ of uc by

(B x F) /ﬁw“deM)

pes (B x F) ‘/Km dA(z),
paM(E x F) = /EKémg(x, F)d\(x), (2.3)

for every E € B(I) and every F € B(I), and extend them to full B(I?) in the standard way.
Throughout this paper we call a copula C' absolutely continuous, discrete or singular if, and
only if 4@ (1?) = 1, pdi*(1?) = 1 or p&™(1%) = 1, respectively. Moreover, u&*, u&?, uscf"g will
be referred to as the absolutely continuous, the discrete, and the singular components of C'
(or uc), respectively. Notice that the afore-mentioned composition of pe is finer than the
classical Lebesgue decomposition of 1o with respect to Ag - in fact, u&*+ 2" coincides with
the singular component of the classical Lebesgue decomposition of ps. Moreover, equation
(2.3) allows for the discrete component of a copula to be non-degenerated: Considering,
e.g., C = M we have u&*(I?) = 1 as well as u2*(I?) = p&™(1%) = 0, so - in the sense of the
decomposition (2.3) - the minimum copula M might be referred to as purely discrete (since
the other two components are degenerated).

Working particularly in the context of quantifying the extent of dependence of a random
variable Y on a random variable X, stronger metrics than d., have to be considered in C:

The Markov-kernel based metrics D,, first introduced in [43], are given by

Dy B) = ( [ 1K 0.9 = Ko 0.5)Ptenn))

for p € [1,00) and

DA, B) i=sup [ |a(a,0.4) ~ Ko, [0.5])]dN(o)
ye I

for p = oo and arbitrary A, B € C. As shown in [43] the topologies induced by the

metrics D, are all equivalent and the topology induced by D, (for an arbitrary p € [0, o0])
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is strictly finer than the one induced by d.. In other words: For fixed p € [1,00] and
copulas C, Cy, Cy, ... € C we have that D,(C,,C) 2% 0 implies doo(Cp, C) =3 0 but not
necessarily vice versa, see [43| for a counter-example.

From a statistical perspective, one might even consider a stronger but natural notion
of convergence, that of weak convergence of Markov kernels (wce, for short), first
introduced in [22]: Suppose that C,Cy, Cs, ... are copulas with associated Markov kernels
K¢, Ke,, Ke,, ... We say that the sequence (C),)nen converges weakly conditional to C' if,
and only if for A-almost every = € I the sequence (K¢, (,+))nen of probability measures
on B(I) converges weakly to the probability measure Ko (z,+). In the following we write
C,, =5 C to denote weak conditional convergence of (C},)nen to C. Tt is straightforward to
show that wee implies D,, convergence but not necessarily vice versa (again see [22]).

We call a map h: I — I A-preserving if, and only if \*(F) = X(F) holds for every
F € B(I). A copula C € C is called completely dependent if there exists some A-preserving
transformation A such that C' concentrates its mass on the graph of h, or, equivalently, if its
corresponding Markov kernel is given by Ko (x, F') = 1p(h(z)) for A-almost all = € T (see
[43] for more equivalent formulations). If, in addition, h is bijective, we call the associated
completely dependent copula mutually completely dependent. Throughout this contribution
we will denote the family of all completely dependent copulas by C.; and the family of all
mutually completely dependent copulas by C,,,.q. A A-preserving map h: I — T will be called
a (classical) equidistant even shuffle of M with N € N stripes if, and only if & is linear with
slope 1 on each interval I := (%*, &), injective on UL(%, +) and just permutes the
intervals I3, ..., I¥. In the sequel Sy will denote the family of all completely dependent
copulas whose corresponding \-preserving transformation is an even shuffle with N stripes.
The space of all completely dependent copulas whose associated A-preserving transformation
is an equidistant shuffle will be denoted by & := (JycySn. For more information on
completely dependent copulas we refer to 32, 43].

The last concept we will need is that of a checkerboard copula: Suppose that B € C
and N € N are arbitrary but fixed and that T = ();)N,_, is a matrix fulfilling that
(N - ,)Y._, is doubly stochastic. Furthermore, for every (2 j) € {1 , N}? define the

affine transformation wZN; 2= R, = ] X ]N = [* Nla ]’(]] X [

N (i1l g1y
wi,j(%y)—( N +N’—N ‘l'N)-

Then the copula CBE. defined implicitly via

pops (G Z g ( Hitels R;), G € B(I?) (2.4)

3,j=1

is called the T-checkerboard of B. To simplify notation we will let G@ﬁ denote the family
of all C BB with T being an N x N matrix as described above and write

= |J esy.

NeN



For a given copula A € C the N-checkerboard-B approximation of A is defined via

N
N.

nepsa(G) = pa(RY)ps” (G N Ryj) (2.5)

ij=1

for arbitrary G € B(I?). For more background on checkerboards we refer to [22] and the
references therein.

Finally we quickly recall the one-to-one correspondence between bivariate copulas and
Markov operators which we will use for deriving some first Baire category results on
(mutually) completely dependent copulas. A linear operator T on L'(I, B(I), \) is called
Markov operator (see [3], [26], [43]) if it fulfills the following three properties:

1. T is positive, i.e. T(f) > 0 whenever f > 0
2. T(1;) =13
3. [(Tf)(@)dA(z) = [, f(x)dA(z)

The class of all Markov operators on L(I,B(I),\) will be denoted by M. Tt is
straightforward to see that the operator norm of 7" is one, i.e. |T| :=sup{||Tf]l1: ||f]1 <
1} = 1 holds and the operators are continuous. According to [3] and [26] there is a one-to-one
correspondence between C and 1711 - in fact, the mappings ® : ¢ — Ml and ¥ : 11l — C,
defined by

VONE@ ¢ = Teh)e) = [ Cae e,
o1 (2.6)
V@) ¢ =Crley) = [ (Tl

for every f € L(I) and (z,y) € I? (C5 denoting the partial derivative with respect to y),
fulfill ¥ o & = ide and ® o ¥ = idy,. Following [43], for every C' € C the Markov operator
T simplifies to

cwﬁmsz}@Kdawy

Having this it follows easily that (i) C.q corresponds to the family 171, of all Markov
operators of the form T'(f)(x) = f(h(x)) for some A-preserving transformation i : I — I
and that (ii) Cpeq corresponds to all T' € M., for which the corresponding h is bijective;
the latter class will be denoted by 171,,.4. Additional useful facts on Markov operators and
their interplay with copulas are the following: If C' € C corresponds to T € M1, then C*
corresponds to the adjoint T2Y = Tew of Ty (also interpreted as operator on L'(I, B(T), A),
see [44]). Moreover it can be shown (again see [43]) that the afore-mentioned metrics D,
with p € [1,00) are metrizations of the strong operator topology on 111, whereas the weak
operator topology corresponds to do, (see [33]).



3. Differentiability of copulas and typical mass distributions

We first derive various results on differentiability and then study regularity of
topologically typical copulas.

3.1. Differentiability results

Corollary 4.2 in [37] translated to the bivariate setting states that a function C: I — T
that is grounded and has uniform marginals and absolutely continuous sections is a bivariate
copula if, and only if its first partial derivative y — 0,C(z,y) is non-decreasing for A\-almost
all z € I. Here we focus on differentiability and start with providing examples of copulas
C € C fulfilling the property that for A-almost every x € I there exists some point y =y, €
such that 0,C(z,y) does not exist. Throughout this contribution we denote the family of all
such copulas by C,. The subsequent example shows that all equidistant shuffels are elements
of C,.

Example 3.1 (Non-differentiability in one point). Suppose that C' € §. Then there exists
some N € N with C € Sy. Let x € IT'\ Uivzo{%} be arbitrary but fixed. Then there exists
some j € {1,..., N} with = € (%, %) Letting h denote the corresponding A-preserving
transformation, setting y = h(x), then using the fact that h is monotonically increasing on
(j%, %) and calculating the right- and left-hand partial derivative, respectively, yields

O(z + 5, h(z)) — O(x, h(z))

0 C(z,h(z)) = hg]l p =0
as well as
O C(w, h(x)) = lim C(x+ s,h(z)) — C(z, h(z)) _1

sT0 S

The left-hand and right-hand derivatives exist but do not coincide, implying that
01C(z, h(x)) does not exist by definition. Figure 1 depicts two examples of elements of
shuffles and points of non-differentiability.

The family of points of non-differentiability may be much larger - much more pathological
cases than the one mentioned in Example 3.1 exist: As a second example we show the
existence of a copula C' with the following property: There exists some set A € B(I) with
A(A) = 1 such that for every = € A there exists a dense set Q, C I such that 0,C(x,y) does
not exist for any y € Q,. In the sequel the family of all copulas having this property will
be denoted by Cq.

Example 3.2 (Non-differentiability on a dense subset). Consider the A-preserving rotations
R,(z) =z +r (mod 1) for r € [0,1) and define K: I x B(I) — I by

K(I, E) = Z 2%5]{%(1)(E) = Z 2%1E<an(x))

neN neN

for {ri,re,...} = Qo1 == QN [0,1) where r; # r; for all i # j. Then K is obviously
measurable in the first and a probability measure in the second argument, i.e., K(-,-) is a



Figure 1: Two examples of equidistant shuffles as studied in Example 3.1. The red triangles depict points
where the partial derivative with respect to = does not exist.

Markov kernel from I to I. Applying monotone convergence together with the fact that the
rotations R, are A-preserving yields that

/HK<JJ E)d\(x /%—b %/—1,; - (@)dA(z) = ME),

so K(-,-) is the Markov kernel of a unique copula C. Fix zo € I\ Q and set y; := R, (x0).
Then obviously the set {y;: j € N} is dense in I. Writing

1 1
K(I, [07 yj]) = Z 271[0,yj](an (1’)) + El[O,yj](Rrj (17» (31>
n#j N ~~ d
- ::GTj (z,y5)
L( x,Y5)

and using the fact that z + 1p, (R, (7)) is continuous in zy for every n # j, uniform
convergence of the series L(z,y;) implies that z — L(x,y;) is continuous in z,. Applying
disintegration and using equation (3.1) yields

L(s,yj)d)\(s)+/ G, (5,9;)dA(s),

Jio)

Cla,yy) = | K(s,]0,55])dN(s) = /

[0.2] Jio)

s

v~ v~

=A(z,y;) =:B(z,y;)

for every x € 1. Calculating the right-hand partial derivative of A in x(, applying continuity
of x — L(x,y;) in ¢ and using the fact that every point of continuity is a Lebesgue point
(see [38]) yields

ai‘rA(‘T(hyJ) - lfg,l(’)lh /'IO x0+h (S y])d/\< ) L(‘T()ay.])
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Proceeding analogously yields that the left-hand derivative of A in x( exists. Using the fact
that xp # 1 — r; and calculating the right-hand partial derivative of B in z( yields

+ —
Or B(zo,y;) = lim h/[z o D Lo.R,, (20)] (Br, (5))dA(s) = 0,

and proceeding analogously for the left-hand partial derivative in xq we get

1 1 1

Or Blwo,y;) = lim + ey D 55 10,8, (o)) (B, (8))dA(s) = o

Altogether it follows that 0 C/(z,y;) does not exist. Considering that zp € [\ Q and j € N
were arbitrary completes the proof.

Working with the previous example in combination with checkerboard copulas allows to
show that Cq is dense in C, implying that pathological cases of non-differentiability in the
sense of Example 3.2 can be found ‘everywhere’ in C even with respect to the finer topology
induced by the metric D,,.

Theorem 3.3. The set Cq is dense in (C, D,) for every p € [1,00].

Proof. Fix ¢ € € and n € N. Choose an arbitrary B € (Cq and consider the
N-checkerboard-B approximation CBR(C,) of the copula C,, := (1—=)C+ < IT according to
equation (2.5). Obviously C,, has full support so it follows immediately that CB%(C,,) € Cq
holds for every N € N. Furthermore, applying [22, Theorem 3.2| yields that C BE(C,) =%
C, as N — oo, implying lim,,_,., D,(CB&(C,),C) = 0. Finally, considering that we also
have weak conditional convergence of (C,)nen to C for n — oo the result follows. O

Using the interrelations between D,-convergence and convergence with respect to do
Theorem 3.3 has the following direct consequence:

Corollary 3.4. The set Cq is dense in (C,dy).

The previous example(s) built upon discontinuity of the conditional distributions - the
following result shows that without discontinuities of the conditional distribution functions
non-existence of the partial derivative can not happen.

Given a copula C' € C with corresponding Markov kernel Ko (without any additional
regularity assumptions on C' or K¢), according to |7, Theorem 3.4.4] for every fixed y € I
there exists some set A, € B(I) with A(A,) = 1 such that 0,C(z,y) = K¢(z,[0,y]) holds
for all # € A,. The next theorem shows that in the case that A-almost all conditional
distribution functions y — K¢(z,[0,y]) are continuous a simultaneous set A can be found.

Theorem 3.5. Suppose that C' € C fulfills that \-almost all conditional distribution
functions y — Kco(z,[0,y]) are continuous. Then there exists a set A € B(I) with A\(A) =
such that

810(37’ y) = Kc(ZL’, [Ovy]) (32)

holds for every x € A and y € 1.

10



Proof. By assumption there exists some A; € B(I) with A(A;) = 1 such that y —
Ko(z,[0,y]) is continuous for every x € A;. Fixing y € I, applying disintegration and
Lebesgue’s differentiation theorem (see [38|) yields the existence of some A, € B(I) with
A(Ay) = 1 such that

alo(xvy) = KC(‘I7 [07y])

holds for all z € A,. Defining Ay := ﬂqe@mu
810(:1:, Q) = Kc(l', [07 Q]) (33>

for every z € Ay and every ¢ € QNI Set A := A;N AN (0,1) and fix z € A. For every
y € T and h > 0 sufficiently small define the difference quotient I, (x,y) by
C(z+ h,y) — Clz,y)

]h(xﬂy) = h :

A, implies A\(Ay) =1 as well as

Then using 2-increasingness of (' directly yields
]h<x)QI) < Ih(x7y) < Ih(xacIQ)
for arbitrary q1,q2 € QNI with ¢; <y < ¢go. According to equation (3.3) we have
lim Jj,(z,q1) = Ke(z, [0, ¢1])
h—0
as well as
lim Ih(aj7 q?) = KC(xv [07 qQ])
h—0
Fixing sequences (¢, )nen, (Tn)neny in QNI with ¢, | y and 7, Ty and € > 0 arbitrarily, using
continuity of y — K¢(x,[0,y]) there exists some 1y € N such that
Kc(iC, [Tm QnD <e€
for all n > ng. Working with the upper Dini-derivative (see [7]) yields

Ko(z,[0,y]) —e < Ko(z,[0,7,]) < limmsoup In(z,y) < Ko(x,[0,¢,]) < Ko(z,[0,y]) + €.

Since € > 0 was arbitrary lim supy, o In(z,y) = Kc(z, [0, y]) follows. Proceeding analogously
for the lower Dini-derivative, we finally get that 0,C(z,y) = Keo(z,[0,y]) for every y € L.
Since z € A was arbitrary this completes the proof. O

Reinterpreting Theorem 3.5 in the context of absolutely continuous, singular and discrete
components of C, equation (3.2) obviously holds if C' has degenerated discrete component.
This implies the following result:

Corollary 3.6. Suppose that C € C fulfills p&*(1?) = 0. Then there exists some set
A € B(I) with A\(A) =1 such that

nC(z,y) = Ke(z,[0,y])

holds for all x € A and y € 1.
Moreover, iof C' € C 1is absolutely continuous with density f then there exists some set
A € B(I) with A(A) =1 such that for every x € A and every y € I we have that

0,C(z,y) = f(z, t)dA(t).

[0,y]
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Proof. (i) Assume that pd*(I?) = 0. Then according to equation (2.3), using Lebesgue’s
decomposition Theorem for Markov kernels, we obtain the existence of a set A € B(I) with
A(A) = 1 such that the identity K¢ (z,[0,9]) = K&*(2,[0,y]) + K&™(,[0,]) holds for all
y € Tand 2 € A. Since both y — K&*(2,[0,9]) and y — K2"(x,[0,y]) are continuous
for every € A, the desired result follows by applying Theorem 3.5. The second assertion
is a direct consequence of the fact that in the absolutely continuous case with density fa
version of the Markov kernel K¢ (-, -) of C'is give by K¢ (xz, F) = [}, f(x,t)dA(t O

If the mixed partial derivatives 010,C(x,y) and 0,0,C(x,y) exist and are continuous for
all z,y € (0,1), then according to Schwarz’s theorem they need to coincide, i.e.,

alﬁgC(x,y) = QgﬁlC(m,y) (34)

for all z,y € (0,1) (see e.g. [32, Theorem 2.2.8.]). Turning to the general setting, the
mixed partial derivatives 9,0,C' and 9,0,C' do not need to exist everywhere in (0, 1)? since,
as pointed out in the previous examples, fixing x in a set of full A-measure, not even the
partial derivative 0;C(x,y) needs to exist for all y € T and therefore equation (3.4) cannot
hold for arbitrary C' € C. On the other hand, for arbitrary C' € C with Markov kernel K¢,
working again with disintegration and applying Lebesgue’s differentiation theorem yields
that for fixed y € I there exists a set A, € B(I) with A(A,) = 1 such that

O C(x,y) = Ke(z,[0,y])

holds for all z € A,. In other words: The partial derivative 0,C(z,y) coincides with the
Markov kernel K¢(+,-) on a ‘good’ set and thus K¢(+,-) can be seen as a regularized version
of 0;C'. Building upon this fact, working with Markov kernels we are able to generalize the
result in [32, Theorem 2.2.8| to the whole family of bivariate copulas:

Theorem 3.7. Suppose that C' € C is an arbitrary copula and let Ko and Kot denote
Markov kernels of C' and its transpose C*, respectively. Furthermore let f € L'(I%, B(I%), \s)
denote the Radon-Nikodym derivative of uc, i.e., the density of u2. Then the identity

ayKC<x7 [07 y]) = f(l’, y) = 0, Kt (y, [07 I])
holds for Xy-almost every (z,y) € I2.

Proof. Working with the decomposition in equation (2.2) and aggregating the discrete
and the singular component in K2 yields Ko(z, F) = K&(z, F) + K&(z, F) as well as
Ket(x, F) = K& (2, F) + K& (2, F) for z € T and F € B(I). We want to show that the set

E = {(z,y) € I*: 9,K(x,[0,y]) = 0}

has full measure and proceed as follows: Being the sum of two sub-kernels of K, for
fixed y € I the function z — KZ(z,[0,y]) is measurable, and for fixed x € T the
function y +— KZ(x,[0,y]) is non-decreasing and right-continuous. Using an argument
analogous to the first part of the proof of [43, Lemma 4| shows that the map (z,y) —

12



KZ(x,]0,y]) is measurable. Applying the fact that y — Kx(x,[0,y]) is non-decreasing and
right-continuous, and using [30, Theorem 1| yields that

{(x,y) € (0,1)*: 9,Kz(z,[0,y]) exists and 9,Kz(x, [0,y]) = 0}

is a Borel set in (0,1)2. For fixed z € (0,1) we have that y — Kx(z, [0,y]) has derivative 0
almost everywhere, so A(E,) = 1. Using Fubini’s theorem therefore implies that

M(E) = / A(E,)dA(z) =

Proceeding analogously we obtain the existence of a set E € B(I?) with \y(F) = 1 such

that 0, K% (y,[0,2]) = 0 for all (z,y) € E. Altogether there exists a set Q := E N E with
MQ) =1 and 9,K&(2,[0,y]) =0 = 0, K% (y, [0,z]) for all (z,y) € Q. We will prove that

0y K& (x,[0,]) = f(x,y) = 0. K& (y, [0, 2])

holds for A\y-almost all (z,y) € I? with f as in the theorem, and proceed as follows Define a
version of the absolutely continuous component K& of K¢ by K, gf’s (x,F) = [, f(z,y)d\(y)
for every x € I and every F' € B(I). Similarly to the case for K2, deﬁnlng

= {(z.y) € *: 9, K¢ (w,[0,y]) exists and 9, K" (x,[0,4]) = f(z,y)},

and applying the same line of argumentation as done for showing measurability of E yields

Borel measurability of G. Working with the fact that y — K&*(x,[0,y]) is differentiable
A-almost everywhere, applying Fubini’s theorem yields A\o(G) = 1. Considering the
transposed copula C*, using the identity u&*(Fy x Fy) = p&s(Fy x Fy) for all Fy, F> € B(I)
and proceeding analogously to the previous case, there exists a set G € ®B(1%) with )\Q(G) =1
such that

O K (y,[0,2]) = f(z,y)

holds for all (z,y) € G. This implies that 9, K& (x,[0,y]) = f(z,y) = . K2%*(y, [0,z]) for
all (z,y) € M := G NG. Using A\(M) = 1 altogether yields A\»(Q N M) = 1 as well as

0, Kc(x,[0,9]) = 0,K&" (2, [0,y]) = f(w,y) = 0. K& (y, [0, 2]) = 0. Kc(y. [0, 2)),
for all (z,y) € @ N M. This completes the proof. O

3.2. Baire category results for C

The copulas proposed in Example 3.1 and Example 3.2 are completely dependent,
complete dependence, however, may seem quite pathological. Nevertheless, using Baire
categories it can be shown that complete dependence is much less pathological than one
might assume. In fact, C.W. Kim proved in [23] that topologically typical Markov-operators
are induced by a A-preserving map. Using the fact that the family of all Markov-operators
(endowed with the weak operator topology) is isomorphic to (C,ds) (see [33]) we obtain
the following translation to C:

Theorem 3.8. C,,.q and C.q are co-meager in (C,dy,).
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Proof. The fact that C. is co-meager in (C,dy) is an immediate consequence of [23,
Theorem 1.1] and the afore-mentioned fact that the weak operator topology on 771
corresponds to d, on C. According to [23] also MY = {T¥ . T € M4} is co-meager
in 711 with respect to the weak operator topology. Thus, considering 1,,.q = 1M.4 N mgjj
(again see [23]) and using the fact that finite intersections of co-meager sets are themselves
co-meager, 1,,.q is co-meager in 11 with respect to the weak operator topology, which

completes the proof. n

We conjecture that every C' € €, is automatically an element of Cp, i.e., that for
A-almost every = € I there exists some y € I such that 0,C(z,y) does not exist. We have,
however, not been able to prove or falsify this conjecture since \-preserving bijections may
exhibit quite irregular behavior going far beyond being piecewise linear: As shown in [9] it
is possible to construct a A-preserving transformation A such that the induced completely
dependent copula Cy has full support. Motivated by this result we now prove that typical
bivariate copulas have full support.

Lemma 3.9. The family {C € C: supp(uc) = I?} is co-meager in (C,d).
Proof. We define the set Ay by
Ay = {C € C: supp(uc)° contains a cube Q with X2(Q) > +}

and first show that Ay is closed with respect to do,. Suppose that (Cy)een is a sequence
in Ay with limy_,o doo (Cy, C') = 0 for some C' € C. Knowing that for every ¢ € N there
exists some cube Qp = (ar, be) X (¢, dp) with pe,(Qr) = 0 and X (Qr) > =, applying
Bolzano-Weierstrass yields the existence of subsequences (ays, )ren, (be, )ken (€, )ren, (de, )ken
and ao, by, co, do € T such that as, "= ag, by, =3 b, s, =3 o and dy, =5 dy. Using
Lipschitz-continuity and considering the cube @ := (ag, by) X (co, dg) we therefore get

pe(Q) = C(bo, do) — C(bo, co) — C(ao, do) + C(ao, o)
= kh_glo[cfk (bfm dfk) - ka (bfm ka) - Cf}c (afkv dfk) + ka (aﬁkv ka)}

= kh_glo Ky, (Q&) =0.

Hence, considering % < limy 00 A2(Qp,,) = limy 00 (b, —ag,, ) (de, — o) = (bo—ao)(do—co) =
Ao(@) finally implies that Ay is closed.

Taking an arbitrary copula C' € C and fixing B € C with supp(ug) = I?, defining C,, by
C, = (1—2)C + LB, obviously supp(pc,) = I? and d..(C, C,,) "% 0. This shows that the
family of copulas with full support is dense in C, implying that Ay is nowhere dense for

every N. Finally, using

{C e C:supp(uc) #T°} C | An
NeN
yields that {C € C: supp(uc) = I?} is co-meager in (C, dy). O
We close this section with the following quite counter-intuitive result, which directly

follows from combining Theorem 3.8 and Lemma 3.9 and using the fact that finite and
countably infinite intersections of co-meager sets are co-meager as well.
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Corollary 3.10. A typical copula C' € (C,dy) is mutually completely dependent and has
full support.

4. Extreme Value copulas

4.1. Some preliminaries
A copula C € C is called Extreme Value copula (EVC) if there exists some copula B € C
such that
Clz,y) = lim B"(xn, y+)
for all x,y € I. Throughout this section the space of all bivariate EVCs will be denoted
by C.. It is well-known (see [45]) that (C.,,d) is a compact metric space. Moreover,
according to [7, 14, 32, 35|, the following assertions are equivalent

(i) C € C,y
(ii) C is max-stable, i.e., C(z,y) = C’k(:c%, y%) for all k € N and z,y € I.

(iii) There exists a Pickands dependence function A, i.e., a convex function A: I — I
fulfilling max{1 — x, 2} < A(x) <1 for z € I, such that the identity

log(z) )

Cla,y) = (ay)* beien (4.1)

holds for all z,y € (0, 1).

The family of all Pickands dependence functions will be denoted by A and we will let Cy
denote the unique EVC induced by A € A. A Pickands dependence function A € A is called
symmetric, if A(t) = A(1 —t) holds for all ¢ € I. The family of all symmetric Pickands
dependence functions will be denoted by A,. For every Pickands dependence function
A € A we will let DT A(z) denote the right-hand derivative of A at z € [0,1) and D~ A(x)
the left-hand derivative of A at x € (0, 1]. Convexity of A implies that D" A(z) = D~ A(x)
holds for all but at most countably many z € (0,1), i.e., A is differentiable outside a
countable subset of (0, 1), that D A is non-decreasing and right-continuous on [0, 1) and that
D~ A is non-decreasing and left-continuous on (0, 1] (see |20, 36] and the references therein).
Setting DT A(1) := D~ A(1) allows to view D' A as non-decreasing and right-continuous
function on the full unit interval [0, 1], which, taking into account max{l —z,z} < A(z) <1
for all z € [0, 1], only assumes values in [—1,1]. Additionally (again see [20, 36| and the
references therein), we have D~ A(x) = DT A(xz—) for every z € (0,1).

In the sequel Ay = {(z,1 — x): z € I} denotes unit simplex in R?. Following [1, 14, 35] a
finite measure v on B(A,) is called a spectral measure, if

/ w; dv(wy, wy) =1
Ao

holds for i € {1,2}. According to [35], every Pickands dependence function A can be
identified with a unique spectral measure v. More precisely, given a Pickands dependence
function A € A, there exists a spectral measure v on B(A,) such that (again see [35])

At) = A max{twy, (1 — t)ws }dv(wy, ws) (4.2)
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holds for every ¢t € I. Normalizing the measure v and projecting it in x-direction onto
the unit interval I (or, equivalently, writing Ay = «(I) with «(s) = (1 — s,s) and setting
¥ = ) yields a probability measure 9 on B(I) fulfilling J;sd9(s) = % and equation (4.2)
boils down to

At) = 2 /H max{t(1 — ), (1 — £)s)}dv(s) (4.3)

for all ¢ € I. Simplifying equation (4.3) yields the following identity for ¥ (see Lemma
Appendix A.2 for a proof):

Alt)=1—t+ 2/ ([0, z])dA(2). (4.4)
[0.1]
Throughout this section we call such a measure ¥ a Pickands dependence measure and
define the family of all Pickands dependence measures by

. {19 e 2(I): /deﬂ(x) _ %} |

We denote the map between the spaces (P, 7,) and (A, || - ||«) defined via equation (4.4)
by T and prove in Lemma 4.2 that T is indeed a homeomorphism. Throughout this section
we denote the family of all absolutely continuous, discrete and singular Pickands dependence
measures by P2 P% and P35, respectively. Moreover, we will call a function F: T — T
a distribution function/measure generating function, if its extension via setting F(x) = 0
for x < 0 and F(z) =1 for z > 1, is a distribution function/measure generating function.
It is well known and straightforward to verify that the Pickands dependence function
corresponding to the Fréchet-Hoeffding upper bound M is defined by Ay (t) := max{1—t,t}
and the Pickands dependence function corresponding to the independence copula II fulfills
An(t) =1 for all ¢ € I. Moreover, the measure ¥y, = § 1 is easily seen to correspond to M
and 9 = %(50 + d1) to II.

Working with equation (4.4) it is straightforward to prove that the right-hand derivative
DT A of a Pickands dependence function A € A can easily be expressed in terms of the
corresponding Pickands dependence measure ¥ € # 5 - the following result holds:

Lemma 4.1. Let 9 € P4 and A € A denote the corresponding Pickands dependence
function according to equation (4.4). Then

DY A(t) = 209([0,¢]) — 1 and (4.5)
J({t}) = DYA(t) — DT A(t—) = DY A(t) — D™ A(t) (4.6)
holds for every t € [0,1).

Proof. Defining Fy(t) := 9([0,¢]) for ¢t € I and fixing an arbitrary continuity point ¢ of Fy,
applying equation (4.4) and Lebesgue’s differentiation theorem (see [38]) we obtain that

D*A(t) = lim? / 9((0, 2])dA(z) — 1 = 20((0,4]) — 1.
R0 Jit,t4h)
Using the fact that the set Cont(Fy) of all continuity points of Fy is dense in I and considering

that both D* A and Fj are right-continuous yields the result. Equation (4.6) is an immediate
consequence of equation (4.5). O
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Building upon the afore-mentioned characterization of EVC via Pickands dependence
functions, the map @, defined via equation (4.1) maps (A, | - |l) t0 (Cev,doo). It is
straightforward to see that both T and ® are homeomorphisms.

Lemma 4.2. The maps ®, T and ® o Y are homeomorphisms.

Proof. Obviously, every ¥ € $z induces a unique A € A via equation (4.4). Lemma

Appendix A.2 directly yields surjectivity of T. Concerning injectivity of T, suppose that

V1,09 € Py fulfill T(¥) = T (V) =: A. Applying Lemma 4.1 yields

DA (t) + D+A2(t) +1
2 2

for every t € [0,1) and ¥; = 5 follows. Thus, YT is a bijection and applying Lemma

Appendix A.3 immediately yields that T is a homeomorphism. The fact that ® is a

homeomorphism is an immediate consequence of Lemma Appendix A.3. Since compositions
of homeomorphisms are homeomorphisms the proof is complete. n

01([0,1]) = = 12([0,1])

Remark 4.3. Applying [22, Theorem 5.1/, ® is even a homeomorphism, if we equip Ce,
with the metric Dy (or any of the metrics D,).

Given A € A define the map G4: 1 — 1 by
Ga(t) = A{t)+ DTA@)(1 - 1) (4.7)

t € [0,1) as well as G4(1) := 1. Then applying [45, Lemma 5| G4 is non-negative,
right-continuous, and non-decreasing. Hence working with G4 and considering conditional
distributions of an EVC Cy € C,, with corresponding Pickands dependence function A € A,
according to [45] a version of the Markov-kernel of C4 is given by

1, if z € {0,1}
Ko, [0,4]) = { C20G, (£28) e,y e (0,1) (4.8)
Y, if (,y) € (0,1) x {0,1}

for 2,y € I. Again following [45], define f(z) := zt~! for t € (0,1) and = € I, and, for a
given Pickands dependence function A € A, set

L:=max{z €l: A(x) =1—2z}, R:=min{z €l: A(z) = x} (4.9)

According to [45] the discrete component of Cy is non-degenerated if, and only if there
exists some ¢t € (0,1) such that uc,(I'(f*)) > 0. Furthermore the discrete component is
fully determined by the discontinuity points of the right-hand derivative D™ A. The following
Theorem shows that T'(f*) with ¢ € (0, 1) carries mass if, and only if, ¢ is a point mass of 1.

Theorem 4.4. Let C € C,, be an EVC with associated Pickands dependence measure
¥ € Pr. Then the following identity holds for allt € (0,1):

el (1) = 24P (4.10)

Consequently, ¥ has a point mass in (0,1) if, and only if u&*(I1%) > 0.
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Proof. Applying Lemma 4.1 it follows that ¥ has a point mass t € (0,1) if, and only if
t € (0,1) is a point of discontinuity of DT A. The assertion now follows by applying [45,
Lemma 4|. Equation (4.10) is an immediate consequence of [45, Lemma 4| and Lemma
4.1. O

4.2. Mass distributions of Extreme Value copulas

In what follows we characterize the existence of a non-degenerated absolutely continuous,
discrete, or singular component of an EVC in terms of the corresponding Pickands
dependence measures. We do not consider purely discrete or singular Pickands dependence
measures since, as proved already in [45, Corollary 5|, every EVC (except from M) has a
non-degenerated absolutely continuous component and thus, purely discrete and singular
EVC do not exist. We start with the following example illustrating why working with (0, 1)
instead of I can’t be avoided.

Example 4.5. Consider the Pickands dependence measure 9, = %(50 + 91). As mentioned
before, ¢; induces the product copula II, i.e., even though the EVC copula is absolutely
continuous, the Pickands dependence measure is not. It is straightforward to see that Il
is not the only absolutely continuous EVC whose associated Pickands dependence measure
has a non-degenerated discrete component. In fact, letting 15 be an arbitrary absolutely
continuous measure in # 5 and defining 9 := 1915—792 € Pz, then ¥ is a probability measure
with non-degenerated discrete component which induces an absolutely continuous EVC.

We now characterize the existence of non-degenerated discrete/singular components of
Cy4 in terms of the Lebesgue decomposition of the Pickands dependence measure ¢ (the
quite technical proof as well as some preliminary lemmas can be found in the Appendix).

Theorem 4.6. Let C' € C,, be an EVC and let ¥ € Pz and A € A denote the corresponding
Pickands dependence measure and Pickands dependence function, respectively. Then the
following equivalences hold:

(i) ¥ is absolutely continuous on (0,1) if, and only if C is absolutely continuous.
(i1) ¥ has a point mass in (0,1) if, and only if C' has non-degenerated discrete component.

(7i) 9 has a non-degenerated singular component if, and only if C' has non-degenerated
singular component.

The following example illustrates the previous result and considers a Pickands
dependence measure with non-degenerated discrete and absolutely continuous component.

Example 4.7. Define the distribution function Fy (see Figure 2) by

t, ift€0,3)
3 i 13

O A &
gt + 35 ifte [4_1’ 1)
1, if t =1
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for t € I. 1t is straightforward to verify that Fy corresponds to a unique Pickands dependence
measure 1 € Pz, which has both a non-degenerated discrete and absolutely continuous
component. According to equation (4.4) the associated Pickands dependence function A is
given by (again see Figure 2)

tP—t+1, iftel0,d)
Ay =L+ 8 ifteldd)

16 42 19 : 3

gt +£, ift e [Z’l]'

Applying Theorem 4.6, both the discrete and absolutely continuous component of o
propagate to the induced copula C'4. The discrete component is concentrated on the graphs
of the functions f2(z) = z and fi(x) = /7, respectively. A sample of the copula Cy is
depicted in Figure 3.

2 0.50 < 0.50

0.25 0.25

0.00 0.00

0.00 0.25 0.50 075 1.00 0.00 0.25 0.50 0.75 1.00
t t

Figure 2: Graphs of the distribution function Fy of the Pickands dependence measure ¥ (left) according to
Example 4.7 and associated Pickands dependence function A (right) associated with it.

We have already shown that many regularity /singularity properties of the Pickands
dependence measure carry over to the corresponding EVC. As next step we show that the
support is no exception:

Lemma 4.8. Let C' € C,, and ¥ € Pz be its associated Pickands dependence measure.
Then the following assertions hold:

(i) If 9% has full support, then supp(udis) = 12.
(i) If 9°9 has full support, then supp(us?) = T2,

(iii) If 9 fulfills L =0 and R =1, then supp(u¥®) = I2.
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Figure 3: Sample of size 10000 of the EVC Cy4, where A is the Pickands dependence function according to
Example 4.7, its histogram and the two marginal histograms. The sample has been generated via conditional
inverse sampling.

Proof. Suppose that ¥ € #4 is such that 9% has full support. Then there exist countably
infinite sets {q1,¢s,...} C I and {oq, a0,...} C (0,1) with Y, ya; < 1 such that 9% =
> ien @il Fixing z € (0,1), applying Theorem 4.4 yields K4(x, {f*(x)}) > 0 if, and only
if t = g; for some i € N. Having this it follows immediately that supp(K@*(x,-)) = 1. Since
x € (0,1) was arbitrary, applying disintegration yields supp(ud*) = I2.

To prove the second assertion we may proceed as follows: Considering ¥ € P fulfilling
log(z) > is

log(zy)
continuous, strictly increasing, and has derivative 0 almost everywhere, whereby Gjng (t) =
DY Aging (£)(1 =) + Aging (1), and Agpg is according to equation (A.1) with the measure 959
being used instead of 1. On the other hand, the function y % is absolutely continuous
and strictly increasing so, applying the same arguments as in Lemma Appendix A.4, it
follows that K ggn(x, -) has support I and thus, disintegration yields the desired statement.
The last assertion is a direct consequence of [45, Corollary 5. O

that its singular component 9™ has full support, then the function y G‘jng (

Finally, we prove that the family of EVCs C € C,, with supp(u&®) = I?, the family

fulfilling supp(p&™?) = I? and the family with supp(u®) = I? is dense in C,,.

Theorem 4.9. The following assertions hold:
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(i) The family {C € C.,: supp(udi*) =12} is dense in (Cep, doo).
(i) The family {C' € Cqy: supp(ui™) = 12} is dense in (Cey, do).
(iii) The family {C' € C,: supp(u&®) =12} is dense in (Cep, ds)-

Proof. Combining Lemma 4.8, Lemma Appendix A.3 and Lemma Appendix A.8 yields the
first two assertions. The last assertion follows by combining assertion (7i) and the fact that
supp(pc) = supp(p2*) holds for every C' € C,, (see |45, Corollary 5). O]

Working with convex-combinations of Pickands dependence measures we finally obtain
the following striking result:

sing

Theorem 4.10. The family {C' € C.,: supp(ud®) = supp(ugy"?) = supp(u®®) = I*} is
dense in (Cey, doo)-

The afore-mentioned results remain valid when working with stronger notions of
convergence - using Theorem 4.9 and Theorem 4.10 in combination with [22, Theorem
5.1] yields the following two corollaries:

Corollary 4.11. The following assertions hold:

i) The family {C € C,,: supp(ud®) = I?} is dense in (Cep, D1) and in C., with respect
(i) 276}
to wecc.

(ii) The family {C € Cq,: supp(ue™) = 12} is dense in (Cop, D1) and in Ce, with respect
to wcc.

(iii) The family {C' € Cg,: supp(u®) = 1%} is dense in (Cey, D1) and in C., with respect
to wecc.

Corollary 4.12. The family {C' € C.,: supp(u&®) = supp(ui"?) = supp(u®) = 2} is
dense in (Cey, D1) and in C., with respect to wcc.

4.8. Derivatives of Extreme Value copulas

We now revisit the results from Section 3 and show that EVC typically exhibit more
regular behavior. To simplify notation we denote the family of all EVC C' € C,, with the
property that there exists some set A € B(I) with A(A) = 1 such that for all z € A there
exists some y = y, € (0,1) such that 0,C(z,y) does not exist by Ce,, := C, N C,,. The
more pathological family C,, ¢ is defined in the same manner, i.e., Cppo 1= Co N C,. In
other words: For every C € C., o there exists some set A € B(I) with A(A) = 1 such that
for every x € A the partial derivative 0;C(x,y) does not exist on a dense set of y € I.

We start by showing that C., o is non-empty.

Example 4.13 (Example of an element of C,, ). Suppose that @ = {q1,¢,...} C (0,1)
is dense in I. Furthermore suppose that {ay,aq,...} C (0,1) fulfills > .. a; = 1. Then

defining ¥ € P(I) by
7§ = Z Oéi5qi
i=1
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and, if necessary, normalizing ¥ in the sense of Lemma Appendix A.7 yields a discrete
measure ¥ € P with full support I. For the sake of simplicity we will assume that ¢ = o
holds. Let A = Ay € A denote the Pickands dependence function induced by ¢ and
C'4 the corresponding EVC. We want to show that for every zo € (0,1) we have that
x = Cy(z, f%(xg)) is not differentiable at xy and proceed as follows: Let o € (0,1) be

arbitrary but fixed, set y; := x¥ with ¢; € @ and, using equation (4.5), consider the

function

log(z)
z+ DTA (ﬁ) =2 > il e (6) + il s () [ — 1.

log(zy; oy "Tog(wy,) . ’loizy]-)
gl =11
—I(z) (@)

og (o)
log( vi)

Applying the fact that = q; # ¢; for i # j yields that I(x) is continuous in z.

Defining the functions

B log(y;)
£(s,y;) == Ka(s,[0,y;]) —2C4(s, ya)o‘ﬂl[o f;?ﬁ;i (q )slog(syj)

log(y;)
) =2 )01 o TToa(se ) M),
o(r,y;) /[Om] Cals:v3)oy o, lgg(iyi ](qj> slog(sy;) )

Q/J(xvyj) = o ]€($>yj)d)‘(3)v

for every s,z € (0,1) and applying disintegration we can write the copula C4 as

OA(xvyj) = go(x,yj) + 77Z)(xayj)

for every x € (0,1). Furthermore, using that zy is a point of continuity of the function
x — &(x,y;) implies that the function x — (x,y;) is differentiable at z,. Moreover,
working with the right- and left-hand derivatives of ¢, respectively, we obtain that

o log(y;)
(9+ ,Yi) = 21 - C y Yj i1 og(s —Jd)\ =0
(o, Y5) ,1?01 B Sy oin A(8,Y5) 0 [Ozlc}g(gy; ( )slog(sy]) (s)

as well as

log(y;)
slog(sy;) dA(s)

- _1 ]_ og(s
I (o, y5) ﬁlolh/[mo - (s,95)051 ligg§y§)1<q>

log(y;)

A ) g )
J

which altogether shows that x — Cy4(-,y;) is not differentiable in zy. Since y; was arbitrary
and the set {xé/ L j € N} is obviously dense in I this completes the proof.
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Similarly to Theorem 3.3, EVCs exhibiting pathological behavior are well spread - the
following corollary holds.

Corollary 4.14. The set C.y g is dense in (Cep, doo)-

Proof. Consider an arbitrary EVC Cy4 and let ¥ € # 4 denote its corresponding Pickands
dependence measure. Then, using Lemma Appendix A.8 there exists a sequence (9,,)nen in
Pz consisting of discrete measures with full support that converges weakly to 9. Applying
the fact that (analogously to Example 4.13) the measures ¥,, induce EVCs C,, which are
elements of C,, o, applying Lemma Appendix A.3 yields the desired result. O

The following simple observation will be key for studying Baire category results for EVC in
the next section.

Theorem 4.15. Let C € C,,. Then u&s(12) > 0 if, and only if C € Cppp.

Proof. In case of u&*(I%) > 0 applying Theorem 4.6 yields that ¥ € P4 has a point mass in
some point ¢y € (0,1). For fixed z € (0, 1), setting y, = f®(z) and proceeding analogously
to Example 4.13 shows that 0 C'(z,y.) # 0y C(z, ys).

For the other direction suppose that C' € C,,. Then there exists some set A € B(I) with
A(A) = 1 such that for z € A we can find some 3, € (0,1) with 9] C(x,y,) # 0; C(x,y,).

It follows that D+A(llgfw 7) # D~ A(ligfwz)) SO lolgigzi) is a point of discontinuity of Dt A,

and applying Theorem 4.4 yields u&*(I1%) > 0. O

4.4. Baire category results for Extreme Value copulas

Throughout this section we again work with the afore-mentioned one-to-one-to-one
correspondence between Pickands dependence functions A € A, Pickands dependence
measures ¥ € Pz, and EVC C € C,,. Rewriting equation (4.9) in terms of the measure
V¥ € P4 obviously yields

Ly = sup{z € I: ¥([0,z]) = 0}, Ry = inf{z € I: J([0,z]) = 1}, (4.11)

with the convention sup () := 0 and inf() := 1. According to [45] the support of an EVC
C € C,, is fully determined by the functions f** and f%, respectively, i.e.,

supp(uic) = {(z,y) € I*: f(z) <y < f™(x)}.

In other words: An EVC C € C,, has full support if, and only if Ly = 0 and Ry = 1. We
will show now that a topologically typical Pickands dependence measure has this property:

Lemma 4.16. The set
{196&7)%:[/19:0 Cl,ndegzl}

18 co-meager in Pz with respect to the weak topology.

Proof. 1t suffices to shows that the set { € Pz: Ly = 0 and Ry = 1}° is of first category,
which can be done as follows. For every n € N define the sets A,,, B,, by

Ay ={9 € Pz:9((0,1)) =0} and B, :={V € Pr: 9([0,1 - 1]) =1}.
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Suppose that 9,91, 0, ... € A,, are such that (9)sen converges weakly to ). Then applying
Portmanteau’s theorem yields ¥ € A,,, so the set A, is closed with respect to the weak
topology. Since an analogous argument shows that each set B, is closed it follows that
A, UB, is closed. Since measures with strictly increasing distribution functions are dense in
Pz (see the proof of Corollary 4.14), the sets A,, U B,, are nowhere dense in # 5. Considering
that {¢ € Pz: Ly > 0or Ry < 1} C J,en(An U By), the desired result follows. O

Applying Lemma 4.2 together with the previous lemma yields the following corollary,
stating that typical EVCs have full support.

Corollary 4.17. The set
{C € Cey: supp(uc) = I’}

is co-meager in (Cey,ds). In other words: Topologically typical EVCs have full support.

In analogy with the space of all bivariate copulas C (see [10]), typical EVCs are not
absolutely continuous. Our proof builds upon Lemma 4.2.

Lemma 4.18. The set of all absolutely continuous Pickands dependence measures P%° is
of first Baire category in Pz with respect to the weak topology.

Proof. For every ¥ € P%s let £y denote its density and, for every n € N define the set G2
by
G? :={x €1: hy(z) > n}.

Furthermore set .
W, = {19 c P 9(GY) < Z} .

Considering A((—, GY) = 0, absolute continuity implies J((,2; G2) = 0 so, using
continuity from above we get that 9(G?) < }1 holds for all n sufficiently large. This implies

25 C | .

neN

To complete the proof it suffices to show that 1/, is nowhere dense in (P, 7,), which can
be done as follows: Consider an arbitrary discrete Pickands dependence measure § € P4
with only finitely many point masses, i.e., § = Zf\il a;0,, with z; € [0,1], oy € (0,1],
2 < N € N and Zf\il o; = 1. We assume that 0 < z; < ... < zxy < 1 and consider the
following four cases. (i) If z; € (0,1) for all 1 < ¢ < N set p := min{xy, 2 — 21,23 —
To, ..., Ty —Tn_1,1 —ay}; for (ii) 27 = 0 and zy < 1 or (iii) z; > 0 and zy = 1 we define
p = min{ry — r1, 23— xa,...,1 —xx} and p := min{xy, xo — x1, ..., xy — xNy_1}, respectively.
(iv) Finally, if 27 = 0 and 2y = 1 we consider p := min{xs — z1,...,xy — xn_1}. In either

case, setting
p

8N’
we obviously have A(UY, (z; — r,z; + ) NI) < =
Letting f : I — [0, 00) denote a continuous function fulfilling f(x;) = 1,f |z, —re+rri€ (0,1]
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and f =0in I\ Uf\il(avz —r,x; +r), then [, fd3 = 1 by construction. On the other hand,
for arbitrary ¥ € ¥, we have that

/fd19: fdo + fd19§1+ fdﬁ§1<1:/fdﬁ:1.

I a? nG? 4 Jney 2 I

Using the fact that (as direct consequence of Lemma Appendix A.7 in combination with
Glivenko-Cantelli’s theorem) discrete Pickands dependence measures with finitely many
point masses are dense in (#z, 7,) yields that ¥/, is nowhere dense in %z, which completes
the proof. n

As direct consequence we get the following result on the family of absolutely continuous
EVCs.

Theorem 4.19. The family Cey aps is of first category in (Cey, doo)-

We now return to differentiability and show that typical Pickands dependence functions
are everywhere differentiable.

Lemma 4.20. The set
{A € A: A is differentiable at every x € (0,1)}

is co-meager in A with respect to the uniform distance || - || on A.

Proof. We prove that the set
A :={Ae A:3x e (0,1) such that DTA(z) > D~ A(z)}

is of first Baire category with respect to the topology induced by || -||«. For arbitrary k € N
and arbitrary n € N we define the set Ay, by

A = {A €A e F, - 3} such that (D" A(z) — D~ A(z)) > %} |
n n

Then, obviously A C Uken Un€N>3 Agn. We show that the sets Ay, are closed with

respect to || - ||« and proceed as follows. Consider a sequence (A;);jey in Ay, converging
uniformly to some A € A. For each j € N there exists some z; € [£,1 — 2] such that
DV Aj(z;) — D™ Aj(z;) > £. Since [£,1— 2] is compact, there exists a subsequence (z;,)en

and some z* such that z;, 2% e [£,1—1]. We can fix an arbitrary small A > 0 fulfilling
that z* + A is a point of continuity of DT A and z* — A is a point of continuity of D~ A.
Applying [22, Theorem 5.1] we therefore obtain that

Zlim DY A;, (2" + A) = DY A(x* + A), glim D™A,(z* —A) =D A(z* — A).

— 00 — 00

Since (z;,) converges to z* there exists some ¢, € N such that for all { > ¢, we have
|z;, — x*| < A. Using convexity of A,, yields

D+Aje(‘r* + A) - D_Aje(x* - A) > %7
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hence, considering the limit £ — oo yields

DYA(z* + A) — D™ A(z" — A) >

| =

Considering the facts that the set of continuity points of DT A and D~ A are dense in I
and that DT A and D~ A are right- and left-continuous, respectively, we may choose A > 0
arbitrarily small and conclude that

D*A(z*) — D~ A(z*) >

=R

Since smooth Pickands dependence functions are dense in A (see [13, 45]), Ak, is nowhere
dense in A, and the result follows. O

Translating to EVCs we obtain the main result of this section saying that topologically
typical EVC have degenerated discrete component:

Theorem 4.21. The set {C € Cq,: p&i*(1?) = 0} is co-meager in Co,.
Proof. Immediate consequence of Lemma 4.2, Lemma 4.20 and Theorem 4.6. n

Remark 4.22. Viewing Theorem 4.21 in context of Theorem 4.15 implies that a typical
EVC C € C,, does not exhibit pathological behavior, i.e., C' & C., .

Combining Corollary 4.21, Corollary 4.19 and Corollary 4.17 yields the following result
on typical EVCs.

Corollary 4.23. A topologically typical EVC C has degenerated discrete component, is not
absolutely continuous and has full support. In particular, 0,C(z,y) exists in full (0,1)2.

After having established the main results, we round off this section with some simple
observations on exchangeable EVCs.

Lemma 4.24. The following assertions hold.
(1) C.p is nowhere dense in (C,dy,).
(2) Exchangeable EVCs are nowhere dense in (C.,dw).

Proof. Using the fact that C,, is closed in (C, d), for C' € C,, setting C. := (1—&)C'+cW we
have that C. ¢ C.,, implying that the interior of C,, is empty. The second assertion follows
similarly using the fact that EVCs are positive quadrant dependent and W is symmetric. []

Lemma 4.25. The family A of symmetric Pickands dependence functions is nowhere dense

in (J || - o)

Proof. The family of symmetric Pickands dependence functions is obviously closed with
respect to || - [[oo- Assume that A would not be nowhere dense. Then there exists some
e > 0 such that B.(A) C A, whereby B.(A) denotes the ball with center A and radius ¢
with respect to ||+||«. Fixing an arbitrary asymmetric Pickands dependence function D € A
and setting ' := (1 — 5)A + 5D it follows that E is an asymmetric Pickands dependence
function with £ € B.(A) and therefore F € Aj, a contradiction. O
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Corollary 4.26. The family of exchangeable EVCs is nowhere dense in (Cey, doo).
We conclude this section with an example of an atypical EVC:

Example 4.27. Defining the probability measure

3 1
+ =01+ = 9s,
2 5 1

Y= 1
1 )

1
-0
5

clearly ¥ € P4, and the corresponding Pickands dependence function is given by

1—1t, if t € |0,
—3t+ 2 ifte
5 10

[
At) == {
[

~—

3 3 :
§t+1_07 1ft€
£ ift €

~—

o b I
N~—

—

PSSR TN

According to Corollary 4.23 the EVC Cy is atypical, since it has a non-degenerated discrete
component which is concentrated on the graphs of the functions f i, f 2 and f 1 Moreover,
C4 does not have full support, since supp(uc,) = {(z,y) € I2: fi(z) <y < fi(z)}. A
sample of the copula Cy4 is depicted in Figure 5.

1.00 | B 1.00
! [

0.75 i i 075
! !

i i
" 0.50 ! ! < 050

0.00 0.25 050 075 1.00 0.00 0.25 0.50 0.75 1.00
t t

Figure 4: Graphs of the distribution function Fy of the Pickands dependence measure ¢ (left) according to
Example 4.27 and Pickands dependence function A (right) associated with it. The dashed black lines mark

Ly =1 and Ry = 3 according to equations (4.11) and (4.9), respectively.

Appendix A. Auxiliary results

The proof of the following lemma is included for the sake of completeness:
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Figure 5: Sample of size 10000 of the EVC Cy4, where A is the Pickands dependence function considered
in Example 4.27, its histogram and the two marginal histograms. The sample has been generated via
conditional inverse sampling.

Lemma Appendix A.1. Let Ey and E5 be two topological spaces and f: Ey — FEs be a
homeomorphism. Then the following assertions hold:

(1) G C E; is nowhere dense in Ey, if and only if f(G) is nowhere dense Es.
(2) If G C Ey is of first Baire category in Ey, then f(G) is of first Baire category in Es.

(8) If G C E is of second Baire category in Ey, then f(G) is of second Baire category in
Es.

(4) If G C Ey is co-meager in Ey, then f(G) is co-meager in Es

Proof. (1): Let G C E; be nowhere dense. Then int(G) = . Since homeomorphisms

preserve interior and closure, we have that int(f(G)) = int(f(G)) = f(int(G)) = f(0) = 0.

Now assume that f(G) is nowhere dense. Then () = f(int(G)) and using the fact that f is
injective we have that () = int(G), implying that G is nowhere dense in E.

(2): Let G C Ej be of first Baire category. Then there exist countably many nowhere
dense sets (Gp)nen in Fy such that G = |J,cyGr- Since f is surjective we have that
F(G) = f (Upen Gn) = U, en f(Gn). Since G,, is nowhere dense in E;, applying (1) yields
that f(G),) is nowhere dense in Ey. Thus, f(G) is the union of nowhere dense sets and
therefore of first Baire category.
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(3): Let G C E; be a set of second category. Suppose that f(G) is not of second category,
i.e., that it is of first Baire category. Thus, f(G) = |J,,cy An for nowhere dense sets Ay, As, ...
in Fy. Since f is a homeomorphism, we can find a set G,, such that A, = f(G,). Applying
(1) yields that G, is nowhere dense and therefore f(G) = U,cnAn = Upen f(Gn) =
f(Unen Gn). Again, using that f is a homeomorphism yields that G = |J, .y G, and
therefore G would be of first Baire category in E;. A contradiction.

(4): Let G C E) be a co-meager set in ). Then its complement G¢ is of first Baire
category. Since f is a homeomorphism we have that f(G)¢ C f(G°). Applying (2), f(G°)
is of first Baire category in E5 and since subsets of sets of first Baire category are of first
Baire category too, f(G)¢ is of first Baire category, implying that f(G) is co-meager. [

We prove the interrelation between the Pickands dependence function A € A and
the Pickands dependence measure ¥ € #; according to equation (4.4). Note that this
interrelation goes back to [1, 14, 35|, we here only include a quick proof for the sake of
completeness.

Lemma Appendix A.2. Suppose that A € A and that 9 € Py is the corresponding
Pickands dependence measure. Then

Aty =1—t+2 ([0, z])dA(z) (A.1)
[0,2]
holds for all t € 1.

Proof. According to equation (4.3), there exists a measure ¥ € # 5 with

At) =2 o max{t(1 —s), (1 —t)s}di(s). (A.2)

Using ¥ € P4 equation (A.2) boils down to

@ = t/[ovﬂ(l —5)dd(s) + (1 —t)/ sdi)(s)

(1]
= t9([0,t]) _t/[()t] sdid(s) + /(u] sdi(s) —t/(t , sdi(s)
= tﬂ([O,t]H/

sdi(s) —t/ sdi(s)
(t,1] [0,1]

_ m([o,t])+/(t” sdi(s) — &
_ m([o,t])%—/m sdi(s) ~ &

1-t

= tﬂ([O,t])+T—/[0t] sdﬁ(s)

The latter integral, however, can easily be simplified to (it is the expectation of the

probability measure ¥'(F) := 1;(9[(015 t)]) and hence can be expressed as integral over the
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corresponding distribution function)
[ osavts) = oo [ 1= (o.s)axe)
[0,¢] [0,¢]
= (|0, — 9(]0, s])dA(s).
(0.0~ [ o0.)axG)

Altogether we therefore get

Alt 1—t
A - [ o shas)
2 2 [O,t]
implying
Aty =1—-t+ 2/ ([0, s])dA(s), (A.3)
[0,2]
which completes the proof O

The next lemma states that weak convergence of measures in # z is equivalent to uniform

convergence of the corresponding EVC (in fact, even to weak conditional convergence, see
[22]).

Lemma Appendix A.3. Let 9,9,0s,... € Pz be Pickands dependence measures and
A AL As, .o € A as well as C;Cy,Cy, ... € Cq, the corresponding Pickands dependence
functions and EVCs, respectively. Then the following three conditions are equivalent:

(i) 9, =3 0 weakly on 1,
(i) A, =3 A uniformly on 1,
(i) C, =3 C uniformly on T2.

Proof. Considering [22, Theorem b5.1| it suffices to show the equivalence of (i) and
(i7). Note that [22, Theorem 5.1] only states pointwise convergence of (A, )neny to A.
Uniform convergence, however, follows via Lipschitz continuity of Pickands functions. The
implication (i) = (i7) is a direct consequence of Lemma Appendix A.2 and dominated
convergence. On the other hand, again using [22, Theorem 5.1], we have that DT A, (t) =3
DT A(t) for every continuity point ¢ of D™ A, which, applying equation (4.5) directly yields
(7). O

For establishing the regularity results for EVCs summarized in Theorem 4.6 the following
technical lemma will be used:

Lemma Appendix A.4. Let F: 1T — 1 be a strictly increasing, absolutely continuous
distribution function, pg be a finite measure on B(I) with measure-generating function
G and fulfilling nug((0,1)) > 0. Furthermore let py be the measure induced by the
measure-generating function H: 1T — 1 defined by H := F - G. Then the following three
assertions hold:
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(i) If ug is singular, then py has non-degenerated singular component.
(ii) If pe is discrete in (0,1), then p5™(I) = 0.
(ii) If pe has a point mass in (0,1), then so does jiy.

Proof. (i) Continuity of F' implies that H is continuous on I. Letting f denote the density
of F' and considering the derivative of H yields

H = F'G+FG = fG+ FQ'

A-almost everywhere on I. Using singularity of G therefore implies H' = fG A-almost
everywhere on I.

If H had no singular component, it would be absolutely continuous with density f - G.
Therefore, considering an interval (z1,22) C (0, 1] with G(z1) < G(z2) and using the fact
that F' is strictly increasing and greater than 0 on (0, 1], it follows that

H(ay) — H() = / £(5)G(s)AA(s)

[1,2]
< G(a2)[F(21) — F(2)]
< G(IQ)F(I’Q G(ZEl)F(ZL'l)

= H(xz) — H(z1),

a contradiction, so H has non-degenerated singular component.

(ii) Assume that pg is discrete. Then there exists a (finite or countably infinite) index-set
I and numbers ¢; € [0,1) and a; € I for every i € I, such that pue = >, _; a;d,, holds. Then
obviously H is given by

el

H(t) = F()G(t) = Y a;F(t)1p0,(a:)

el

for every ¢ € (0,1). H is continuous outside the set {¢; : i € I}, so the discrete component
H% of H is given by HY(t) = >, ; a;F(q:)d4,([0,t]). Defining o(t) := H(t) — H¥(t)
and letting f again denote the density of F', working with the definition of ¢/ and applying
Fubini’s theorem for non-negative measurable functions, we obtain that

W(t) =Y ailF(t) = F(a:)]84,([0,1])

2 (gi 1] F(5)dA(s)94,((0, ¢])
= /HZ aif(s)]-(Qi,t](s)(sqi([O’t])d)\(s)
:/[Ot]f(S)Zaid)\(s),

qi<s
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Observing that, defining g(s) := f(s) Zqi<5 a; > 0 for every s € I, we obviously have that
g € LY(I,B(I), \) it follows that 1 is absolutely continuous on I. In other words: the singular
component of H is degenerated.

(iii) The third assertion directly follows form the fact that in the case of xy being a point

mass of ug we have
p({zo}) = F(zo) - po({zo}) > 0.
O

Lemma Appendix A.5. Let v be a measure on B(I) with v(I) < 1. Then the function
gv: 1 —[0,00) defined by

alt) = 1—t+2/ 0([0, 2])dA(2)

(0,¢]
for all t €1 is convex and 1-Lipschitz continuous.

Proof. The function g, is absolutely continuous by definition and (one version of) its density
k,: 1 — [—1,1] is given by £,(t) = —1 4+ 2v([0,t]) € [—1, 1], implying that

wlt) =96 < [ AN < It -t
[z1,22]

for every t1,ty € I, whereby 27 = min{t,t} and xs = max{t;,t>}. In other words: g,

is 1-Lipschitz continuous. Working with the fact that z — ([0, z]) is non-decreasing, the

function ¢ — f[()’ g 7([0,2])dA(z) is convex and hence, g, is as sum of two convex functions

convex as well. ]

The following lemma generalizes Lemma 5 in [45].

Lemma Appendix A.6. Let f: 1 — [0,00) be a convex function fulfilling DT f(0) > —1
and f(0) = 1. Then the function Gy: [0,1) — R, defined by

Gy(t) =D f(t)(1 —1) + f(?)
18 mon-decreasing, non-negative and right-continuous.

Proof. Convexity of f yields that f is continuous on (0,1), existence of DT f(0) implies
continuity of f at 0. Moreover, the right-hand derivative DT f of f is right-continuous (see
[20, 36]), hence right-continuity of G follows. For 0 < t; < t5 < 1 convexity of f implies
DT f(t1) < DT f(ty). Therefore, setting 0 := D f(ta)(1 — t2) + f(t2) — (DT f(t1)(1 —t1) +
f(t1)), we obtain that

0 > D f(ta)(1 —to) + f(t1) + DT f(t1)(t2 — t1) — (DT f(t1)(1 — t1) + f(t1))
> DY f(t1)(1 = t2) + f(t1) + DT f(t1)(t2 — t1) — (DT f(t1)(1 —t1) + f(t1)) =0,

implying that G is non-decreasing. Finally, non-negativity follows via G¢(t) > G(0)
DT f(0)(1—=0)+ f(0) =14+ DT f(0) > 0.

co
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Proof of Theorem 4.6:

Proof. (i): If ¥ is absolutely continuous on (0, 1), applying equation (4.5) yields that DT A
is absolutely continuous too. Since A is Lipschitz-continuous and finite sums of absolutely
continuous functions are absolutely continuous, G4 is absolutely continuous on [0, 1), i.e.,
there exists some function g € L*(I, B(I), \), such that

Galt) = Ga(0) + / g()dA(s).

[0,¢]

holds for every ¢ € [0,1). Using the fact that for fixed 2z € (0, 1) the mapping ¢, : y — lloogg(f;)

is a diffeomorphism of (0, 1), applying change of coordinates yields that

log()
slog®(zs)

Goa () = Ga(0) + / 9(0a(s)

[0,y]

dA(s),

implying that y +— Ga(p.(y)) is absolutely continuous on [0,1). Since Cy is
Lipschitz-continuous and products of absolutely continuous functions on compact intervals
are absolutely continuous again (see [12, Section 7.5, Exercise 7|) the function y
K4(z,[0,y]) according to equation (4.8) is absolutely continuous on (0,1). Therefore,
applying disintegration shows that C'y is absolutely continuous.

Considering the reverse implication, we know that there exists some Borel set A C (0,1)
with A(A) = 1 such that for every z € A the measure K4(z,-) is absolutely continuous.
Fixing x € A, using that y — G4 (¢.(y)) induces a probability measure and y — @ is a
strictly increasing absolutely continuous distribution function, y — G4 (. (y)) is absolutely
continuous. In fact, if this was not the case, then y — G4 (¢.(y)) would have a discrete or
singular component and thus, using the fact that K4(x, ) is absolutely continuous together
with Lemma Appendix A.4 would yield a contradiction. Proceeding as in the previous case,
applying change of coordinates shows absolute continuity of G4 and therefore, considering
that the function A is Lipschitz-continuous and ¢ +— 1 — t is smooth, absolute continuity of
DT A follows. Applying equation (4.5) now completes the proof of the first assertion.

(ii) The second assertion has already been proved in Lemma 4.4.

(iii) For proving assertion number three assume that ¥ € %P7 has a singular component,
i.e., ¥ = 95" + 1 with 95"9(T) > 0 and p being the non-singular component. Working with
equation (4.8) for fixed z € (0,1) yields

Kol [0,4]) = O(i, Y) {G‘ng ( log(x) ) e ( log(z) )] 7

log(zy) log(zy)

where y € (0,1), G4(t) = DT A;(t)(1 —t) + A; (¢), i € {sing,pu}, and A; according
to equation (A.1) with the measures ¥y,, and g being used instead of ¥. Applying
Lemma Appendix A.5 each A; is convex and thus, using Lemma Appendix A.6, GY are
non-negative, non-decreasing and right-continuous. Furthermore applying that y — ¢.(y)
is non-decreasing and right-continuous as well, G, induces a measure for i € {sing, uu}.
Moreover, using that ¢, is continuous, strictly increasing and that its derivative is bounded
from below by ¢ = —%xlog(x} > 0 (see [45, Example 4]), yields that a%Gf;”g (p(y)) =0
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for A-almost every y € (0,1), implying that y Gjng (pz(y)) is continuous and singular.
Applying Lemma Appendix A.4 yields that y — @ G5 (@, (y)) has a non-degenerated
singular component and therefore K émg (x,I) > 0. Applying disintegration yields the desired
result.

To prove the reverse implication assume that 9*"9(I) = 0, i.e., ¥ = 9%+, Let z € (0,1)
be arbitrary but fixed. Again working with equation (4.8) yields that

et 0.4 = S0 [ (8821 ) e Tt )],

log(zy) log(zy)

where G%* and G%* are as in the previous case only for the absolutely continuous and
discrete components of 1, respectively. Using the same arguments as in the proof of the first
assertion shows that y — @G%’S (pz(y)) is absolutely continuous on (0,1). Considering
G%s, notice that according to Lemma Appendix A.5 A% is Lipschitz-continuous and, since
Dt A% s discrete and t +— (1 — t) is smooth, G%* has no singular component. Suppose

y — G4 (%) =: Q(y) has a non-degenerated singular component, i.e., g = ug +
g, whereby pg denotes the measure induced by () and pg, the non-degenerated singular
component of ug and ugp summarizes the absolutely continuous and discrete component.

Denote the measure generating functions of g, and pg by Q° and Q", respectively. Then

G%@=G%<J§@L>=@u*w:@@*w+@@*w

log(zzt™1)

and the function k,(t) := 2171 is differentiable for every t € (0,1). Applying [38, Lemma
7.25] yields that k, maps sets of full A-measure to sets of full A-measure. Applying the
obvious fact that ¢ — Q*(x+~!) is continuous and that

d S 1_ . S\/ %— ‘r%_l _
a@ (z71) = (@) (x 1)m—0

for A\-almost every ¢t € I, the measure induced by G%* would have a non-degenerated
singular component; a contradiction. Therefore y +— G%*(¢,(y)) has degenerated
singular component and thus, multiplying y +— G%* (o,(y)) with the strictly increasing,
absolutely continuous distribution function y @ and working with the fact that
y +— G% (p,(y)) only has non-degenerated absolutely continuous and discrete component,
proceeding analogously as in the proof of the first part of the Lemma and applying Lemma

Appendix A.4 (i7) completes the proof of the last assertion. O

The next lemma shows that we can normalize sequences of weakly converging probability
measures with limit in # 7 in such a way that all elements of the sequence are in #; while
preserving weak convergence to the limit.

Lemma Appendix A.7. Let puq, pio, ... € P(I) and ¥ € Py fulfill that the sequence (fin)nen
converges weakly to ¥. Then there exist constants aq, o, ... € (0,1) and By, Po,... € (0,1)
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such that the measures

(1 - an)50 + Qi fin, if E(,Un) >
U := S if E(ptn)
(1 = Bn)o1 + Buptn,  if E(pn) <

I
N N N |—
—~
>
IS
SN—

fulfill the following assertions:
(i) 9, € Px for every n € N.
(ii) The sequence (¥,,)nen converges weakly to 9.

: N 1 ._ 1 : 1
Proof. For a given u, set a,, := E if E(pn) > 3, B i= SR if E(pn) < 5 and define
¥, according to equation (A.4). Then for E(u,) > 1 we have that

E(9,) = (1 — an)E(d0) + anE(u,) = =3
and in the case E(u,) < 3, we obtain that

1
st = 1) B = (1= 5= ) * oy = 2

This already proves the first assertion.
To show the second one we proceed as follows: Defining

I ={neN:E(u,) >1/2} I :={neN:E(u,) <1/2}, I~ :={n e N: E(u,) = 1/2}

we obviously have I~ U I< U I~ = N. If [~ contains infinitely many elements, increasingly

enumerating its elements by 7,45, ..., it follows immediately that (c;>);en converges to 1.
J

Furthermore weak convergence implies that

lim h@%ﬁp@):hm[Q—w%JAﬁ@M%@ﬂ+%;Ah@mmﬂ@}

Jj—=oo Jq J j—o0

:nm[u—%ﬂmm+a@/ﬁummﬂ@]

j—00 I

= / h(z)dd(x)

I

holds for every continuous function h: I — R. For the case that [< is infinite we proceed

analogously to show that (f;<),en converges to 1 and that (9;<);jen converges weakly to .
J J

Since for n € I= we have 9,, = p,, it altogether follows that the sequence (¥,,)nen converges

weakly to 1}, and the proof is complete. n

The next lemma constitutes that both, the family of Pickands dependence measures
whose discrete component has full support as well as the family of Pickands dependence
measures whose singular component has full support are dense in #5.
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Lemma Appendix A.8. The following assertions hold:
(i) The family of ¥ € Pz with supp(9%s) =1 is dense in (Pr,Ty).
(ii) The family of ¥ € P 7 with supp(9*™9) =1 is dense in (Pg,Tw).

Proof. To prove the first assertion we proceed as follows: Let ¥ € #; be arbitrary but
fixed and choose some discrete measure m; € P(I) with full support. Then defining p,, :=
(1 —2)9 + +my yields that p, € P(I), supp(ud®) = T and the sequence (i,)nen converges
to ¥ weakly. Normalizing the sequence (p,)nen in the sense of Lemma Appendix A.7, we
obtain measures 9,, € P with supp(94¢) = I such that (¢, )nen converges weakly to 1.

On the other hand, choosing a singular probability measure my € P(I) with supp(ms) =1

(see [11, 15] for an example for my) and setting v, := (1 — 2)J + Lmy yields the desired
result. O
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