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Abstract

Recently established, directed dependence measures for pairs (X,Y) of random variables build upon
the natural idea of comparing the conditional distributions of Y given X = x with the unconditional
distribution of Y. They assign pairs (X,Y) values in [0, 1], where the value is 0 if and only if XY
are independent, and it is 1 exclusively for Y being a measurable function of X. Here we show that
comparing randomly drawn conditional distributions with each other instead or, equivalently, analyzing
how sensitive the conditional distribution of Y given X = =z is on z, opens the door to constructing
novel families of dependence measures A, induced by general convex functions ¢ : R — R, containing,
e.g., Chatterjee’s coefficient of correlation as special case. After establishing additional useful properties
of A, we focus on continuous (X,Y’), translate A, to the copula setting, consider the LP-version and
establish an estimator which is strongly consistent in full generality. A real data example and a simulation
study illustrate the chosen approach and the performance of the estimator. Complementing the afore-
mentioned results, we show how a slight modification of the sensitivity idea underlying A, can be used
to define new measures of explainability generalizing the fraction of explained variance.

Keywords Chatterjee’s correlation coefficient, conditional distributions, copula, dependence measure,
explainability, Schur order, sensitivity

1 Introduction

In classical statistics, the comparison of two groups/populations is usually done by considering specific para-
meters like the mean or the variance of the two distributions PYX=%1 and PYIX=%2  More precisely, one
studies expressions of the form A(r(z1),r(xz2)) or A(v(z1),v(x2)) for some functional/distance A, where
r(z) = E[Y|X = z] denotes the regression function (conditional expectation) and v(z) = V(Y| X = z) the
conditional variance of Y given X = z, respectively. Moving from the two-groups setting (modelled by a
binary random variable X) to the general case of an arbitrary conditioning variable X , it seems natural to
examine how much the conditional distribution of Y given X changes if X changes, i.e., how sensitive the
conditional distribution PY1¥=% of Y given X = z is on x. Intuitively, knowing the extent of sensitivity
should provide information on how much information on Y we gain by knowing X. Taking into account the
distribution of the conditioning variable X, one natural approach for quantifying sensitivity is to consider
the average/expected value of A(PYIX=1 PYIX=22) for a sample 21,25 of X. Writing PX ® PX for the
product measure of PX with itself, one could therefore consider (non-negative) functionals of the form

Aa(YX)i=ag! [ AN PV a@X 0 P, 00), (1)
R2

for some normalizing constant aa # 0. As a matter of fact, various well-known measures can be represented
in the form , including the portion of explained variance or Chatterjee’s coefficient of rank correlation,
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see Section [2l Comparing conditional distributions is certainly not a new idea, see, e.g., [13, 14}, B2] in the
context of differential privacy. However, to the best of our knowledge, the (recently fast growing) literature
on dependence measures (also known as measures of predictability, i.e., measures attaining values in [0,1]
and being minimal /maximal exclusively for the case of independence/complete dependence) mainly focuses
on comparing conditional and unconditional distributions, so on expressions of the form

/ APY =2 PYYAPX (2), (2)
R

where A refers either to a L?-distance (see, e.g., |2, Bl [7, 15, 17, 35, 37, [I1]), the L!-distance (see, e.g.,
[20, 24, 38]), some optimal transport cost function (see, e.g., [31]), the maximum mean discrepancy (see,
e.g., [22]), or the Wasserstein distance (see, e.g., [39]).

On the one hand, for A denoting the L2-distance between univariate distribution functions, the quantities
in and can be shown to coincide, see Example |1|in the next section. On the other hand, in general,
these expressions may differ, so considering functionals of the form A leads to novel measures of association
and, in particular, to new dependence measures, which are the main focus of this contribution. In a nutshell,
the sensitivity idea provides an alternative perspective on known dependence measures and allows for the
construction of broad new families of dependence measures.

The remainder of this paper is organized as follows: Section [2] first shows that Chatterjee’s dependence
measure can be represented in the form Ax and proposes a family of functionals A = A, based on convex
functions ¢ : R — R. Before focusing on these measures for the rest of the paper, we show that using the same
sensitivity idea but replacing the conditional distributions by the regression functions (i.e., by the conditional
expectations) leads to a class of so-called explainability measures which can be seen as generalization of the
well-known fraction of explained variance. Section |§| proves that the afore-mentioned functionals A, are
in fact dependence measures, studies further (invariance and order) properties, then focuses on continuous
(X,Y), and translates the dependence measures to the copula setting. Based on these results, in Section |4 a
copula-based checkerboard estimator is proposed and shown to be strongly consistent in full generality, i.e.,
without any smoothness restrictions on the underlying bivariate copulas/distributions. A simulation study
illustrating the performance of the estimator, complemented by a real data example in Section [5} rounds off
the paper.

Various results presented in the sequel carry over to multivariate X without further ado. However, since
there is no straightforward extension of the checkerboard estimator to the multivariate setting in what
follows, we always consider real-valued general random variables X,Y defined on a common probability
space (2, A4,P). We will refer to X as the exogenous and to Y as the endogenous variable, and assume that

the latter is non-degenerate, i.e., PY is not a one-point distribution. Furthermore we will write X’ L xif
and only if X’ and X have the same distribution, i.e., if PX" = P¥X holds.

2 General setting and motivating examples

Let M denote the class of probability measures on R . For studying the sensitivity of conditional distributions
we consider functionals A : M x M — R that may satisfy several desirable and natural properties such as
symmetry, i.e., A(u,v) = A(v, p) for all u,v € M, or positive definiteness, i.e., A(u,r) > 0 for all u,v € M
with equality if and only if p = v.

Given a bivariate random vector (X,Y) on (€2, A,P), the mapping A (Y|X) is defined according to (T]),
whereby we implicitly assume that the mapping (z1,x2) — A(]P’Y|X =z1 PYIX :’”2) is integrable. Moreover,
for the rest of this paper, the normalizing constant a is defined by

an = aa(PY) = Sup{ A(PY X = pY X =a2y (X" @ PX) (21, 20) 1 (X',Y7) € R(Y)} . (3)
R2



where R(Y') denotes the class of all random vectors (X', Y’): Q — R? with Y’ dy. Simple expressions for
aa will be derived later on. Whenever the supremum is positive and finite, and whenever the integrals in
(1) are non-negative, we obviously have that Aa € [0, 1].

In the sequel, we study properties of the functional An for several classes of A and characterize, in
particular, the maximal elements determining the constant aa . Notice that for A being positive definite, Aa
is able to characterize independence since independence of X and Y means that the conditional distributions
(PYIX=2)_cr do not depend on x, which for such A is equivalent to the condition Ax(Y|X) = 0.

Remark 2.1. Considering the special case of A being a metric on M, the functional Aa(Y|X) boils down to
the average A-distance of two randomly (according to PX) drawn conditional distributions, PY[X=21 pY[X=2s
For a discussion of the case where A corresponds to an LP-metric we refer to Section

The subsequent two examples illustrate the broadness of the Aa-approach according to in the context
of quantifying (directed) dependence as well as explainability in terms of the sensitivity of conditional
distributions. They show that well-known statistical concepts can be expressed in terms of a functional Aa
with adequately chosen A.

Ezample 1 (Chatterjee’s coefficient of correlation). Consider A given by
2
A(PYX=m1 pYIX=ra) . / (]P’(Y >ylX = 21) —P(Y > y|X = x2)) dPY (y).
R

Then An, defined by (), coincides with Chatterjee’s coefficient of correlation (see |7} [I1]) since, using change
of coordinates, we have

Aatr1X) = ozt [ [ (B2 olX =)~ PO 21X = ) AP () AP @ P (a1,

= 20 /R </R]P>(Y > y|X = )2 dP¥ (z) — (/RP(Y > y|X =x) le’X(x)>2> dPY (y)

Jo VP(Y > y| X)) AP (y)
f]R IL{Y>y} dPY (y)

Thereby, according to the aforementioned references, again using a change of coordinates and Fubini’s
theorem, and letting Y7, Ys,Y be i.i.d., the normalizing constant aa simplifies to (also see Theorem (3.2))

as = (2 [ Vs B )
([ [ (s 120) = B3 2 )+ (1) (o)) = PO > ) dPe) 4P )

(/ / Tiy00)(Y1(w)) = P(Y1 > y) — 1y 00y (Ya(w)) + P(Ya > y))2 dP(w) d]P’Y(y)> (@)
B (/ / ]l[y,oo) (y1) — ﬂ[y,oo>(y2))2 dPY (y) d(PY ® PY)(yl,y2)>
R2 JR

:/ A (8y0,8,,) APY @ BY (y1,1)
R2

where §, denotes the Dirac measure at © € R. Hence, by the properties of Chatterjee’s coefficient of
correlation, the above choice of A yields that the functional A is a measure of dependence, i.e., A (Y]X) €
[0,1], AA(Y]X) = 0if and only if X and Y are independent, and Ax (Y] X) = 1 exclusively if Y is completely
dependent on X, i.e., there exists some measurable (not necessarily monotone) function f: R — R with
Y = f(X) almost surely.



Motivated by the above example, Section [3| introduces and investigates a class of functionals Aa, where
A depends only on the difference of conditional distribution functions rescaled by some measurable function
p:R—=R:

JAVE (]P’YlX:wl,PY‘X:“) = /RSD (Fy|x=2: () = Fy|x=2, (1)) dP¥ (). (5)

We will show in Theorem that for ¢ being convex and strictly convex at 0 = ¢(0), the functional
Aa, =: A, is a dependence measure (with normalizing constant aa, according to (4)). Recall that a convex
function ¢: R — R is said to be strictly convex at 0 if (¢(—¢) 4+ ©(£))/2 > ¢(0) holds for every € > 0.

Ezample 2 (Cramér-von-Mises indices; fraction of explained variance). Suppose that Y is square-integrable.
Denote by r(z) := E(Y|X = z) the regression function of Y given X = x, and consider

A(PYIX=o pYIX=a2) . (E(Y|X =21) —E(Y|X = 22))% = (r(21) — r(22))?.

Then the normalizing constant aa is given by

aa = (/Rz (1 —y2)” d(P¥ ®IPY)(y17y2)> —2v(Y),

and the functional AA(Y]X) in coincides with the fraction of explained variance of Y given X, also
known as the Sobol index or Cramér-von-Mises index (see [I7]), i.e.,

AA(Y]X) = agl/ (E(Y|X = z1) —E(Y|X = 23)) d(P* @ PX) (21, 22)

= 2a}’ ( Rﬁ(m) dPX (z) — (/Rr(x) dIP’X(:r)>2>

= 2a;" (E((roX)?) — (E(ro X))?)

_VEYX) _ Jp BYIX =) - E(Y))* dBY (2)
V() V() |

I
[\]
Q
l>)—t
=
=
[¢]
>

Recall that in this case Aa(Y]X) € [0,1] and we have AA(Y|X) = 0 if and only if V(r o X)) = 0 (which is
the case if X and Y are independent, but not vice versa), and Aa(Y]X) =1 if and only if Y is completely
dependent on X.

In the case of an affine regression function r(x) = ax + b, the quantity Aa(Y|X) then coincides with the
squared Pearson correlation p of X and Y, i.e.,

(Cov(X,Y))?

=p*(X,Y).

As demonstrated in Example [2, Aa(Y|X) coincides with the L2-Cramér-von-Mises index, i.e., it coincides
with the expected squared distance between the conditional and the unconditional expectation. This mo-
tivates to investigate another subclass of functionals Aa , where A now depends only on the difference of
conditional expectations, weighted again by some measurable function ¢: R — R:

Ay (PYIX=m1 PYIX=22) .= 4 (B(Y|X = 21) — E(Y]X = 12)). (6)

Pursuing this idea leads to a novel class of Cramer-von-Mises indices solely based on the sensitivity of the
conditional expectations. For some specific choices of 9 according to @, the associated functional Ap, =: Ay,
in relates the variability of the conditional distribution to the variability of the unconditional distribution
as in , see, e.g., [16] for several Gini-type measures of risk and variability.



For the special case where A = Ay, is of the form @, the functional Ay is given by
Ap(Y]X) i = a3 /R G EY]X = 21) — B(Y|X = 22)) dPX @ PX) (21, 2) (1)
with normalizing constant
(v = sup {/R V(EY'|X =2) —EY'|X" = 22)) dPX @ PX ) (21,20) : (X', V') € R(Y)} ,

whenever the supremum is finite and positive.

The main focus of this article is to introduce new classes of dependence measures via sensitivity of con-
ditional distributions (as studied in the next section). Underlining the broadness of the sensitivity idea,
however, we first quickly formulate a general result on measures of explainability constructed via . To
increase readability the proof of the resulting theorem is moved to the appendix. Notice, however, that (i)
for the proof convexity of 1) and strict convexity in 0 = 9(0) is key (also see Remark [.1)) and that (ii) in the
subsequent theorem 1 is also allowed to attain negative values.

Theorem 2.2 (Measures of explainability). Suppose that 1¥(2Y") and 1)(—2Y") are integrable and that ¢p: R —
R is convex and strictly convex at 0 with ¥(0) = 0. Then the constant oy is given by

ow = [ 0~ ve) dBY @B me). 0
RQ
Furthermore, Ay(Y|X), defined according to , is a measure of explainability, i.e., it fulfills the following
three properties:
(i) Ayp(Y|X) €[0,1].
(1t) Ay (Y|X) =0 if and only if VE(Y|X)) =0, i.e., E(Y|X) = E[Y] almost surely.
(111) Ay(Y|X) =1 if and only if Y is completely dependent on X, i.e., E(Y|X) =Y almost surely.

3 A new class of dependence measures

For the rest of the paper we now focus on the functionals A, according to and derive simple sufficient
conditions for ¢ ensuring that Aa(Y|X) defined by is a dependence measure. Following the recent
literature, we refer to k as a (directed) dependence measure (frequently also referred to as a measure of
predictability) for bivariate random vectors (X,Y") if it satisfies the following axioms, see, e.g., [2, [6] [7, 10,
211, 36] [38] and the references therein:

(A1) k(Y|X) €][0,1].
(A2) k(Y|X)=0if and only if Y and X are independent.
(A3) k(Y|X)=11if and only if Y is completely dependent on X.

Due to the axioms ( and (, the values 0 and 1 of a measure of predictability x have a clear interpre-
tation. The meaning of x attaining a specific value in the interval (0, 1), however, is not that unequivocal—
nevertheless, considering that the values in [0, 1] are naturally ordered, they offer a clear comparative inter-
pretation: the higher the value of  the higher the extent of dependence of Y on X. This aspect motivates
the study of dependence orderings < that are compatible with x in the following sense:

(P1) Monotonicity: If (X,Y) < (X',Y”), then x(Y|X) < x(Y'|X").



It is further desirable—particularly in the context of estimation—to have an understanding of the measures’
behavior in terms of convergence:

(P2) Continuity: If  (Xn,Yn)nen  converges  (in  some  sense) to (X,Y), then
limy, 00 £(Yn| Xn) = (Y] X).

Moreover, the following invariance properties seem desirable and will be studied in the sequel:
(P3) Invariance of X: For bijective h, we have k(Y|X) = (Y |h(X)).
(P4) Version-Invariance: If (X,Y) 4 (X',Y"), then k(Y|X) = s(Y'| X").

Property ( reflects the idea that the degree of predictability of Y through X only depends on the
information represented by the o-algebra generated by X . Note that property ( is also misleadingly
referred to as law-invariance in the context of risk measures.

3.1 The class A,
For the special case where A is of the form , the functional A, is given by

M1 = a5t [ P, () = Frxmas () 87 () APY © P o1, ) )

with normalizing constant «,, according to , defined by

agi=sw{ [ [ oFims,4) = oy @) 4P ) AP £ P ). (X' € R} L (10)

whenever the supremum exists and is positive.
For deriving sufficient conditions on ¢ for A, in @ to characterize independence and complete directed
dependence, the following simple lemma is key.

Lemma 3.1. Let U be a real-valued random variable on the probability space (2, A,P) and let B and C be
o-algebras with B C C C A. Then E[U|B] <. E[U|C], where <., denotes the convex order.

Proof. Let ¢ be a convex function. Then, whenever the following expectations exist, one has
Elp(E[U|B])] = E[p(E[E[U[C]|B])] < E[E[p(E[U|C])|B]] = Elp(E[U]C])] (11)
applying the tower property and Jensen’s inequality for conditional expectation. O

Having this, we can now formulate the following main result of this section.

Theorem 3.2 (Measures of directed dependence). Assume that ¢ : [—1,1] = R is convex and strictly convex
at 0 with ¢(0) = 0 and that Y is non-degenerate. Then the normalizing constant o, in is given by

a, - /R /RSD (L <yy — Lia<yy) dPY () AP @ PY) (31, 92) (12)

and Ay, (Y|X) defined according to (9)) is a dependence measure, i.e., k = A, satisfies (A1)-(A3).
Proof. (: For every y € R and every ¢ € [0, 1], applying Lemma directly yields

/w(]E[ﬂ{ng}lX]—C) dPﬁ/@(E[ﬂ{ng}l(X»Y)]—C) d]P:/‘P(]l{YSy}_C) dP.
Q Q Q



Hence, using disintegration, Jensen’s inequality, and Fubini’s theorem, it follows that
0= ¢(0) = [ B(Y <) = B(Y <) 4P )

([ [ im0 = Frisemas ) AP & B a1.2) a2 )
[ (Frixes, ) = Prisemsa () 4P 00) dPY © BV (02:)

< [, [ o tuen = Frixen @) a8 ) dF* © P )(ea)
[0 M) = Frixeaa®) a8 (o) d®¥ @ P)(,0)

< [ o (uen — Linen) ¥ )@ €2 ).

= [ [ o =) B ) AE ©P ) an02)

=wﬁ@/ (i 0) = Forma ) 4P ) AP 8P )onoe) : (X¥) € ROY) |

Where the supremum is attained whenever Y = f(X) almost surely for some measurable f. This implies

and yields A, (Y]X) € [0,1].

: X and Y are independent, if and only if Fy|x—,(-) = Fy (-) for P*-almost all z. The latter, however,
is equlvalent to the inner integral in @D being zero PX ® PX-almost everywhere since ¢ is strictly convex at
0 and ¢(0) =0 holds.

(: Suppose that Y = f(X) almost surely for some measurable f : R — R. Then we obviously have
Fyx—2(y) = 1{f(z)<y}, 50 applying Fubini’s theorem and change of coordinates yields

Ay Atp(Y|X) = /]R/]R2 ‘P(FY|X:z1(y) — Fy|X:m2 () d(PX ® IPX)(xl,x2) d[P’Y(y) 3)
- /R/Rz P (s <y) = Lipan<yy) APY @ PF) (21, 22) dPY (1)

- /]R/]R? ¢(Lyi<y) = Ligasyy) A(PFX @ PIoX) (y1, yo) APY (y)
= Q.

Since Y is non-degenerate, property ( and imply that a,, is positive and finite, so A, (Y |X) =
holds.

It remains to prove the reverse implication, i.e., that A,(Y|X) = 1 implies Y = f(X) almost surely for
some f, which can be done as follows: First, we show that the condition A, (Y|X) = 1 implies the existence
of some PY-null set N such that for fixed y € N¢ there exists a P~X-null set N, with

Fy|x—.(y) €{0,1} forallz € N, . (14)
We then prove that there exists some PX-null set N, fulfilling

Fy|x—z(y) € {0,1} for all y € R and for all z € NY . (15)



Having this, proceeding like in the proofs of [5, Theorem 9.2. (iii)] or [38, Lemma 12| yields complete
dependence of Y on X, which completes the proof. In order to show , fix y € R and consider a : R — R,
defined by a(z) = P(Y < y | X = x). We first establish an upper bound for the mapping (x1,x2) —
¢(a(z1) — a(z2)) and procced as follows: Setting

c1 := a(z1) — min{a(x1),a(x2)} € [0,1]
c_1:=a(zs) — min{a(z),a(z2)} € [0,1]
co:=1—a(xy) — a(zz) + 2min{a(x1),a(zs)} € [0,1],

we obviously have ¢; + c_1 + ¢o = 1, so using convexity yields

pla(z1) — a(xz)) (16)
go( (a(x1) — min{a(z1),a(z2)}) — 1 - (a(x2) — min{a(z1), a(z2)}) + 0 - co)
< p()(alz ) min{a(z1), a(z2)}) + ¢(—1)(a(z2) — min{a(z1), a(22)}) + &@'Co

=0

p(1) a(z1) + p(=1) a(zs) — (¢(1) + ¢(—1)) min{a(z,), a(zs)}

>0 >a(z1)a(z2)
p(1) a(z1) + o(=1) a(zz) = (p(1) + p(=1)) a(z1)a(z2)
p(1) a(z1)(1 = a(z2)) + ¢(=1) a(z2)(1 — a(z1))

/R2 ¥ 11{yl<y} 1{y2Sy}) d(PY‘X:II ®PY|X:$2)(91792)-

IN

Integrating both sides over R? with respect to PX ® PX and using disintegration, it follows that
[ elate) - alzz)) 4P & P a1,z (1)
R2
= /R2 /Rz ® (]l{y1§y} - ]l{yzéy}) d(Pylxzml ® ]P)YlX:mz)(yhm) dP¥ ® PX(zla@)
N / / / / 0 (Mg <yy — Digazyy) APY=71 () dPX (1) APV =72 (3y5) APX (a2)
RJRJRJR
— [ e = L) B 9 (1,0,

Consequently, if equality holds in , then for PX @ PX-almost all (z;,72) € R? inequality becomes
an equality. In particular, there exists some Borel set G C R? with PX @ PX(G) = 1 such that

min{a(z1), a(22)} = a(z1)a(w2)

holds for all (z1,22) € G. Considering that the latter is equivalent to the fact that a(z1) € {0,1} or a(zs) €
{0,1} for all (z1,x2) € G, we conclude that a(z) € {0,1} for PX-almost every z € R. Summing up, for every
fixed y € R, we have shown that equality in implies that a(z) = P(Y <y | X = z) = Fy|x=.(y) € {0,1}
for PX-almost every x € R.

Now, to prove (14)), suppose that A, (Y|X) =1, i.e., that we have

/ / pla(zr) — a(z2)) dPX @ PX (21, 25) dPY (y)
R JRR2

(18)
) /R/R Py ~ Lazyy BT O P (y1,42) BV (y).



Then, due to (17), there exists some Borel set £ C R with PY (E) = 1 such that for every y € E we have
equality in (17). Due to the previous step, for N := E¢ holds true for all y € F, i.e., for every y € E
there exists a P*X-null set N, with Fy|x_,(y) € {0,1} for all 2 € N{.

In order to prove first note that by disintegration we also have PYIX=%(E) = 1 for PX-almost every
x € R. Hence we may proceed as follows: Define the set N € B(R?) by

N = {(z,y) € R*: Fy|x_,(y) € (0,1)}
and suppose that PC5Y)(N) > 0. Setting N, := {y € R: (z,y) € N} disintegration yields

0 < PXY)(N) = / PYIX=2(N,) dPX (z),
R

so the set O C R, given by O = {x € R : PYIX=2(N,) > 0 and PYIX=2(E) = 1} fulfills PX(O) > 0. For every
x € O we therefore have N, N E # (), which is absurd. Consequently, P(*X>Y)(N) = 0, whence PCOY)(N€) = 1
holds. Disintegrating once more yields a PX-null set N, such that for all z € N¢ the conditional distribution
function y +— Fy|x—z(y) only attains values in {0, 1}, which proves (15). O

Remark 3.3. (a) If p(x) = 2, then A,, in () reduces to Chatterjee’s coefficient of correlation, see Example
However, in general, the comparison of conditional distributions via A, does not boil down to comparing
conditional and unconditional distributions, see Example[d In other words, Theorem provides broad
new classes of dependence measures.

(b) In Theorem the assumption of strict convexity of ¢ in 0 is, on the one hand, necessary for the
characterization of independence. On the other hand, it is also used in the proof that A,(Y[X) =1
implies complete dependence. Note that Theorem [3.2] only requires that ¢ is strictly convex at 0 but
not necessarily strictly convex on the full interval [—1,1]. Hence, each of the functions x — max{z,0},
x — exp(cx) — 1 for ¢ # 0, and = — |z|P, p > 1, satisfy the assumptions of Theorem Further,
as it is the case for ¢ in Theorem also ¢ may attain negative values. If Y has no point masses
(or, equivalently, if Y has continuous distribution function) then a straightforward calculation shows
a, = (p(—1) +¢(1))/6. Hence, for ¢(z) = |z|P, p > 1, the constant a, is 1/3 for every choice of p.

(¢) The second part of the proof of Theorem can also be established along the lines of the proof of the
second part of Theorem . However, we opted for a more constructive proof providing additional
insight on properties of A,,. Instead of the denseness argument here we use the fact that for independent

X, and Xo with X; < X, & X, the random variable Fy|x—x, (y) — Fy|x=x,(y) obtained from is
bounded on [—1,1] for every y € R and the support of the extremal elements with respect to convex
order is PY-almost surely the set {—1,0,1}.

3.2 Additional properties of A,

Convexity of the function ¢ yields the so-called data processing inequality, which states that applying a
transformation to the explanatory variable X cannot increase the extent of dependence of Y on X (see [§]
for a detailed discussion). Note that strict convexity at 0 is not required for the following results.

Proposition 3.4 (Data processing inequality). Assume that ¢ is convex on [—1,1]. Then A,, defined
according to eq. @D, fulfills the data processing inequality, i.e.,

Ap(YZ) < Ap(Y]X)
holds for all X,Y,Z such that' Y and Z are conditionally independent given X. In particular,
A (YIR(X)) < A, (V]X)

for all measurable functions h : R — R.



Proof. Assume that Y and Z are conditionally independent given X. Proceeding as in the proof of the
second assertion of Lemma 3.5 in [20], and using disintegration, it follows that for every fixed y € R, we have

Pirig=s(s) = [ Przmsix-als) 4P752(0) = | Frin—at) 4855720

for PZ-almost all z € R. Hence, using convexity of ¢, Jensen’s inequality, and disintegration once more
yields

L, [ oAPrizmas ) = Pz ) 08 () AP 0P a1, 2)

IA
%\%\%\%\%\

N (/ Foismas () AP0 01) = [ By, ) 41775 (02) ) 0P () a(B7 7)1 2)

y!
y/
y/

[ i) = Frixen ) AP () A © P¥)(ar,22).

© /Fm o )FY|X=x2(y)d(IP’X|Z_Z1®]P’X|Z—z2)(:v1,x2)) dPY (y) Ad(P? @ P?)(21, 22)

=

2/<p Fy|X=u, () = Fy|x=s,(y)) dPY (y) d(PX1Z=5 @ PXIZ=22) (21, 25) d(P? @ PZ) (21, 22)

Esl
EEl

2/@ FY\X T ) FY|X xQ( ))dIPY(y) dP(X’Z)(xhZl)dP(XVZ)(J’?VZ?)

=
=

=

which completes the proof. O

As a consequence of the data processing inequality, A, satisfies the property of self-equitability introduced
in [26] (see also [12]), which roughly states that for (X,Y") in a regression setting Y = f(X)+¢, the function
A, should only depend on the distribution of the noise € and not on the specific form of the function f, see
[36].

Corollary 3.5 (Self-equitability). Assume that ¢ is convex on [—1,1]. Then A, defined according to @D s
self-equitable, i.e.,

A (YIh(X)) = Ap(Y]X)
for all (X,Y) and all measurable functions h such that Y and X are conditionally independent given h(X).

The following result provides additional useful invariance properties for A,. Note that for these properties
to hold we do not even need ¢ to be convex.

Proposition 3.6 (Invariances). A, satisfies the invariance properties (F@) and (, i.e.,
(1) Ap(Y|X) = Ag(Y|h(X)) for all bijective functions h : R — R,
(ii) Ay (Y|X) = A, (Y'|X') whenever (X, Y) (X", Y").
Additionally,
(i11) Ay (Y|X) = Au(g(Y)|X) for all strictly increasing functions g : R — R.
Proof. (i): Let (X’,Y”) be an independent copy of (X,Y’). Since h is bijective, the o-algebras generated by

X and h(X) coincide. Using change of coordinates it therefore follows that

o(Y1X) = // (Ell{y< | X](w) — E[l{yr<y3 | X](w)) dP(w) dP (y)
:AA@(E[ﬂ{YSy}|h(X)}(W)_E[]]-{Y’gy”h(X/)](W)) dP(w )d]PY( ) = Ay (Y|h(X)).
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Statement is trivial. (ii): Since there exists some measurable function k: R? — [0,1] such that
Fyx=.(y) = k(z, Fy(y)) for PX-almost all z € R and for all y € R, see [3, Theorem 2.2], using change
of coordinates and that g is strictly increasing, it follows that (A denoting the Lebesgue measure, F~ the
quasi-inverse of a distribution function F)

H(Y]X) = /R /0 . ¢ (k (21, Fy o Fy (u)) — k(z2, Fy o Fy, (u))) dA\(u) dP¥ @ PX (21, 22)

X X
/R/ (21 Eyry 0 Eypyy () = e (22, Fygry © gy () ) A () dBX © B (1, 22)
_ Al (1)X))
O

Considering that A(Y'|X) according to Theorem is invariant with respect to bijective transformations
of X, in order to establish some general ordering results for A,, we need to work with rearrangement-invariant
orders. To this end, for integrable functions f,g: (0,1) — R with f01 f@®)dA(t) = fol g(t) dA(t) consider the
Schur order <g, defined by

f<sg = /Oxf*(t)dt</owg*(t)dt for all z € (0,1), (19)

where h* denotes the decreasing rearrangement of a function h: (0,1) — R, i.e., the A\-almost everywhere
unique decreasing function h* such that A({h* < t}) = A({h < t}) for all t € R. Denote by ¢z(u) := inf{z €
R:| Fz(z) > u} = F, (u) the quasi-inverse of the distribution function Fz of Z. Then, for Y and Y’ having
continuous distribution functions, the Schur order (Y]X) <g (Y’|X’) for conditional distributions is defined
by

E []l{quy(v)} | X = qx(')] <s E []l{Y’quz(v)} | X = qX/(~)] for all v € (0,1), (20)

see [2] as well as [I1, 3] 34) [36]. Hence, the Schur order for conditional distributions compares the variability
of conditional distribution functions with respect to the conditioning variable.

For bivariate random vectors (U, V) and (U’, V'), denote by (U,V) <, (U’,V’) the lower orthant order,
i.e., the pointwise comparison of the associated distribution functions. Further, the bivariate random vector
(U, V) is said to be stochastically increasing (SI) if the conditional distribution V|U = w is stochastically
increasing in u, i.e., E[f(V)|U = u] is increasing in u for all increasing functions f such that the expectations
exist. If (U, V') is ST and if U £ U’ and V £ V', then (V|U) <g (V/|U’) implies (U, V) <, (U',V'). If
additionally (U, V) is SI, then (V|U) <g (V'|U’) and (U, V) <;, (U’, V') are equivalent, see [3} Lemma 3.16].
The following result provides simple conditions for monotonicity of A, .

Proposition 3.7 (Monotonicity). Suppose that (Y|X) <g (Y'|X’) and that Y, Y’ have continuous distribu-
tion functions. Then A, (Y|X) < Ay (Y'|X') for all convex functions ¢ such that the integrals exist.

Proof. By the Hardy-Littlewood-Polya theorem (see, e.g., [33, Theorem 3.21] we have that (Y]X) <g (Y'|X")
is equivalent to

/0¢(FY\X:qx(u)(CIY(U)))d/\(u)S/O Ay x1=qy (w) @y (v))) dA(u)

for all v and for all convex ¢ such that the integrals exist. Since the functions z — p(z —c¢) and z — p(c— 2)
are convex whenever ¢ is convex, using Fubini’s theorem and change of coordinates repeatedly, it follows
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that

[, ] oPrixme, ) = Frixas (1) 4B () dBY © B (21,22
- /( . /( . /( 1 U @7 0) = Friemax 0 () A () Q@) ()
< /( . /( . /( 1 (B 0 037(90) = Py a7 (0) AN 0N ) )

= /RZ /RSD(FY/|X/:931 (y) — }‘_‘Y'/‘)(/:z2 (y)) d]P)Y,(y) d(]P)X/ ® ]:P)Xl)<$1,$2) N
which implies A, (Y]X) < A, (Y'[X). O

Remark 3.8. (a) Minimal and maximal elements with respect to the Schur order for conditional distributions
characterize independence and complete directed dependence, respectively, see [2, Theorem 3.5|. Hence,
as a consequence of Theorem if Y is completely dependent on X and if ¢ is convex, then a, € (0, c0)
and A, (Y|X) = 1. If additionally ¢ is strictly convex at 0 and if ¢(0) = 0, then Theorem provides
the reverse implication, i.e., that A,(Y|X) =1 implies that ¥ = f(X) almost surely.

(b) Various well-known (sub-)families of bivariate distributions are stochastically increasing and increasing
with respect to the lower orthant order (implying that the associated conditional distributions are in-
creasing with respect to the Schur order for conditional distributions). Examples include the bivariate
normal distribution with respect to the non-negative correlation parameter, several Archimedean copula
families such as the Clayton, Gumbel, or Frank family, or various extreme value copula families, see [4].

3.3 Continuous setting and LP-version

From now on we will assume that (X,Y’) has continuous bivariate distribution function since continuity is
necessary for having uniqueness in Sklar’s theorem (see [30]) and both, for deriving continuity results of
the functional A, and for the estimation procedure studied in the next section. Furthermore, in the sequel
(following |24]) we will write conditional distributions as Markov kernels, i.e., PYIX=2(.) = K(z,-), let C
denote the (unique) copula underlying (X,Y) and K¢ (-, ) the Markov kernel of C. Notice that, according
to |28, Lemma 1] (also see [3, Theorem 2.2|), starting with a Markov kernel K¢ (-, -) and setting

K(x, (—00,y]) := Kc(Fx (), [0, Fy (y)])

yields a (version of the) Markov kernel of (X,Y). For continuous marginal distribution functions, the
functional A, only depends on the underlying copula C, since for every continuous ¢: [-1,1] — R using a
change of coordinates, we have

2o = 05" [ [ (P, (0) = Prixess ) 0PY @ B (1,22) 4P (1)

— o [ [ elEo(P @), 0, Fr o))~ KeFx (a),[0. Py (@) dP¥ & P¥ (01, 22)d2" (1)
R2 JR

:a;1/0 /O /O (K (ur, [0,v]) — Ko(us, [0,0]) dA(v) dA(ur) dA(us). (21)

Following [25], we say that a sequence (Cp,)nen of bivariate copulas converges weakly conditionally to a
bivariate copula C' and write C,, = C', if there exists some Borel set T' C [0, 1] with A(T') = 1 such that
the sequence (K¢, (u,-))nen of probability measures converges weakly to the probability measure K¢ (u, -)
for every u € I'. The following result provides sufficient conditions for continuity of the functional A, . The
proof is straightforward using eq. and dominated convergence.
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Proposition 3.9 (Continuity). Let (X,Y),(X1,Y1), (X2,Y2),... be bivariate random vectors with contin-
uous distribution functions and corresponding copulas C,C1,Cs, ..., and let ¢: [—-1,1] = R be continuous.
Then C,, == C implies convergence of (Ay(Yn|Xyn))nen to Ay(Y]X).

Example 3. A particular family of dependence measures fulfilling all of the aforementioned properties is
obtained when considering ¢(z) = |z|P for p > 1, in which caseA, corresponds to the LP-distance of
conditional distribution functions. In fact, using eq. we have

AYX) = 3/[0 . |Kc(ui, [0, 2]) — Ko(usg, [0, 2]) [P AN (u, ug, 2) = A (C), (22)

where the normalizing constant a, = 1/3 in does not depend on p. It follows that the mapping
p— A, (Y]X) is decreasing in p € [1, 00).

For p = 2 the functional A, compares two conditional distributions as in ([I) and coincides with Chatterjee’s
rank correlation (see Example [1)) which compares conditional and unconditional distributions as in . For
p =1, however, the following examples illustrates that the comparison of two conditional distributions as in
only coincides for some specific families with the L'-analogue of Chatterjee’s coefficient of correlation.

Ezample 4 (FGM and Fréchet copulas).  For a random vector (X,Y’) with continuous distribution function
and underlying copula C, the functional ¢;(Y|X) defined by

G(Y|X) =3 /[O | ot [0,2]) =21 a2 (23)

is a dependence measure introduced and studied in [38§].

(a) For a € [0,1] the copula Cy(u,v) = uv + au(l — u)v(l — v) is a member of the Farlie-Gumbel-
Morgenstern (FGM) family. Let (X,Y) be a random vector with continuous distribution function and
underlying copula C. Then straightforward calculations yield

M(Y]X) = % and G (Y]X) = %,

s0 A1(Y]X) = £ G4 (Y]X) £ G (Y]X),

(b) For a € [0,1], the copula Cq(u,v) := a M(u,v) + (1 — @) II(u,v) is a member of the Fréchet copula
family. In this case, for continuous (X,Y’) with underlying copula C,,, we get

M(Y]X) = a=G(Y]X).
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4 Estimating the functionals

In this section we propose a copula-based so-called checkerboard estimator as plug-in estimator for the
functional A, in @D and start with recalling its construction and some relevant related facts.

For every bivariate copula A and N € N, the N-checkerboard approximation of A (see [27, 24]) will
be denoted by €by(A) and N will be referred to as resolution. Loosely speaking, €by(A) is a uniform
aggregation of A on N? squares of equal size. As a consequence of [27, Corollary 3.2|, for every copula A the
sequence (€by(A))nven converges weakly conditionally to A. The afore-mentioned checkerboard estimator
is the checkerboard approximation of the empirical copula E, (i.e., of the bilinear interpolation of the
subcopula resulting from Sklar’s theorem applied to the empirical distribution functions, see, e.g., [18, 20]).
More precisely, suppose that (X1,Y7), (X2,Y2),... is a random sample from (X,Y) with copula A and let
E,, denote the the empirical copula of the first n observations. Then the checkerboard estimator (i.e., the
checkerboard approximation of the empirical copula E,, again see [20]) fulfills

N(n) ﬂ
Pij ) ) . 2
o (Enwv) = [ [ N 3. bl E D) (21
with ;= #{k € {1,....,n} | (Ri/n,Sk/n) € (307 way) X (N(;), N(n)}}, where Ry, and Sy, denote the

ranks of X and Y}, respectively, i.e., the number of £ such that X, < X resp. Y, <Y}.

For an illustration of the checkerboard estimator we refer to Figure [b| which depicts the density of
€by(n)(En) (left panel) as well as the corresponding conditional distribution functions of the stripes (right
panel) for the case of a real data example from medicine analyzed in Section The following lemma shows
strong consistency of the checkerboard estimator.

Lemma 4.1. Let (X1,Y7),(X2,Y3),... be a random sample from (X,Y) and assume that (X,Y) has a
continuous distribution function, underlying copula A, and that E,, denotes the empirical copula (of the first
n observations). Then setting N(n) := [n®] for some s € (0,3) the sequence (€by () (En))nen converges
weakly conditionally to A with probability 1.

Proof. Choose T' € B([0,1]) with A(T') = 1 in such a way that for every x € T’ we have that (Kepya)(T,))Nen
converges weakly to K 4(z,-). Setting T' := T\ Un=2{0, %, N,...,%, 1} obviously yields A(T') = 1. Fix
x € T and consider some y € (0, 1) with

Jim Ky (a2, 0,9]) = K, 0,3]). (25)

Plugging in the empirical copula, setting I, := [Kcp ., (&,)(@; [0,y]) — Ka(, [0,y])|, and using the triangle
inequality yields

I < Kby )@ [0,9]) = Kby a) (@ [0, Y] + [ Keby ., a) (2, [0, y]) — Ka(z, [0,y])]-

The second summand converges to 0 for n — oo due to (25). In order to show that the first summand
converges to 0 almost surely, denote by iy(xz), N > 2, the unique integer in {1,..., N} fulfilling = €
in(z)—1 in(x)
(5 25

Since €by ) (Ey) and €by () (A) are checkerboard copulas, we have

Kevnoion @ 0) = N (B, (B8,)) -5, (2022 ))
)

Kevnoon(@0.0) = N (4 (BE80)) - a (021,
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This, however, implies

lim sup |K€bN(n)(En)(x, [Oa y]) - K@bN(n)(A)(xa [an])‘ < 2limsup N(TL) dOO(En7A) =0,

n—oo n—oo

P-almost surely, whereby the last identity is a consequence of the definition of N(n) and the fact that,
according to [23], Lemma 1|, the empirical copula E,, satisfies

doo(Ep, A) = O ( Wé(log(“”) (26)

n

with probability 1. Altogether it follows that lim,,_, o, I,, = 0 almost surely. Since all but at most countably
many y € (0,1) fulfill and weak convergence is equivalent to convergence on a dense set, we have shown
weak convergence of (Kep ) (£,)(T;))nen to (Ka(z,:))nen for every x € I', which completes the proof. [

Having this, the following main result of this section is straightforward to prove.

Theorem 4.2 (Strongly consistent estimator for A,(A)). Let (X1,Y1), (X2,Y2),... be a random sample from
(X,Y), assume that (X,Y) has a continuous distribution function, and let A denote the copula of (X,Y).
Furthermore choose s and the resolution N(n) as in Lemma . If ¢ is continuous, then Ay (Cby(y)(En))
is a strongly consistent estimator for A,(A), i.e., with probability 1, we have

lim A€o (En)) = Ap(A).

n—oo

Proof. According to (the proof of) Lemma we have that (Kcpy,,, (4, ))nen converges weakly to Ka(u, )
for every u € I'. As a direct consequence, for uj,us € I' it follows that

nlggo ‘KCBN(TL)(E,I) (u17 [Ov y])) - KCBN(n)(En) (U‘?’ [Ov yD)' = |KA(U1’ [Ov y])) - KA(U27 [Ov y]))|7

hence, considering Ao(I" x ') = 1, using eq. , and applying dominated convergence we have

lim/[] : ]|K¢bN<n)<En)(U1’[07yD)—chN(m(En)(u%[071/]))|pd)\(y)d)\2(uhuz)
0,12 J[0,1

= [ L s 10.6) = Kt 00PN ot ) = ()

O

Remark 4.3. Notice that, according to Theorem strong consistency holds in full generality, i.e., without
any smoothness restrictions for the copula A. Motivated by numerous simulations we conjecture that the
estimator A, (€by () (Ey)) is asymptotically normal; a proof, however, seems still out of reach, see, e.g., [36].

Remark 4.4. The checkerboard estimator can also be used to estimate Aa(Y|X) in the more general case
where the distance function A is at least component-wise continuous with respect to weak convergence and
invariant with respect to strictly increasing transformations of Y. Moreover, the checkerboard estimator
may also be employed for estimating measures of explainability (see Theorem in the case of knowing
the distribution of Y.
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5 Simulation study and real data example

In this section we first study the performance of the checkerboard estimator A, (€by ) (E,)) from Theorem
M2 and then briefly discuss a real data example. An R implementation allowing to reproduce all the results
gathered in this section is available at https://github.com /plplus/depsenscond.

5.1 Simulation study

We consider the continuous setting as studied in the previous section, focusing on the following choices for
the convex function ¢ — notice that ¢ is convex and strictly convex at 0 = ¢(0), so A, is a dependence
measure:

(i
(i
(iif) @(z) = el**l —1 for ¢ € {1/5,1,5}.

) ¢(x) = |z|P for p € {1,2,3},
) o(x) =e —1for ce{1/5,1,5},

As dependence structures we choose copulas A from the Marshall-Olkin (MO) family, defined by

u=%, if u® > 0P,

My g(u,v) := { L

wl=P . if u® <0?,

with o, 8 € [0, 1], and consider (o, 8) € {(1,0),(1, 1),(0.2, 0.7),(0.3, 1)}. Figures [1| to [4] illustrate the
behavior of the estimator A, (€by () (Ey)) from Theorem for each of the chosen copulas A and with
sample sizes given by n € {10;50; 100; 500; 1 000; 5000; 10000}, where each scenario is simulated 1000 times.
Estimation of the empirical checkerboard copula is performed using the command FCBC from the R package
qad with the default of s = 1/2 (see |24, Remark 3.14] for a detailed discussion of this choice). Figures|l] to
[] can be interpreted as follows:

e The measures with convex function ¢ of type perform best in all cases in terms of speed of
convergence. One possible explanation of this observation is asymmetry of ¢(z) = e®* — 1 : The
number of distinct values over which the integral runs is potentially twice as large and might therefore
speed up convergence. As a drawback, however, for these functions, A,(Y|X) often attains small
values, see Figures [3] and [d, which, however should not be confused with independence as considered
in Figure [T}

e A,(Y]X) is decreasing in the parameters p and ¢ (compare with Example [3). Consequently, in the
case of complete dependence, the measures with parameter p = 1 and ¢ = 1/5 perform best because
deviations are less penalized by the shape of the function ¢ than by the other cases. In contrast to that,
if the parameters p and c are large, then the measure A, is more sensitive for detecting independence.

2

e The L2-version ¢(z) = x? as well as the asymmetric version p(z) = e — 1 perform best over all

considered cases.

5.2 Real data example

As a real data example, we consider a dataset gathered by [0] and available online at PhysioNet.org, see
[I9]. The dataset contains, among other variables, 101 complete observations of pregnant women’s age,
BMI, blood pressure, blood glucose level and thickness of visceral adipose tissue, as well as the birth weight
of the child. We choose the birth weight of the child as the endogenous variable Y and each of the other
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Figure 1 Simulation results for the MO copula with parameters a = 1 and 8 = 0, i.e., for the independence copula. The top left
panel depicts a random sample of size n = 5.000 from this distribution. The other panels contain boxplots of the estimations
Ay (€ () (Er)) according to Theorem based on 1,000 runs for each sample size n and for each convex function ¢. The
dashed lines represent the true values of A, (A).
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Figure 2 Simulation results for the MO Copula with parameters @« = 1 and 8 = 1, i.e., for the case of complete positive

dependence.The top left panel depicts a random sample of size n = 5.000 from this distribution. The other panels contain
boxplots of the estimations Ay (€bp(n)(En)) according to Theorem based on 1,000 runs for each sample size n and for each
convex function ¢. The dashed lines represent the true values of A, (A).
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Figure 5 The left panel depicts the density of the empirical checkerboard copula &by (y,) (En)) with resolution N = 9, together
with the normalized ranks (a.k.a. psuedo-observations) for Birth Weight (y-axis) and BMI of the mother (z-axis) as points.
The small gray squares/rectangles to the bottom-left of each pseudo-observation are the regions where the empirical copula
(bilinear interpolation of the subcopula resulting from Sklar’s theorem) has positive density. The reason for not only having
squares are the ties in the dataset; for details see the documentation of the ECBC function in the gad package). The right
panel contains the resulting conditional distribution functions for the 9 different BMI regions corresponding to the 9 vertical
stripes on the left plot. Aa(Y|X) is computed by taking the average pairwise distances A(F;, Fj), 4,5 € {1,...,9} over these
9 ECDFs and subsequently dividing by ana.

variables as the exogenous variable. Figure |5 illustrates the empirical checkerboard copula €by(,)(E,,) for
BMI as exogenous variable. Table|l| summarizes the obtained values of A, (Y|X) for all exogenous variables.
Interpretation of the different values is not straightforward since they depend on the shape of ¢ (unless
they are exactly 0 or 1). Due to the small sample size, the calculated estimates might still differ from the
underlying true value. Remarkably, however, when sorting the variables by their estimated A, (Y|X) value,
the order is the same for all convex functions ¢; that is, for all choices of ¢ the variable importance (w.r.t.
Y) is the same.

Table 1 Values of A, (Y|X) for various choices of the exogenous variable X and for different convex functions ¢. In each of the
cases the endogenous variable Y is the birth weight.

o(x)
Exogenous Variable lz| el —1 e*—1
Diastolic BP 0.354 0.231  0.072
BMI 0.326 0.210  0.060
Visceral Adipose Tissue 0.304 0.195  0.052
Systolic BP 0.291 0.186  0.049
Blood Glucose 0.214 0.134  0.027
Age 0.137 0.083  0.012
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Appendix

Remark .1. Our proof of assertion in Theorem requires the assumption of strict convexity of v in
0 and uses the fact that Jensen’s inequality, applied to the difference of two non-degenerate i.i.d. random
variables, is strict if ¢ is strictly convex at 0. Hence, equality can only hold if the underlying random
variables are degenerate. Due to the integral with respect to the product measure PX @ P¥ in , it has to
be shown that Jensen’s inequality holds for the integrand PX ® PX-almost surely.

Proof of Theorem[2.9. We first prove property and eq. and proceed as follows: Let Y; and Y5 be
independent copies of Y. Then, using convexity of ¥ and the integrability assumption, the right-hand side
of eq. is finite since

El(Y; - Ya)| = E’qp (2Y1+2<—2Y2>)‘

< E[¢(2Y7) + (—2Y2)| < E[(2Y)| + E|gp(—2Y)| < oo.
If Y = f(X) almost surely, then using change of coordinates, it yields
g Y (E(Y|X = z1) — E(Y|X = 23)) d(PX @ PY) (21, 2)
= |, ¥ (@) = fla2) dPF 8 PF)(a,22)
= [0 =) A @ B )
= [ ¥y —y2) dPY @PY)(y1,2).

]R2

Hence, using disintegration and Jensen’s inequality, it follows for all (X', Y") € R(Y) that
0=14(0) =v (EY’) —E(Y"))

—y </R E[Y'|X' = 2] — E[Y'|X’ = 23] d(P¥ ® IPX’)(%@))

< /R ¢ (BIY'|X" = 2] —E[Y'|X = z,]) d(PY @ PX') (21, 22) (28)
= [ ([ ma@ W o PN ) ) @ P 1,m)

< [ L o= ) A @ P ) AP 9B a1,

= [ 0= ) AP @ P ) ne) (29)
< sup {/R G EY|X = 21) —E(Y'|X' = 25)) dPY @ PX)(21,20) : (X', Y) € R(Y)}

= a¢'

Using eq. and applying eq. to eq. on the elements over which the supremum is taken shows
that the third inequality becomes an equality. This proves eq. and implies Ay (Y|X) € [0, 1].

(ii): Obviously V(E(Y|X)) = 0 if and only if E(Y|X = z;1) = E(Y) = E(Y|X = 22) for P¥ @ PX-almost
all 1, x5 € R. The latter, however, is equivalent to the integrand in being zero almost everywhere, since
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¥ is strictly convex at 0 and ¢ (0) = 0. : If Y is completely dependent on X, then and imply

0w A(V1X) = [ 0 (BYIX = a0) = BVIX = 22) d(B¥ 9 2¥)(a1,22)

N /RQ ¥y —y2) AP @ PY)(y1,42) = ay.

Since PY is non-degenerate, complete dependence of Y on X yields E(Y|X) = Y and we do not have
Y = E(Y) almost surely. Hence, using (i) and the constant o is positive and Ay (Y| X) = 1 follows.
To show the reverse implication, first recall that by Jensen’s inequality and eq. (8], we have

%Aw(YlX) = /2 7721(/2(111 - y2)dIP)Y|X:I1 ®PY\X:I2 (yl,y2)> dp* ®PX(5E1,CU2)

R R (30)

< / b(yr — y2) APV =1 @ PYIX=72 qPX @ PX (21, 25) = .
R2 JR2

For A,(Y|X) = 1, the above inequality becomes an equality if there exists some Borel set G C R? with
PX @ PX(G) = 1 such that for (z1,72) € G and Y; ~ PYIX=2%i i € {1,2},Y; and Y; independent,
either Y7 <Y5 almost surely or Y; > Y5 almost surely. (31)

In fact, otherwise Jensen’s inequality would be strict due to strict convexity of ¥ at 0 = 1(0), which
contradicts Ay (Y|X) = 1. Letting G, := {y € R: (z,y) € G} denote the z-cut of G, defining W := {z €
R: PX(G,) = 1} and using disintegration, obviously yields PX (W) = 1. To simplify notation, let I(x) and
u(z) denote the infimum and supremum of the support of PYIX=% e,
I(z) := inf(supp(PY¥=7)) < sup(supp(PY X=2)) =: u(z). (32)

Then, according to (3I]), for each (z1,22) € G the open intervals fulfil (I(z1),u(z1)) N ({(z2), u(x2)) = 0.
Finally, define

V = {z € R: PY*=7 is non-degenerate} = {z € R: V(Y|X = z) > 0}. (33)
For completing the proof, it suffices to show

PX(V)=0 (34)

since it then follows that PYIX=% is degenerate for PX-almost all # € R, implying that Y is completely
dependent on X.
Assume, on the contrary, that PX (V) > 0 holds. Then considering P*X (W) = 1, it follows that

PX(V W) =PX(V)>0. (35)
Let z € V. NW be arbitrary but fixed. Then, by construction, we have
(l(z), u(x)) N (U(z),u(z)) =0 (36)

for all z € R with (z,2) € G, and, in particular, for all z € VNWNG,.. Considering PX(G,) = 1 = PX(W), it
follows that 0 < PX (V) = PX(VNWNG,). Hence, holds, in particular, for PX-almost every z € VNW.

Finally, let ¢1,q2,¢s,... be an enumeration of the rational numbers in R. Then, defining M; by M; :=
{zeVNW:q e ((z),u(x))} yields J;2, M; = V NW, since the rationals are dense in R. Using as
well as sub-o-additivity, yields

O<]P’X(VOW):}P’X(DMi) giPX(Mi), (37)

so there exists some iy € N with P (M;,) > 0. The latter, however, contradicts (36), so PX (V) > 0 cannot
hold, and the proof is complete. O
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