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Abstract

We revisit the family CL9T of all bivariate lower semilinear (LSL) copulas

first introduced by Durante et al. in 2008 and, using the characterization
of LSL copulas in terms of diagonals with specific properties, derive several
novel and partially unexpected results. In particular we prove that the star
product (also known as Markov product) Ss, * Ss, of two LSL copulas Ss,, Ss,
is again an LSL copula, i.e., that the family C*5” is closed with respect to
the star product. Moreover, we show that translating the star product to the
class of corresponding diagonals DX allows to determine the limit of the
sequence Ss, Ss * S5, S5 * S5 * S5, . .. for every diagonal § € DS, In fact, for
every LSL copula S5 the sequence (Si™),en converges to some LSL copula
S5, the limit S5 is idempotent, and the class of all idempotent LSL copulas
allows for a simple characterization.

Complementing these results we then focus on concordance of LSL copulas.
After recalling simple formulas for Kendall’s 7 and Spearman’s p we study
the exact region Q%" determined by these two concordance measures of all
elements in C*5%, derive a sharp lower bound and finally show that Q%57 is
convex and compact.
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1. Introduction

Considering that the class of bivariate copulas is quite diverse (in the sense of
containing both, very regular /smooth elements as well as distributions with
fractal support, see [27]) it seems natural to look for subclasses which, on
the one hand, are handy and well understood and, on the other hand, are
sufficiently large to be relevant for applications. Extreme Value copulas as
well as Archimedean copulas are standard classes fulfilling these properties.
Both of them are characterized via a univariate function or, equivalently a
probability measure on [0,1] or [0,00) respectively, see, e.g., [12] and the
references therein.
Asking for linearity along some segments of the unit square (and the resul-
ting simple analytic forms) in 2008 Durante et al. (see [4]) introduced and
analyzed the family of so-called bivariate lower (and upper) semilinear co-
pulas. The authors provided (among various other results) a nice stochastic
interpretation and characterized lower semilinear copulas (LSL copulas, for
short) in terms of another class of univariate functions: the class DXL of
(copula) diagonals with some additional growth conditions, defined by
DLSE .= {§ € D : ps non-decreasing, ns non-increasing} . (1)
Thereby D denotes the family of all diagonals of bivariate copulas and the
functions ¢s, ns : (0,1] — [0, 00) are given by

o() 0(x)
ps(z) = T ns(x) = 2
For every fixed § € D" the corresponding LSL copula Ss is then given by

yM
S(S(J;?y) = :L_(Sxy

Y

ify <uz,

(2)

=

otherwise.

Obviously Ss is symmetric, i.e., we have Ss(z,y) = Ss(y, ) =: Si(x,y) for all
z,y € [0,1]. Letting CX5" denote the family of all bivariate LSL copulas it is
straightforward to verify that C/5% is convex and that (C*9T, d,.) is compact.
As a consequence, in [6] Durante et al. revisited C**L and provided a nice
characterization of extreme points (in the Krein-Milman sense) of C15L. As
shown in [4, Proposition 9| LSL copulas have a nice and simple stochastic
interpretation as copulas of random variable ‘X and Y that derive from



a latent triple (Z1, Zs, Z3), where Z; and Z have a common distribution
function’.

Multivariate extensions of semilinear copulas were studied by Arias-Garcia et
al. in [I] and further analyzed and provided with a probabilistic interpreta-
tion by Sloot and Scherer in [24]. In the latter paper the authors in particular
showed that in the multivariate setting upper semilinear copulas are quite
pathological in the sense that they concentrate their mass on finitely many
hyperplanes (and hence are singular).

Here we revisit the class CX% of bivariate LSL copulas and show that, al-
though the class is well studied and easy to handle, it possesses additional
properties that are at least partially surprising. The latter in particular ap-
plies to the behavior of LSL copulas in connection with the so-called star
product (also known as Markov product) of copulas. The star product was
introduced by Darsow et el. in 1992 (see [2]) and has since been studied in
numerous papers. In 1996 Olsen et al. (see [19]) showed that the family C of
all bivariate copulas with the star product as binary operation and the space
(M, o) of Markov operators with the composition as binary operation are
isomorphic - a result implying that studying the star product of copulas can
as well be done by studying the corresponding Markov operators. Another
rational, why the name Markov product is perhaps more adequate than the
name star product was provided in [27], where the authors showed that Ax B
just corresponds to the standard composition of the Markov kernels K4 and
Kp (transition probabilities) well known in the context of Markov chains.
Apart from the family of completely dependent copulas and the family of
checkerboard copulas (see, e.g., [12] and the references therein) only fully
parametric classes (like the Fréchet class, see [20], and Gauss copulas, see
[9]) are known to be closed under the star product. Considering the lower
Fréchet Hoeftding bound W we have W « W = M, so although W is an
Archimedian W« W = M is not. In other words: the family of Archimedean
copulas is not closed w.r.t. the star product. For the class of Extreme-Value
copulas more tedious calculations yield the same result, the class is not closed
w.r.t. the star product either.

It is therefore quite surprising that the star product Ss, * Ss, of two LSL
copulas Ss,, S5, € C¥5L is again an LSL copula, implying that CX5T consi-
tutes are very rare example of a family of copulas being perfectly compatible
with the star product. Building upon this fact allows to translate the star
product to the class D*T of diagonals and to study the limit behavior of



iterates of the star product S;™ = S5 * S5 * - - - * S5 directly in terms of the
limit behavior of the sequence of corresponding diagonals (0*"),en. As one
of the main results of this contribution we will show that for every § € DS
the sequence (§"),ey converges uniformly to some 6 € DX5F and that 6 is a
fixed point of the star product in the sense that § * § = ¢ holds. Translating
back to the class CL9L: for every S5 € CESL there exists some S5 € CL9L such
that

lim do(S5", S5) =0

n—oo

holds, and the limit copula S5 is idempotent, i.e., S5 * S5 = S5 holds. Roun-
ding off these findings we provide a simple characterization of all idempotent
LSL copulas. The just mentioned convergence results are quite surprising
in so far as for general copulas iterates of the star product do not need to
converge and - even for the case of convergence - determining the limit is a
nontrivial endeavor.

In the second part of the paper we focus on concordance of LSL copulas
and study in particular Kendall’s 7 and Spearman’s p. After deriving simple
expressions for both concordance measures we study the 7-p-region QL5
defined by

QLSL = {(T(Sg),p(Sg)) . S5 € CLSL} .

We conjecture that Q97 coincides with the set
R:= {(x,y) €01 v <y< 1—(1—x)%},

we were, however, only able to prove the lower inequality and to show that it
is sharp. Proving the upper inequality (arising from running numerous sim-
ulations) remains an open problem. Finally, despite not knowing the exact
upper bound we show that Q%" is compact and convex.

The rest of this paper is organized as follows: Section 2 gathers some no-
tations and preliminaries and recalls some facts about LSL copulas mainly
going back to [4]. Section 3 derives the Markov kernels of LSL copulas and
considers two parametric classes which will prove important in the sequel.
Section 4 starts with proving the fact that the star product of two LSL copu-
las is again an LSL copula and then derives the afore-mentioned results on the
limit of star product iterates of LSL copulas and their (idempotent) limits.



Finally, Section 5 is devoted to studying Kendall’s 7 and Spearman’s p and
their interplay in the family C*5%. Several examples and graphics illustrate
the studied procedures and some underlying ideas.

2. Notation and preliminaries

For every metric space (5, d) the Borel o-field on S will be denoted by B(S).
The two-dimensional Lebesgue measure on B([0, 1]?) will be denoted by s,
the one-dimensional Lebesgue measure by .

In the sequel we will write C for the family of all bivariate copulas, II de-
notes the product copula, M the minimum copula and W the lower Fréchet
Hoeffding bound. C* will denote the transpose of C, i.e., the copula fulfilling
C'(xz,y) = C(y,z). For every C € C the corresponding doubly stochas-
tic measure will be denoted by pc, ie., uc([0,z] x [0,y]) = C(x,y) for all
z,y € [0,1] (and pc is extended to full B([0,1]?) in the standard measure-
theoretic way). The standard uniform metric d., on C is defined by

dw(A, B) :== max |A(x,y) — B(z,y)|. (3)

z,y€[0,1]
It is well known that the metric space (C, dy) is compact and that pointwise
and uniform convergence of a sequence of copulas (C),),en are equivalent.
For more background on copulas and doubly stochastic measures we refer to
the textbooks [5], 20].

The Lebesgue decomposition (see [7, 22]) of a doubly stochastic measure pc
with respect to Ay will be denoted by

fo = BS + pe,

where 4§ denotes the absolutely continuous and ug the singular component
of pe. We will write sing(C) = ug([0,1]?) € [0,1] for the total mass of the
singular component of C' and set abs(C) := 1 — sing(C).

A mapping K : [0,1] x B([0,1]) — [0,1] will be called a Markov kernel if
x — K(x, B) is measurable for every fixed B € B([0,1]) and B — K(z, B)
is a probability measure on B([0,1]) for every fixed = € [0,1]. It is well
known that for every copula C' € C there exists a Markov kernel K¢ : [0, 1] x



B([0,1]) — [0, 1] fulfilling

/EKC(w,F)d)\(:L‘) = uc(E x F)

for all £, F € B([0,1]) and that this Markov kernel is unique for A-almost
every x € [0, 1]. Vice versa, every Markov kernel K : [0, 1] x B([0,1]) — [0, 1]
having A as invariant distribution, i.e., fulfilling

K(z, F)d\(z) = A(F)
[0,1]

for every F' € B([0,1]), can be shown to be the Markov kernel of a unique
copula C, which then fulfills

Clz,y) = ’ ]K(t, [0, y])dA(#)

for all z,y € [0, 1]. Notice that for fixed y € [0, 1], A\-almost every = € [0, 1] is
a Lebesgue point (see [22]) of the mapping = — K (z,[0,y]), so the identity

oC(z,y)

20— K, [0.9) @

holds (for such z). For more background on Markov kernels and disintegra-
tion we refer to [11], for more results on the interplay between Markov kernels
and copulas, e.g., to [12], 25].

Following [4] C € CY5T is called lower semilinear (LSL) copula, if for every
x € (0,1] the mappings t +— h,(t) := C(t,z) and t — v,(t) := C(z,t) are
linear on [0,z|. As already mentioned in the introduction, D denotes the
family of all copula diagonals, i.e., we have that ¢ : [0,1] — [0,1] is an
element of D if, and only if it fulfills the following three conditions:

(i) 0(u) <wforall u e [0,1] and 6(1) = 1,
(ii) d is non-decreasing,
(iii) 0 is 2-Lipschitz, i.e., [0(v) — 0(u)| < 2]v — u] holds for all u,v € [0, 1].

As already mentioned in the introduction, according to [4] LSL copulas cor-
respond to special diagonals. In fact, letting D% be defined according to
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equation , the following result holds for an arbitrary diagonal 6 € D and
S5 defined according to equation |) (with the convention % =0): Ssis a
copula if, and only if § € DLSE.

Again following [4] and using the fact that Lipschitz continuous functions
are differentiable A-almost everywhere, it is straightforward to check that for
fixed 6 € D we have § € DL if, and only if the following inequality holds
A-almost everywhere:

d(x) < xd'(x) < 26(x) (5)
This immediately yields that every § € DFF fulfills
2% = op(r) < 0(x) < op(x) =2
for every x € [0,1], implying that I < Cs < M holds for every S5 € C5%.

In what follows, the so-called star product (a.k.a. Markov product) A * B of
copulas A, B € C will play a prominent role. Letting 0; denote the partial
derivative with respect to the i-th coordinate, A * B is defined by

(A B)(z,y) = / 0 Az, 5) - 01 B(s,y) d\(s) (6)
[0,1]

for all z,y € [0,1]. It is well known (see [20]) that A x B is a copula, that
the star product is in general not commutative, i.e., Ax B # B A can hold,
that IT is the null- and M the unit element in (C, %), i.e., AxII =1+ A =11
and Ax M = M x A= A for every A € C. A copula A is called idempotent,
if Ax A = A holds. Using Markov kernels it is straightforward to verify that
the following identity holds:

(A* B)(x,y) = / Kae(s, [0, 2]) Kp(s, [0, y]) dA(s) (7)
0.1]

Moreover, according to [27], using disintegration it can be shown that a
(version of the) Markov kernel of A x B is given by the standard composition
of the Markov kernels of A and B, a concept well-known in the context of



Markov chains in discrete time. In other words, K4 o K, defined by

(K40 Kp)(a, F) = / Kn(s, F)Ka(z, dy) dA(s) (8)
[0,1]

for every x € [0,1] and F' € B[0,1] is a (version of the) Markov kernel of
A x B. For more background on the star product we refer to |2} 20, 27, 28]
and the references therein.

3. Markov kernels of LSL copulas and two important examples

We start with recalling the form of the Markov kernel of LSL copulas. Letting
§ € DLSL be arbitrary but fixed, then there exists some set A € B([0, 1]) with
A(A) = 1 and some Borel measurable function ws : [0, 1] — [0, 2] such that
for every x € A we have ¢'(z) = ws(z). Defining ws : [0,1] — [0,2] (again

using the convention g := 0) by

ws(x) = ws(z)1a(x) + @11“(20)

we have that ws is measurable, that ws = ¢’ holds A-almost everywhere, and
using inequality that ws(x) > @ for every x € [0,1]. We will refer to
ws and ws as measurable versions of the derivative of . The following result
has already been derived in [17], we just recall it for the sake of completeness
and since it will be used in the sequel.

Theorem 3.1 ([I7]). Let S5 be an LSL copula for a given 6 € DL and let
wg the measurable version of the derivative of 6 as constructed above. Then
(a version of) the Markov Kernel Kg, of Ss is given by

2 ws(x) = 20(x)  ify <z,

4 0(y) ify>a. ©)

Ky (2,10, 9]) = {

Notice that for fixed # € (0,1) the conditional distribution function y ~—
F(y) := Kg,(,[0,y]) is Lipschitz continuous on [0,z) and on [x,1]. As a
direct consequence, the only possible discontinuity point of F? is y = z, i.e.,
the only point mass the measure Kg,(x,-) can have is at y = . Using this
simple observation yields the following result going back to [17].



Lemma 3.2 ([I7]). For every LSL copula Ss the singular mass is given by
o()

sing(Sy) = 2 / M @) 1 (10)

(0,1]
In the following example we introduce two important types of diagonals in
DESL | determine explicit expressions for the corresponding LSL copula and

its Markov kernel. These diagonals will play a prominent role in Section 5
on concordance of LSL copulas.

Example 3.3. For every a € [0, 1] define the diagonals l,, u, : [0, 1] — [0, 1]
by

ar fz<a 2 ifr<a
la = B Ug(x) =< @ -
(z) {x2 ifr>a (z) {x i .

Figure [1| depicts both diagonals for the case a = L. It is straightforward to
g 2

1.004 1.00

Figure 1: The diagonals [, u, for the case a = % as considered in Example

verify that l,, u, € DXL for every a € [0, 1] and that the LSL copulas Sy, S,,



induced by l,, u, are given by

min{z,y}-a if max{z,y} <a

Sla(x7 y) = {

xy if max{z,y} >a

e if max{z,y} <a

Sua(T,y) = { ¢

min{z,y} if max{z,y} > a.

Calculating the derivatives of l,, u, and applying Theorem [3.1] yields

\

N 7
ok O € o O

ify<zx<a
ifr<y<a
if max{x,y} >a

Ksla (1‘, [Oa y]) =

ify<za<zx

Ksg,, (2,[0,y]) = < if max{z,y} <a

ify>x, y>a.

Ve

For the singular masses we obtain sing(S;,) = a? as well as sing(S,,) = 1—a.

The Markov kernels Kg, , Kg,, for a = % are depicted in Figure

1.0
0.8
0.6
0.4

0.2

0.0

Figure 2: Surface plots of the functions (z,y) — K, (x,[0,y]) and (z,y) — Kg,_ (z,[0,y])

as considered in Example for the case a = %
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We complete this short section with some monotonicity properties of LSL
copulas. Recall (see [20] and [29]) that a copula C' € C is said to be

e positively quadrant dependent (PQD) if C'(x,y) > Il(z,y) holds for all
(z,y) € [0, 1]*.

e left tail decreasing (LTD) if, for any y € [0, 1], the mapping (0,1) — R
given by x @ is non-increasing.

e stochastically increasing (SI) if, for (a version of) the Markov kernel
K¢ and any y € (0,1) the mapping = — K¢ (z, [0,y]) is non-increasing.

We already know that every C' € CFF fulfills IT < S5 < M, hence LSL
copulas are PQD (also see [4]).

Concerning LTD suppose that § € DL and y € (0,1) are fixed. Then using
inequality obviously the mapping

T =
N & L

Ss(, y) {y% y<a
is non-increasing, so LSL copulas are LTD.

Finally, the following simple example shows that LSL copulas are not neces-
sarily SI.

0.00 0.25 050 075 1.00 0.00 0.25 050 075 1.00

Figure 3: The diagonal § € DS considered in Example (left panel) and the mapping
x+— Kg,(x,[0,y]) for y = 0.36 (right panel).
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Example 3.4. Consider the points (0,0), (3, 175), (5. 1), (2, =), (3, 2), (2, &5),

3 73
(1 160

8720

), (£,40) (1,1) and let § : [0,1] — [0,1] denote the linear interpolation

of these points. It is straightforward to verify that § € DX* and that the

mapping r —

9(x)

is constant on every second of the intervals formed by the

z-coordinates of the afore-mentioned points. Figure [3| depicts the diagonal d
and the mapping « — Kg,(z,[0,y]) for y = 0.36, Figure 4| a sample of the
corresponding LSL copula Ss. Obviously we can find y € (0,1) such that
mapping = — Kg,(z,[0,y]) is not non-increasing.

1.00q gpremees i e
5‘5 EE%&-‘?&{‘ count
0.9 B
> 0.75  ngms. o Lk .
%) : i
5 wasng ¢ B
g 06 0.50 1 4 o
g g
= 031 0.251 Mk 50
ﬁ" o
001 - - . T 00017 7 T ™ 7
0.00 0.25 0.50 0.75 1.00 0.000.25 0.50 0.75 1.00
0T g e it he R IV D 0 .
L T RO R . :‘. '*.:.g I
IO R A A I T IR RIPPAR DS L <. L
~ v 1
0”: .. II ]
] o o oo ¥S, ° 75 I
R A AL IV IA T A O TR L SN Y 4 RS 075 —
A e R T e S W !
BT T SRR O 4 it SRR e ) 37 LY -
R “ost ]
A 8,0 o I
Rt 4 DOPKY? ]
> 0.50 UPAN Pl A 0.50 o
”u:; :.h .: i I ]
3 4 o
. ”»e ]
.5 ] :'. 4 =
. 1
;:: R I h
0.25 L o4 e 0.25 1 D
PR e 3o ]
. *, *
apd g =
. o ".,',3.. -
0.00- s s G 0.001 '
0.00 0.25 0.50 0.75 1.00 00 03 06 09 12
X frequency

Figure 4: Sample of size n = 10.000 of the LSL copula Sj considered in Example (lower
left panel); two-dimensional histogram (upper right panel) and marginal histograms (upper
left and lower right panel). Data generated by conditional inverse sampling.

12



4. The star product of LSL copulas

Contrary to Archimedean and Extreme Value copulas (two families also char-
acterized in terms of univariate functions) the family C*“* of LSL copulas
is closed with respect to the star product - the following theorem holds (to
keep notation simple we avoid again working with versions of the derivatives
since the integral ignores sets of A\-measure 0):

Theorem 4.1. Suppose that 6,0, € DL, Then the star product Ss, * Ss,
1s given by

) oy [ (22) (52) axw) iy

(S5, * S,) (2, y) = i RN
%51(@62@) + zy / (615“)> <52£“)> d\(u) if y < .
[z,1]

(11)
In particular, S, * Ss, is an LSL copula too, i.e. S5 * Ss, € CLSL.

The proof of the theorem can be found in the Appendix.

DLSL CLSL

Since the sets and are in one-to-one correspondence Theorem
implies that the star product can be ‘translated’ to the class DXL, In fact,
the diagonal of the copula Ss, * Ss, from Theorem [4.1] is obviously given by

1 / /
(S5, * S5.) (,2) = ~81(@)da(x) + 2 / (20" (209" gr(u),
[z,1]
This motivates the following definition (we use a different symbol to avoid

misinterpretations).

Definition 4.2. For every pair (61,0;) of diagonals in DS the star product
01®03 is defined by

G50 i= Lh @)+t [ (242) (42) aw, (2

[=,1]

Jor every x € (0,1] as well as (6;®d2)(0) := 0.

13



Remark 4.3. Theorem {4.1|and the one-to-one correspondence of the families
DLSE and CH5T mentioned above and in the introduction imply that §;®d, €
DLSE holds - since S5, * S5, is an LSL copula its diagonal is an element
of DS Moreover we obviously have the following identity for each pair
(81,02) € DESL x DESE | wwhich we will use various times in what follows:

851 * 852 = 551®52 (13)

In other words, the mapping ¢ : C*5F — DT assigning every LSL copula
its diagonal (as well as its inverse :~!) is an isomorphism with respect to the
star product.

Considering the diagonals d;; and dr; of M and I1, respectively, obviously the
following interrelations hold for every § € DFSL:

In®0 = 0®0r = On
I®6 = 0@y = 0

In what follows we will study the limit behavior of sequences (Si™),en Where
Syl = S5, 552 = Ssx S5, S5 = S5 S5%S;s, . ... Notice that for general copulas
A, the sequence (A*"),en does not need to converge - the simplest example
being W for which the sequence (W*"),cn jumps between W and M. One
can, however, show that the sequence (A*"),cn is Cesaro convergent (even
with respect to a metric stronger than d,), see [28] for more information.
As we will show, for LSL copulas the sequence (S;"),en does converge - the
following simple but key lemma opens the door to deriving the just mentioned
convergence without much technical ado.

Lemma 4.4. For all 61,0, € D" the following inequality holds for every
tel0,1):

(01®92)(t) < min{d;(t), 02(t)} (14)

!/ /
Proof. To simplify notation write [ := [ (#) <627S”)> dA(u) , then equa-
[t.1]
tion ((12)) is given by

(01®02)(t) = %(51 (t)0a(t) + 12 1.

14



Applying inequality and the fact that u — élu(—;‘) is non-increasing on

[t,1] yields

_ / (61£u>)’(62£u>)’ () = / (ot (‘*iﬁ“))' dA(u)

[t,1] [t.1]

(1) / /

< / BO) (20) an(u) = 22 [ (22) ax(w)
[t,1] [t,1]
d1 (1)

It therefore follows immediately that

(8:@02) (1) = %51@)62(75) 471 < %51@)52@ L 00 (1 _ 52“))

2 t
= %51@)52(1&) +81(t) — %51(75)52(1?) =0(t)

holds for ¢ € (0,1]. Since the case (0;®d5)(t) < da(t) follows analogously we
obtain the desired inequality

51@0(t) < min{d, (), ()}

]

The proof of Lemma [£.4] has the following by-product, which will be key for
proving the characterization of idempotent LSL copulas as stated in The-
orem [.9, To simplify notation, for every § € D and ¢t € [0,1] (as in the

introduction) we will write p;(t) = @; moreover, for t € [0,1) we set
A ={u € (t,1): s(u) > 0}. (16)

Corollary 4.5. Suppose that d;,d, € DEF and let t € (0,1) be arbitrary
but fixed. Then the following implications hold:

1. If §5(t) < t, then the A(A%) > 0.

15



2. Suppose that d5(t) < t and that 0,®d5(t) = 01(¢) holds. Then for

A-almost every u € A% we have 2 # = 01(u) and 5;—9 = %-

Proof. Suppose that A(A%) = 0 holds. Then for M-almost every s € [t, 1] we
would have ¢ (s) = 0, implying

/ d02(1)  d2(t)
0= )\ = - —1-
/[m] 7 1 t t

as well as 0,(t) = t. This proves the first assertion.

Under the assumptions of the second assertion both, inequality (i) and in-
equality (ii) in the chain of inequalities have to be equalities. Using the
first assertion we already know that A(A;?) > 0 holds. We can only have
equality in inequality (i), if for A-almost every u € A2

2(51 (U)

u

= 0 (u)

holds; and we can only have equality in inequality (ii), if for A-almost every
u e A2
61 (t) 51 (u)

12 u?

is fulfilled. O
Lemma [£.4] has the following nice consequence:

Theorem 4.6. Suppose that 6 € D", Then there exists some 0 € DLSL
such that the sequence (6%™),en converges to 6 uniformly. Moreover we have

lim dy (S5, S5) = 0 (17)

n—oo

and the limit Sy is idempotent.

Proof. First of notice that Lemma[4.4)implies that the sequence (6™ (¢))nen is
monotonically non-increasing for every ¢ € [0, 1]. Considering oy < 6%™ < 0y,
the sequence is bounded so it follows immediately that (6®"(¢)),en converges
to some point 6(¢) € [t2,¢]. Since t € [0, 1] was arbitrary we have that the
sequence (0%"),en of diagonals converges pointwise to a function 6. Being
a diagonal, every 6®" is Lipschitz-continuous with Lipschitz constant 2, so
by a standard uniform equicontinuity argument the sequence (6%"),cn is a
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Cauchy sequence with respect to the supremum norm || - [[» on [0,1]. As
a direct consequence of Arzeld-Ascoli theorem (see, e.g., [2I]) the metric
space (D, || - |lo) is compact. Since DL is obviously a closed subset of D,
compactness of (DXL || - ||o) follows, which, in turn implies

lim 6% — 0|ee = 0

n—oo
as well as 6 € DYSL. The very form of LSL copulas according to equation (2]
implies that for every (z,y) € [0,1]? the sequence (S}"(z,y))nen converges
to S5(x,y). Using Lipschitz continuity therefore yields equation and it
remains to prove idempotence, which can easily be done as follows. Con-

vergence of the sequence (Sgm)nen to S5 with respect to dy implies Ceséro
convergence, i.e.,

: 1
lim d (E ;SW,&;) =0

holds. Applying [28, Theorem 2| and using the fact that convergence with
respect to the metric Dy implies convergence with respect to d., yields that
S; is idempotent. O

Remark 4.7. Theorem has the following direct translation/application
to Markov chains: Suppose that X, X, Xs,...is a (stationary) Markov chain
on the space ([0, 1], B(]0,1])) such that each X; is uniformly distributed on
[0,1] and (X}, X;11) has copula Ss for every i € {0,1,2,...}. Then the pair
(Xo, X)) has copula S§" and we have nh_)ngo dso (Si™,S5) = 0 for some § €

DESL . Recalling the stochastic interpretation of LSL copulas mentioned in
the introduction this means that the long-term behavior of such dependence
structures is fully determined.

Example 4.8. We return to the diagonal u, from Example Obviously
the corresponding LSL copula S,,, is the ordinal sum of (IT, M) with respect to
(0,a,1) (see [0, 20] for background on ordinal sums) and as such idempotent.

It turns out that all idempotent LSL copulas are of the form S, for some
a € [0, 1], so the family of idempotent LSL copulas is quite small and fully
determined by one parametric function. Notice that, in contrast, general
idempotent copulas can be very diverse and complex - in fact, there are
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idempotent copulas with fractal support, see [27].

Theorem 4.9. The following two conditions are equivalent for 6 € DL

1. %6 =0.
2. There exists some a € [0,1] such that 6 = u,.

Proof. In Example [£.§]it has already been mentioned that every LSL copula
Su, 1s idempotent, so it suffices to show that the first assertion implies the
second one. Consider the set

Fs:={te(0,1):4(t) =t}

and distinguish two cases:

(i) Fs = (: In this case for every t € (0,1) we have 0(t) < t as well as
d®J(t) = 6(t). Applying Corollary immediately yields A(A?) > 0 - in
fact, in this case we even have A\(A2) > 0 for every s € (¢, 1), implying that
A9 has positive mass arbitrarily close to 1. Moreover, Corollary implies
that for A-almost every s € A? we have

sd'(s) —d(s)  o(s)  o(t)

Monotonicity of x — % = ns(z) on [0, 1] therefore implies

for every x € [t,s]. Considering A2 D A° together with the facts that A2

has positive mass arbitrarily close to 1 and that W — 1 it follows that

1
the function s % is constant on the interval [t,1]. Considering that

t € (0,1) was arbitrary we conclude that s — % must be constant on the
whole interval [0, 1], which directly yields 6 = u; and completes the proof for
Fs = 0.

(ii) If F5 # 0 then according to [4] for every s € Fs we even have [s, 1] C Fj.
Set ag := inf{t € (0,1) : §(¢) = t}. Since for ag = 0 it follows that F5 = [0, 1],
implying 0 = wyg, it suffices to consider ay > 0. Proceeding analogously to
the proof of (i) we conclude that the function s +— % is constant on the

interval [0, ag, which finally yields § = ug,. O
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At the beginning of Section | we have already mentioned that C*5” is closed

with respect to the star product. We close this section with showing that
the star product of two non-LSL copulas may be a LSL copula and prove
the somewhat surprising fact that the star product of every Marshall-Olkin
copula M, 5 with its transpose is an LSL copula. Recall that for «, 5 € [0, 1]
the Marshall-Olkin copula M, g is given by

M, 5(u,v) = min{u'"", uv' "},

so M, is in general not an LSL copula. According to [9] Mg, * M,z is
given by

H—FISZQH(l—(H) ™ M7 ) a¢{07%a1}7

My Moy =1 , =9, (18)
IT + S1I (log(M) — log(II)) o =3,
Mlgﬂ a=1.

It is straightforward to verify that for all z € (0, 1] the mapping

2

t (.Z’ + lf;ax o 132axﬂ_§aﬂ+l> a ¢ {07 %7 1}7

t (Mpo s Mog)(t) =40 «=0
t (:L' — §:r;log(:r;)) a= 3,
ta'=h a=1,

is linear on [0, z]. Considering symmetry of Mgz, * M, g it follows that ¢ —
Mg o % My g(z,t) is linear on [0,z] as well. We have therefore shown the
following result:

Theorem 4.10. For every Marshall-Olkin copula M, g the star product Mg *
M, g is an LSL copula.

For Marshall-Olkin copulas M, s calculating the limit behavior of star
product iterations might seem out of reach - combining, however, the results
of this section we obtain the following corollary:

Corollary 4.11. For every Marshall-Olkin copula M, s the sequence of iter-
ated star products ((Mpq * M, 3)*" )nen converges to some idempotent LSL
copula.
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5. Concordance of LSL copulas

We conclude this paper by studying concordance of LSL copulas and inves-
tigating the exact region QX determined by Kendall’s 7 and Spearman’s p,
which is given by

QLSL = {(T(Sg),p(s(;)) . S5 € CLSL} . (19)

Recall that given a pair (X,Y) of random variables with continuous joint
distribution function H both, Kendall’s 7 and Spearman’s p only depend on
the unique copula C' underlying (X,Y") and the following formulas hold (see
[20, 23)):

7(C) =4 / C(u,v) dpc(u,v) —1

[0,1]?

p(C) =12 / C(u,v) drg(u,v) — 3. (20)

[0,1]2

5.1. Kendall’s T and Spearman’s p

For LSL copulas the formulas boil down to integrals only involving the
corresponding diagonal, the subsequent result holds. Since these formulas
have already been derived by Durante in [3] (where instead of § the author
works with the function f(t) = @) we only include the derivations in the
appendix for the sake of completeness.

Lemma 5.1. For every LSL copula S5 € C**T Spearman’s p and Kendall’s
T are given by

p(Ss) = 12 / 5(x)z d\(z) — 3. (21)

[0,1]
(Sy) = 4 / 5(%)2 dA(z) — 1. (22)
[0,1]

Remark 5.2. Since some other measures of association might also be of
interest in the context of applications, Lemma [Appendix A.l| gathers the
resulting formulas for Gini’s 7, Spearman’s footrule ¢ and Blomqvist’s 3 of
LSL copulas.
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Example 5.3. We again return to the diagonals l,, u, € D**" considered in
Example 3.3] Applying Lemma [5.1] directly yields

() = p(S),) = a*
T(Sua) =1- CLQ, p(Sua> =1- CL3

It is well-known (and also follows directly from equation ) that Spear-
man’s p preserves convex combinations, i.e.,

p(aA + (1—a)B) = ap(A) + (1 — a)p(B)
holds for a € [0,1] and A, B € C.

For Kendall’s 7 the situation is different, in general it does neither preserve
convex combinations, not even

T(@A+ (1 —a)B) < ar(A)+ (1 — a)7(B)

needs to hold. In fact, a straightforward calculation (also see [10]) shows that
for the Fréchet family

F={aW+pM+(1—-—a—-p)I: a,f€[0,1],a+ 5 <1}

we have

_ (B=1)(B+a+2)
T(aW + (1 —a—p)I+ M) = 3 ,
hence, considering g =0, a = %‘, we obtain

T(iW—l—%H) >iT(W)+%T(H).

For LSL copulas, however, Kendall’s 7 interpreted as function mapping C*5*
to [0, 1] is strictly convex as the following result shows:

Lemma 5.4. For §;,0, € DS with 6, # 6 and a € [0, 1] the following
inequality holds:

T(aSs, + (1 — @)Ss,) < at(Ss,) + (1 — a)7(Ss,) (23)

Proof. If suffices to prove the result for @ = 3. Suppose that d;,d, € D=L
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fulfill §; # 9o and set 6= %51 + %52. Strict convexity of the mapping x — x?
in combination with Lipschitz continuity of diagonals and the assumption

(51 7£ (52 y1€1dS

7(S;) =4 / 15(a)? dA\(z) — 1 =4 / L (15, (2) + L6a(2))® dA(z) — 1

[0,1] [0,1]

<4 [ 1(360) + 103(0) drw) -1

0,1
=4 / 180 gA\(z) — 1 +4 / 15@) g)\(z) — L

[0,1] [0,1]
—1 (4 2 A (z) — 1) +1 (4 2 gA(z) — 1)

5.2. The T-p-region Q5L determined by C*5T

Building upon the formulas for 7 and p according to Lemma [5.1] we now
study the exact region Q%L determined by Kendall’s 7 and Spearman’s p of
LSL copulas and defined by

QLSL = {(T(Sg),p(Sg)) . 85 € CLSL} . (24)

Possibly triggered by the paper [23] in which the exact 7-p-region for the
full class C was derived, several papers on the regions determined by pairs
of dependence measures (considering the full class C or specific important
subclasses) appeared in the past ten years. For more details we refer, e.g.,
to the papers [13] 14 [15] 16], 18] and the references therein.

Considering that II < S; < M holds for every S5 € CYF we obviously
have QF5E C [0,1]%. Due to countless simulations based on piecewise linear

diagonals § we conjecture that Q%" is given by

R:{(x,y)e[0,1]2;xgyg1—(1—x)%}. (25)
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Figure 5: The conjectured 7-p-region Q5.
In other words, writing
®,:[0,1] — [0,1], Pi(x) ==z,
®,:[0,1] = [0,1], Pyu(z)=1—(1—x)2

we conjecture that

e

p(Ss) € [@i(7(S5)), Pu(T(55))] = |7(Ss), 1 = (1 —7(55)) }
holds for every S; € CY5F. The conjectured set R is depicted in Figure .
We have only been able to prove the lower inequality and to show that it is
sharp (i.e., best possible), the upper one remains an open question. We now
provide a proof for the lower bound, verify its sharpness, and then, despite
not knowing the upper bound, show that Q* is convex and compact.
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Theorem 5.5. For every S; € C*5T the inequality
7(Ss) < p(Ss) (26)

holds. Moreover, inequality (@ is sharp, i.e., for every x € [0, 1] there exists
some LSL copula Ss fulfilling 7(Ss) = p(Ss) = x.

Proof. Let S5 € C* be arbitrary but fixed. According to [8] the following
identity for p(C) — 7(C) holds for every copula C' € C (notice that the
integrand may only be defined on a set £ € B([0, 1]?) fulfilling \o(E) = 1):

=

(HO) =7(C) = [ (Clary) = a2 — 25 1 20 00Ue)) 3
[0,1)2

(27)

Using the fact that LSL copulas are symmetric, using Markov kernels equa-
tion boils down to

1(p(Ss) = 7(Ss)) = / (S5, y) + Ks, (2, [0, y]) (Ks, (3. [0,2]) — @)

[0,1]2

_yK55 (Z/, [07 x])) d)‘2($7 y)'

For proving 7(S5) < p(Ss) it therefore suffices to show that the last integrand
is non-negative, which can be done as follows: For y < z from the set E it
follows that

55(377 y)+K55 (JZ, [O’ y])(KS(S(% [07 ZE]) - ZL’) - yK55 (y, [07 x])
Y | K, 0,4]) (22 ) 22
= K, (. [0,4]) (222

> 0.

The case y > z follows directly from the symmetry of LSL copulas, so the
proof of inequality is complete. The assertion on sharpness is a direct
consequence of Example [5.3] since for every a € [0,1] we have 7(S,) =
p(S1,) = a'.

O

24



The next theorem shows that the class of copulas attaining the lower bound
is very small.

Theorem 5.6. Within the class C*5T the only copulas for which we have
7(Ss) = p(S;) are the copulas of the form S, according to Example [5.5

Proof. According to the proof of the previous theorem, the condition 7(Ss) =
p(Ss) is equivalent to having

55(317, y) + K55<x’ [Oa y])(KSa(ya [O,ZE]) - ZL‘) - yKSa(ya [07 I]) =0

for A\y-almost all (z,y) € [0,1]%. As a direct consequence, for Ay-almost all
(x,y) withy <z

K, (2,[0,9)) (222) = 0 (28)

has to hold. Set b := inf {z € (0,1) : §(x) = 2?}. If b = 0 then § = p as well
as Ss = I1 = S, follows. If b > 0 then for Ay-almost all (z,y) € (0,b)? with
y < x we have

holds for A-almost = € (0,b). Using Lipschitz continuity of § and solving
this first order differential equation with the boundary condition 6(b) = ?
directly yields

d(z)="bzx

for x € [0,b], which completes the proof since we have shown ¢ = [. O
Theorem 5.7. The set Q5T is conver and compact.

Proof. Simplifying notation we will write 7(0) := 7(S5s) and p(9) := p(Ss) for
every § € DS throughout the rest of the proof. Continuity of concordance
measures and the fact that continuous images of compact sets are compact
imply that Q5" is compact. It therefore remains to show convexity, which
can be done as follows: Consider two points (7(d1), p(d1)), (7(d2), p(d2)) in
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OFSE and, without loss of generality assume §; # d>. We want to show the

existence of some § € DT fulfilling

(7(6), p(8)) = 5 (7(01), (1)) + 5 (7(02), p(d2)) - (29)

Notice that finding such a ¢ is trivial if either p(d,) = p(d2) or 7(d1) = p(61)
and 7(d2) = p(d2) holds, since in this case a convex combination of §; and
0 will do. In what follows we will therefore assume that none of these two
conditions holds. Convexity of D implies that d5 := $(d; + d2) is an
element of DXL, Moreover we obviously have

(7(33), p(d3)) = (7(33), 5(p(61) + p(62)))

and Lemma [5.4] implies 7(03) < 3(7(d1) + 7(82)). For a,a € [0,1] define the
function h,, : [0,1] — [0, 1] by

haa(t) = (1 — a)83(t) + ada(t).

Then obviously k.., € DXL, and for every pair of sequences (v, )nen, (@n)nen

in [0,1] converging to a € [0,1] and a € [0, 1], respectively, we have that
(hay.an Jnen converges uniformly to h,,. As a consequence, the mapping
v :[0,1]* — [0,1]?, defined by

U, a) = (T(haa), p(ha))
is continuous. For every a € [0, 1] defining T', by
Lo ={(7(haa), p(haa)) - a €[0,1]},

it therefore follows that I', is compact and connected, and that I', contains
the points (7(d3), p(d3)) and (7(l,), p(ls)) (see Figure [0] for an illustration).
Continuity in @ implies the existence of some ag € [0, 1] fulfilling

5 (7(61), p(61)) + 3 (7(82), p(02)) € Ty

Having that, by construction of I, there exists some oy with

(7—<h0407a0)vp(h0407a0)) = % (7—<51)a 0(51)) + % (7_(52)7p(52)) :

In other words, the diagonal h,, ., € D** fulfills equation , which com-
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pletes the proof. O

1.00

0.75

0.50

0.25

0.00

0.00 0.25 0.50 0.75 1.00 0.00 025 050 0.75 1.00
T

Figure 6: Illustration of the construction used in the proof of Theorem The black
and the blue points denote (7(d1), p(01)) and (7(d2), p(d2)), respectively, the black triangle
their arithmetic mean. The black point denotes (7(d3), p(d3)), the dashed lines originating

from it the sets 'y, with a € {0, {5,..., 35,1}

6. Conclusion

Working with Markov kernels we provided various new results on bivariate
LSL copulas. Considering that standard classes of bivariate copulas like the
Archimedean and the Extreme-Value family are not closed with respect to
the star product, the key observation of our paper is that the star product
of two LSL copulas is again an LSL copula.

Building upon this fact we proved that for every LSL copula Sy the sequence
(S5 )nen of star product iterates converges with respect to dy, to some idem-
potent LSL copula and provided a handy characterization of all idempotent
LSL copulas.

In the second part of the paper we studied how different Kendall’s 7 and
Spearman’s p of LSL copulas may be. We stated a conjecture on the ex-
act region Q9 determined by these two concordance measures, proved the
lower inequality and verified its sharpness. Proving or falsifying the upper
bound, however, remains an open problem, which we plan to tackle in the
near future.
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Appendix A.

Proof of Theorem[{.1. Suppose that 0 < z < y < 1. Then using symmetry
of LSL copulas and equation (|7)) we obtain

(S Sa)aw) = [ 2220 axe)+ [ (Fu(0) - 56(0) =2 dA)

[O,IE] [(E,y]

[y,1]
= La@a(e+ 26) [ (22) axe
[z,y]
—l—xy/ (@) (%”) dA(t)
[y,1]

= J0u(0)02(y) + @<>Gmﬂ—&m)+

Yy
—l—:z:y/ (61(t)> (52(t) dA(t

[y,1]

= Shwat) oy [ (52) (52) ao.

[y,1]

Analogously for 0 <y < x <1 we have

(S, * Ss) (@, y) = / 2 2 (1) + / 00 (B, () — B35(1)) dA(t)

[0,3] ly,z]
+/X%%@—§awﬂ%%w—%@w>ww
[z,1]
= Loty + ) [ (52) oo
[y,a]
by a0 ' (1) /dA(t)
[/] () (%)
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— 163 (2)d(y) + L0y () (242 - 20)

+zy / <517(t)), (52?))/ dA(t)

[=,1]

~ Lot oy [ (20) (52) .

[2,1]

Considering that for fixed z € (0, 1] the two mappings

£ (Ss, % S,)(t,2) = t(x—gél(x)@(x) Y / (m) (523@)’ d)\(u)>,

[z,1]

t — (S5, * Ss,)(x,t) = t(x—gél(x)ég(x) +x / (6150)/ (621(7)), d)\(u)>.

[z,1]

are obviously on linear [0, z] it follows that S, * S5, € CEF and the proof is
complete. O

Proof of Theorem[5.1]. Plugging in S5 and using symmetry we obtain

p(S) = 12 / S5(,y) dalz,y) — 3 = 12 / / Ss(, ) dA(y)dA(x) — 3

0,12 011 0,1]
:12/ (/yM dA(y)+/x¥ dA(y))d)\(x)—S
01] [0,2] o1]
:12/ (2- /yM dA@))dA@)-;a:%/@/ydA(y)dA(g;)—g
01 (0] 01]  [0a]

:24/@%@(;5)— :12/5(x)x dA(z) — 3.

[0,1] [0,1]

In order to derive a simple expression for Kendall’s 7 of LSL copulas we will
use the subsequent handy identity which can be proved via disintegration

29



/ By = - / K@, [0.9) Kar(y, [0, 2]) do(y) (A1)

[0,1]2 [0,1]2

Consider an arbitrary S5 € C*9" with diagonal § € DX and let ws denote
the measurable version of ¢’ as constructed in Section [3] Symmetry of LSL-
copulas implies that the Markov kernel Kg: of S} coincides with the Markov
kernel Kg, of Ss. Considering equation (A.1)) and using the symmetry of S;
the desired identity follows via

r(S) =4 [ Ss(r.9) dusy () -1

[0,1]2

15 [ Kalo 0.0 Kyl 0.0]) i) - 1

[0,1]2

—1-1 [ [ Ko 0.0 Ky (0,5 dA@)ir)

[0,1] [0,1]

1= [ ([ (o) - 200 290 dx)

[0,1] [0,2]

+ [ (300 (sust) ~ 200)) x) ) ar(o)
[z,1]
14 / 2. / (Lws()5(x) — 46(2)?) dA(y)dA(x)

[0,1] [0,x]

-3 / (Luws(2)6(x) — L6(x)?) / y dA\(y)dA(z)

[0,1] [0,2]

—1-4 [ (ws()3(o) - 25(0)?) a0

[0,1]

— —4/w5(x)5(:v) d)\(x)+4/@d)\($)

[0,1] [0,1]
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—1-4 / wdu+ 4 / 2@ g (x) = 4 / 2@ g (x) — 1.
0.1]

[0,1] [0,1]
[l

It is well known that Gini’s v, Spearman’s footrule ¢ and Blomqvist’s 3 of
a pair (X,Y) of random variables only depend on the underlying copula C'
and that the following formulas hold (see [20]):

~(C) :4/0@:,@ d)\(:z:)+4/C(:z:,1—:c) dA(z) — 2
[0,1] [0,1]

H0) =6 [ Claa)drw) —2 5(C)=4C (11) -1

[0,1]

For LSL copulas the afore-mentioned formulas only depend on the diagonals
and the following simple lemma holds (again see [3]):

Lemma Appendix A.l. For every lower semilinear copula Ss € CHT
Gini’s v Spearman’s footrule ¢ and Blomquist’s 3 are given by

7(55):4/ (5(a) + 229=2) dx<x)+4/@cm(x>_z (A.2)

0.3] (511
0.1]

and fulfill 4(S5), $(S5), B(S5) € [0, 1].

Proof. The only non-obvious formula is the one concerning -, which follows
via

7(55):4/55@,1;) d)\(x)+4/55(x,1—x) dA(z) — 2

[0,1] [0,1]
4 / 5(z) dA(z) + 4 / 28972 45 () 4 4 /(1 )29 A (2) - 2
[071] [07%} [%’1]
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:4/5(95) dA(x)+4/x5<;+;> d\(z) +4 [ 22 gr(z) -2

[0,3] [0,3] (3.1]
=4 / d(x) —Hv(s(%xx) d\(z) +4 / @ d\(z) — 2.
[0,5] [5.1]
O
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